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PREFACE  TO  THE  FIRST  EDITION 

In  spite  of  the  existence  of  a number  of  excellent  woiks 
on  geometrical  optics,  the  need  of  a text-book  which  will  serve 
as  an  introduction  to  the  theory  of  modern  optical  instru- 
ments appears  to  be  generally  recognized;  and  the  present 
volume,  which  is  the  outgrowth  of  a course  of  lectures  on 
optics  given  in  Columbia  University,  has  been  written  in 
the  hope  that  it  may  answer  this  purpose.  In  a certain 
sense  it  may  be  considered  as  an  abridgment  of  my  treatise 
on  The  Principles  and,  Methods  of  Geometrical  Optics,  but 
the  reader  will  also  find  here  a considerable  mass  of  more  or 
less  new  and  original  material  which  is  not  contained  in  the 
larger  book.  I have  endeavored,  however,  to  keep  steadily 
in  mind  the  limitations  of  the  class  of  students  for  whom 
the  work  is  primarily  intended  and  to  employ,  therefor:', 
only  the  simplest  mathematical  processes  as  far  as  pos-io  e. 
With  this  object  in  view  I have  purposely  entered  imo  muc 
detail  in  the  earlier  and  more  elementary  portions  of  the 
subject,  following  in  fact  the  method  which  has  been  found 
to  be  most  satisfactory  with  my  own  pupils,  but  I venture 
to  hope  that  the  book  may  be  not  without  interest  also  to 
readers  who  already  possess  a certain  knowledge  of  the 

subject. 

Recent  years  have  witnessed  extraordinary  progress  in 
both  ophthalmology  and  appliec*  optics.  Not  many  persons 
are  aware  of  the  rapid  rate  at  which  spectacle  optics,  in  par- 
ticular, is  developing  into  a severe  scientific  pursuit;  and 
there  are  certain  portions  of  this  volume  which  I think  will 
be  helpful  to  the  modern  oculist  and  optometrist.  Ihus, 
for  example,  I have  been  at  some  pains  to  explain  the  funda- 
mental principles  of  ophthalmic  lenses  and  prisms. 

In  genera.:,  however,  I have  necessarily  had  to  omit  much 
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that  is  essential  to  a thorough  knowledge  of  the  theory  of 

rthas dT'T-  •InfaCt’  “ the  Space  at  dispell 

has  been  found  quite  impossible  to  describe  a single  one 
of  these  instruments  in  detail.  In  the  latter  portion  of  the 

“ the017  of  the  chromatic  and  spherical  aberrations 

ormuto  W in'  « ^ TiWe;  and  1 have  given  Von  Adel's 
svste  / c hf  |fivlsphencal  aberratt°ns  in  the  case  of  a 
f stem  of  infinitely  thin  lenses,  chiefly  because  these  formula; 

system  Rnfy  preliminary  design  of  an  optical 

system.  But  a complete  discussion  of  these  subjects  would 

lie  far  beyond  the  plan  of  this  volume. 

JTJ1*  Pronins  appended  to  each  chapter  were  originally 

collected  for  the  use  of  my  pupils  and  are  generally  of  a very 

e ementary  description.  A few  of  them  have  been  adapted 

from  other  text-books,  but  in  such  cases  I have  now  lost  sight 
01  their  sources.  6 

If  perchance  this  book  should  help  to  stimulate  the  study 
of  optics  in  our  colleges  and  universities,  the  author  will  feel 
a un  ant  y repaid.  Unfortunately,  at  present  geometrical 
pt  cs  would  seem  to  be  a kind  of  Cinderella  in  the  curric- 
ulum of  physics,  regarded  perhaps  with  a certain  friendly 
toleration  as  a mathematical  discipline  not  without  value, 

•U  la,K  y Permitted  to  take  rank  on  equal  terms  with  her 
sister  branches  of  physics.  On  the  contrary,  it  might  be  in- 

ened  that  any  system  of  knowledge  which  had  already 
p ced  at  the  disposal  of  scientific  investigators  such  in- 
comparable means  of  research  as  are  provided  by  modern 
op  ica  instruments,  sol  which  has  found  so  many  useful 
applications  m the  arts  of  both  peace  and  war,  would  be  de- 
serving of  the  highest  recognition  and  would  be  fostered  and 
encouraged  in  a l possible  ways..  According  to  the  maxim 

{aS [ed +f  abhc^°  doceri,  the  fact  that  from  the  time  of  Fraun- 
o er  the  Germans  have  not  ceased  to  cultivate  this  field  of 
t eoretice.  and  applied  science  with  notable  achievements 
is  certainly  not  without  significance  for  us  in  this  country 
and  m England.  Indeed,  both  in  England  and  in  France 
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apparently  due  to  the  exigencies  of  war,  schools  of  applied 
optics  have  recently  been  organized; 

Nearly  all  of  the  diagrams  in  this  volume  were  drawn  by 
my  friends,  Professor  Joseph  Hudnut,  Dr.  B.  A.  Wooten  and 
Mr.  J.  G.  Sparkes,  to  whom  I am  much  indebted.  I desire 
also  to  express  my  grateful  acknowledgments  to  my  col- 
league, Professor  H.  W.  Farwell,  for  numerous  valuable 
criticisms  from  time  to  time  and  especially  for  aid  in  making 
the  photographic  illustrations  in  Chapter  II. 

Any  suggestions  or  corrections  which  may  improve  and 
extend  the  usefulness  of  the  book  will  be  appreciated. 

James  P.  C.  Southall. 

Columbia  University, 

New  York,  N.  Y., 

April  4,  1918. 


PREFACE  TO  THE  NEW  EDITION 

In  the  preparation  of  this  volume  a careful  effort  has  been 
made  to  eradicate  all  the  misprints  and  errors  in  both  To 
text  and  diagrams  of  the  first  edition.  The  new  problems 
which  are  to  be  found  scattered  here  and  there  throughout 
the  book  constitute  a large  and  important  addition.  Here 
it  may  be  pointed  out  that  the  problems  whh.h  are  placed 
at  the  end  of  each  chapter  are  not  merely  Trended  as  good 
exercises  for  the  student,  valuable  as  they  may  be  for  that 
purpose.  Many  of  them  have  a special  value  wholly  apart 
from  such  uses  and  contain  statements  of  general  principles 
and  methods  which  are  not  to  be  found  explicitly  in  the  text 
itself  but  which  are  corollaries  perhaps  of  more  practical 
utility  than  the  theorems  from  which  they  are  derived.  Oc- 
casionally also  a problem  may  have  a certain  historical  in- 
terest or  flavor:  thus,  for  example,  the  formulae  given  in  No. 
83,  page  216,  and  No.  60,  page  257,  express  the  relations  be- 
tween conjugate  foci  which  Huygens  communicated  to  the 
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Royal  Society  in  1669  (c/.  § 200)  in  the  famous  anagram  1 
Tertia  proportionalis  in  lente,  quarta  proportionalis  irJ 
superficie  simplici  dat  puhctum  correspondens.”  So  alsJi 
problem  No.  20,  page  557,  gives  incidentally  the  so-called! 
Tscherning  equation  for  determining  the  form  of  a correc-j 
tion  eye-glass  which  is  free  from  astigmatism  of  oblique] 
bundles  and  adapted  therefore  for  the  mobile  eye,  as  realized^ 
in  the  modern  “ Punktal  ” spectacle  lens. 

Most  important  of  all  is  an  entire  new  chapter  which  has! 
been  added  at  the  end  of  the  volume.  Chapter  XVI  is  called  l 
an  Appendix  in  the  sense  that  it  treats  mainly  of  such  sub-  [ 
jects  as  have  been  already  discussed  in  some  measure  in  the  t 
previous  pages;  but  here,  it  may  be,  the  serious  student  will 
discover  much  new  material  not  usually  to  be  found  in  text-  h 
books  on  optics  which,  however,  is  at  the  basis  of  some  of 
the  best  and  most  fruitful  methods  of  modern  optical  en-  i 
gineering.  Reflection  prisms,  new  and  approve  l schemes  of  ) 
optical  calculation,  Cartesian  optical  surfaces-  -these  are  a 
few  of  the  topics  that  come  under  review  in  this  chapter. 
The  brief  outline  of  the  historical  development  of  geometrical 
optics  from  Euclid  to  Newton  lends  a human  interest  to  l 
the  subject  and  undoubtedly  helps  tc  clarify  it. 

The  new  diagrams,  Figs.  59.  68  and  248-287,  inclusive 

(except  two  drawings  which  have  been  reproduced  from  Huy-  [ 

gens’  writings),  have  been  e-ecuted  with  much  skill  and  sym-  t 

pathy  by  my  pupil,  Mr.  F J.  Ruch.  I am  confident  that  the  I 

readers  of  these  portions  of  the  book  will  be  no  less  grateful 

for  his  aid  than  I am  myself.  I am  also  much  indebted  to 

my  assistant,  Mr,  C.  L.  Treleaven,  for  helping  with  the 
proof-reading 

~ . James  P.  C.  Southall. 

Columma  university, 

New  x’ork,  N.  Y., 

Feb.  1,  1923. 
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LIGHTS  AND  SHADOWS 

1.  Luminous  Bodies —The  external  world  is  revealed  to 
the 'eye  by  means  of  light.  With  the  rising  sun  night  is 
changed  into  day,  and  animals,  vegetables  and  minerals  in 
all  their  manifold  varieties  of  form  and  shade  and  color, 
which  were  quite  invisible  in  the  dark,  are  now  revealed  to 
view.  Wherever  the  eye  turns  to  gaze,  there  comes  to  it 
from  far  or  near  a messenger  of  light  conveying  information 
about  the  object  which  is  under  inspection.  In  an  absolutely 
dark  room  everything  is  invisible,  because  the  eye  can  per- 
ceive objects  only  when  they  radiate  or  reflect  light  into  it. 
In  the  strict  sense  a source  of  light  is  a self-luminous  body 
which  shines  by  its  own  light,  such  as  the  sun  or  a fixed  star 
or  a candle-flame;  but  frequently  the  term  is  applied  n a 
body  which  merely  reflects  or  transmits  light  which  has 
fallen  upon  it  from  some  other  body,  as,  for  example,  the 
moon  and  the  planets  which  are  illuminated  by  the  light 
from  the  sun.  In  this  latter  sense  the  blue  iky  and  the 
clouds,  which,  shining  by  light  derived  originally  from  the 
sun,  contribute  the  greater  portion  oi  what  is  meant  by 
daylight,  are  to  be  regarded  as  light-sources.  A point- 
source  of  light  or  a luminous  point  is  in  reality  a small  ele- 
ment of  luminous  surface  of  relatively  negligible  dimensions 
or  else  a body  like  a star  at,  such  a vast  distance  that  it  ap- 
pears like  a point. 

2.  Transparent  and  Opaque  Bodies —In  general,  when 
light  falls  on  a bouy,  it  is  partly  turned  back  or  reflected  at 
or  very  near  the  sarface  of  the  body,  partly  absorbed  within 
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the  body,  and  partly  transmitted  through  it.  An  absolutely 
black  body  which  absorbs  all  the  light  that  falls  on  it  does 
not  exist;  the  best  example  we  have  is  afforded  by  a body 
whose  surface  is  coated  with  lamp-black.  The  color  of  a 
body  as  seen  by  reflected  light  is  explained  by  the  fact  that 
part  of  the  incident  light  is  absorbed,  whereas  only  light 
characteristic  of  the  color  in  question  is  cast  off  or  reflected 
from  the  body.  Thus,  when  sunlight  falls  on  a piece  of  red 
flannel,  it  is  robbed  of  all  its  constituent  colors  except  red, 
and  thus  it  happens  that  the  color  by  which  we  describe 
the  body  is  in  fact  due  to  the  light  which  it  rejects.  If  the 
piece  of  red  flannel  were  illuminated  by  pure  blue  light,  it 
would  appear  black  or  invisible. 

A substance  such  as  air  or  water  or  glass,  which  is  per- 
vious to  light,  is  said  to  be  transparent.  None  of  the  light 
that  traverses  a perfectly  transparent  body  will  be  absorbed ; 
and,  on  the  other  hand,  a perfectly  opaque  body  is  one  which 
suffers  no  light  at  all  to  be  transmitted  through  it.  No 
substance  is  either  absolutely  transparent  or  absolutely 
opaque.  These  terms,  therefore,  as  applied  to  actual  bodies 
are  merely  relative,  and  so  when  we  say  that  l body  is  opaque, 
• we  mean  only  that  the  light  transmitted  through  it  is  so 
slight  as  to  be  practically  inappreciab'e.  Naturally,  one 
thinks  of  clear  water  as  transparent  and  of  metallic  sub- 
stances generally  as  opaque;  but.  a sufficiently  large  mass 
of  water  will  be  found  to  be  impervious  to  light,  whereas, 
on  the  other  hand,  gold  leaf  transmits  green  light.  A per- 
fectly transparent  body  would  be  quite  invisible  by  trans- 
mitted light,  although  its  presence  could  be  detected  by 
observing  the  distortion  in  the  appearance  of  bodies  viewed 
through  it. 

Again  there  are  some  substances  which,  while  they  are 
not  transoarent  in  the  ordinary  sense,  are  far  from  being 
opaque,  sach,  for  example,  as  ground  glass,  alabaster,  por- 
celain, milk,  blood,  smoke,  which  contain  imbedded  or  sus- 
pended in  them  fine  particles  of  matter  of  a different  optical 
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quality  from  that  of  the  surrounding  mass.  Light  does 
penetrate  through  materials  of  this  nature  in  a more  or  less 
irregular  fashion,  and  accordingly  they  are  described  as 
translucent.  In  the  interior  of  such  granular  structures  01 
“ cloudy  media”  light  undergoes  a so-called  internal  diffused 
reflection  or  scattering;  so  that  while  it  may  be  possible  to 
discern  the  presence  of  a body  through  an  intervening  mass 
of  such  material,  the  form  of  the  object  will  be  to  some  ex- 
tent indistinct  and  unrecognizable. 

An  optical  medium  is  any  space,  whether  filled  or  not 
with  ponderable  matter,  which  is  pervious  to  light.  In  geo- 
metrical optics  it  is  generally  assumed  that  the  media  are 
not  only  homogeneous  and  isotropic  (meaning  thereby  that 
the  substance  possesses  the  same  properties  in  all  directions), 
as,  for  example,  air,  glass,  water  and  vacuum,  but  perfectly 
transparent  as  well. 

3.  Rectilinear  Propagation  of  Light.— When  an  opaque 
body  is  interposed  between  the  observer’s  eye  and  a source 
of  light,  it  is  well  known  that  all  parts  of  the  latter  which 
lie  on  straight  lines  connecting  the  pupil  of  the  eye  with 
points  of  the  opaque  obstacle  will  be  hid  from  view.  \Vc 
cannot  see  round  a corner;  we  can  look  through  a straight 
tube  but  not  through  a crooked  one.  A child  takec  note  of 
such  facts  as  these  among  the  very  earliest  of  his  experiences 
and  recognizes  without  difficulty  the  truth  ^le  common 
saying  that  “ light  travels  in  straight  lines,”  which  in  the 
language  of  science  is  called  the  law  Oi  the  rectilineal  piopa- 
gation  of  light.  The  light  that  comes  to  us  from  a star 
traverses  the  vast  stretches  of  interstellar  space  in  stiaight 
lines  until  it  reaches  the  earth  s atmosphere,  which  is  com- 
posed of  layers  of  air  of  increasing  density  from  the  upper 
portions  towards  the  surface  of  the  earth;  so  that  the  me- 
dium through  which  the  light  passes  in  this  short  remainder 
of  its  downward  jo  uney  is  no  longer  isotropic,  and,  hence, 
also  this  part  of  the  light  path  will,  in  general,  be  no  longer 
straight  but  curved  by  a gradual  and  continuous  bending 
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from  the  less  dense  layers  of  air  to  the  more  dense  layers 
below.  This  explains  why  it  is  necessary  for  an  observer 
on  the  earth’s  surface  looking  through  a long  narrow  tube 
at  a star  not  directly  overhead  to  point  the  tube  not  at  the 
star  itself  but  at  its  apparent  place  in  the  sky,  which  depends 
on  the  direction  which  the  light  has  when  it  enters  the  eye; 
and,  consequently,  in  accurate  determinations  of  the  posi- 
tion of  a heavenly  body,  the  astronomer  is  always  careful 
to  take  account  of  the  apparent  displacement  due  to  this 
so-called  “atmospheric  refraction,”  and  a principal  reason 
why  astronomical  observatories  are  nearly  always  located 
on  high  mountains  is  to  obviate  as  much  as  possible  the 
disturbing  influence  of  the  atmosphere.  In  aiming  a rifle 
or  in  any  of  the  ordinary  processes  we  call  “sighting,”  which 
are  at  the  basis  of  some  of  the  most  delicate  methods  of 
measurement  known  to  us,  we  rely  with  absolute  confidence 
on  this  proved  law  of  experience  concerning  the  rectilinear 
propagation  of  light;  and,  in  fact,  the  most  conclusive  dem- 
onstration that  a line  is  straight  consists  in  shoving  that  it 
is  the  path  which  light  pursues.  The  notion  of  a “ray  of 
light”  is  derived  from  this  law,  and  anv  line  along  which 

light  travels  is  to  be  regarded  as 
a ray  of  light.  According  to  this 
idea,  h irefore,  the  rays  of  light 
in  an  isotropic  medium  are 
straight  lines. 

A very  striking  proof  of  the 

Fig.  l. — Rectilinear  Propagation  rectilinear  propagation  of  light 

of  Light.  js  affor(je(j  by  placing  a lumi- 

nous object  (Fig  l)  in  front  of  an  opaque  screen  in  which 

there  is  a very  small  round  aperture.  If  now  a second  screen 

* 

or  a white  wall  is  placed  parallel  to  the  first  screen  on  the 
other  side  of  it,  there  will  be  cast  on  it  a so-called  inverted 
image  of  the  object,  the  size  of  which  will  be  proportional  to 
the  distance  between  the  two  screens.  From  each  point  of 
the  luminous  object  rays  go  out  in  all  directions,  and  a narrow 
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cone  of  these  rays  will  traverse  the  perforated  screen  through 
the  opening  and  illuminate  a small  area  on  the  other  screen, 
and  thus  every  part  of  the  object  will  be  depicted  in  this  way 
by  little  patches  of  light  arranged  in  a figure  which  is  similar 
in  form  to  the  object,  but  which  is  completely  inverted,  since 
not  only  top  and  bottom  but  right  and  left  are  reversed  in 
consequence  of  the  rectilinear  paths  of  the  rays  of  light.  It 
may  be  remarked  that  this  image  is  not  an  optical  image  in 
the  strict  sense  of  the  term  (see  § 11),  but  the  phenomenon 
can  be  explained  only  on  the  supposition  that  light  proceeds 
in  straight  lines.  If  another  small  opening  were  made  in  the 
front  screen  very  near  the  first  hole,  there  would  be  two 
images  formed  which  would  partly  overlap  each  othei , so  that 
the  resultant  image  would  be  more  or  less  blurred,  and  if  we 
have  a single  large  aperture,  we  could  no  longer  see  any 
distinct  image  at  all. 

The  pinhole  camera , invented  by  Giambattista  Della 
Porta  (c.  1543-1615),  and  sometimes  called  Porta’s  camera, 
is  constructed  on  the  principle  of  the  experiment  which  has 
just  been  described.  It  is  very  useful  in  making  accurate 
photographic  copies  of  the  architectural  details  of  build  ng;>, 
because  the  image  which  is  obtained  is  entirely  free  from 
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distortion. 

In  the  pinhole  camera  there  is  a certain  relation  between 
the  size  of  the  pinhole  and  the  distance  of  the  sensitive  plate. 
According  to  Abney,  in  order  to  get  the  best  results  with 
an  apparatus  of  this  kind  the  diameter  of  tiie  pinhole  ought 
to  be  directly  proportional  to  the  square-root  of  the  distance 
of  the  plate  from  the  aperture,  that^c^ 

/ y^k\/x, 

where  x and  y denote  the  Thstane&of  the  plate  and  the  di- 
ameter of  the  pinhole,  raspectively,  and  k denotes  a con- 
stant, the  value  of  which  will  depend  on  the  unit  of  length. 
Thus,  if  x and  y arc  measured  in  inches,  k = 0.008;  in  centi- 
meters, fc  = 0.0if47o. 
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4.  Shadows,  Eclipses,  etc. — The  forms  of  shadows  are  also 
easily  explained  on  the  hypothesis  that  light  proceeds  in 
straight  lines,  for  the  outline  of  the  shadow  cast  by  a body 
is  precisely  similar  to  that  of  the  object  as  viewed  from  the 
place  where  the  source  of  light  is.  Thus,  for  example,  the 


Fig.  2. — Shadow  (umbra)  of  opaque  globe  E illuminated  by 

point-source  S. 

shadow  of  a sphere  held  in  front  of  a point-source  of  light 
has  the  form  of  a circle,  and  the  shadow'  cast  by  a circular 
disk  will  have  the  outline  of  an  ellipse  of  greater  and  greater 
eccentricity  as  the  disk  is  turned  more  and  more  nearly 
edge-on  towards  the  light.  Passing  a shop-window  on 
Sunday  w7hen  the  shade  is  drawn  down,  if  the  sun  is  saining 


Fig.  3. — Shadow  (umora  and  penumbra)  of  opaque  globe  E 

illuimua  ted  by  two  point-sources  Si,  S2. 


on  the  window,  one  can  read  the  shadow  of  the  sign  painted 
on  the  gloss  quite  as  distinctly  as  the  sign  itself.  The  in- 
terposition of  an  opaque  body  between  a source  of  light  and 
a wail  not  only  darkens  a portion  of  the  wall  or  casts  its 
shftoow  there,  but  it  converts  an  entire  region  of  space  be- 
tween it  and  the  wall  into  a dark  tract  either  wholly  or  par- 
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tially  screened  from  the  light.  Thus,  for  example,  the  space 
A (Fig.  2)  behind  the  body  E which  is  comprised  within  the 
cone  of  rays  proceeding  from  the  point-source  & that  aie 
intercepted  by  E gets  no  light  from  S,  and  this  wholly  un- 
illuminated region  is  called  the  umbra  or  true  shadow.  W hen 
there  are  two  luminous  points  Si  and  S2  (Figs.  3 and  4),  the 
region  of  shadow  behind  the  opaque  body  E consists  of  the 


Fig.  4. — Shadow  (umbra  and  penumbra)  of  ^ opaq  le  globe  E 
illuminated  by  two  point-sources  Si, 

umbra  A which  is  wholly  screened  from  both  sources  of  light 
and  the  so-called  penumbra  or  partially  illuminated  space 
composed  of  a space  Bi  which  gats  light  only  from  &i  and 
a similar  space  B2  which  gets  light  only  from  S2.  Points  lying 
beyond  the  penumbra  will  remove  light  from  both  sources. 

If  the  light-source  has  no  appreciable  size,  light  will  pro- 
ceed from  each  of  its  schilling  points  in  all  directions.  Sup- 
pose, for  example,  that  an  opaque  globe  E (Fig.  5)  is  placed 
in  front  of  a luminous  globe  S:  then  the  dark  body  will 
intercept  all  rays  that  fall  within  the  cone  which  is  tangent 
externally  to  the  two  spheres,  and,  consequently,  the  poi- 
tion  A of  t hs  cone  which  lies  behind  E will  be  completely 


screened  from  all  points  of  the  source  S,  so  that  this  portioi 
constitutes  the  umbra  where  no  light  comes.  In  this  cas 
also  there  are  two  penumbral  regions  Bi  and  B2  which  ar 
partially  illuminated,  but  the  illumination  is  not  uniform 
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Fig.  5. — Shadow  (umbra  and  penumbra)  of  opaque  globe  E 

illuminated  by  luminous  globe  S. 

but  increases  gradually  from  total  darkness  at  the  oute 
borders  of  the  umbra  into  the  complete  illumination  of  th< 
region  outside  the  shadow.  The  shadow  cast  on  a : cicei 
by  an  opaque  body  exposed  to  an  extended  source  of  ligh 
has  no  sharp  outline  but  fades  by  imperceptible  gradation: 
into  the  bright  space  outside.  As  to  the  umbra,  it  terminate; 
in  a point  at  a certain  distance  x behind  the  opaque  body 
provided  the  diameter  of  the  latter  is  lees  Jian  that  of  th< 
luminous  globe  in  front  of  it,  that  is  provided  R is  greate: 
than  r,  where  R,  r denote  the  radii  of  luminous  and  opaqui 
globes,  respectively.  If  the  distance  d between  the  center: 
of  the  two  globes  is  known,  iho  length  x of  the  umbra  ma; 
be  calculated  from  the  propoition: 


Tt_d-\~x 
r x 


whence  we  find : 


d 


x = 


X-i 

r 


Thus,  ) ~>r  example,  the  diameter  of  the  sun  is  109.5  time: 
fne  earth,  and  the  distance  between  the  two  bodies 
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§ 5]  Wave  Theory  of  Light  9 

is  93  millions  of  miles.  Accordingly,  the  umbra  of  the  earth 
is  found  to  extend  to  a distance  of  more  than  857  000  miles 
behind  it.  Sometimes  the  moon  whose  distance  from  the 
earth  is  about  240  000  miles  enters  inside  the  shadow,  and 
becomes  then  totally  eclipsed.  When  the  moon  is  only 
partly  inside  the  earth’s  umbra,  there  is  a partial  eclipse  of 
the  moon.  On  the  other  hand,  if  the  earth  or  any  part  of  it 
comes  inside  the  moon’s  shadow,  there  will  be  an  eclipse 
of  the  sun  visible  from  points  on  the  earth  that  are  in  the 
shadow. 

I*  The  angular  diameter  of  the  sun  is  32r  3.3")  whence  it  is 

easy  to  calculate  that  the  length  of  the  umbra  of  an  opaque 
globe  in  sunlight  is  about  105  times  the  diameter  of  the  globe. 

On  the  other  hand,  if  the  light-source  is  smaller  than  the 
interposed  object,  the  umbra,  instead  of  cohtracting  to  a 
point,  widens  out  indefinitely;  and  thus,  whereas  the  shadow 
cast  on  the  opposite  wall  by  a hand  held  in  front  of  a broad 
fire  is  smaller  than  the  object,  the  shadow  made  by  the  same 
hand  in  front  of  a small  source  of  light  like  a candle-flame 
may  be  prodigious  in  extent. 

5.  Wave  Theory  of  Light.— The  term  “ray,”  a&  wo  have 
employed  it,  is  a purely  geometrical  conception,  but  in  or- 
dinary usage  a ray  of  light  implies  generally  ar  exceedingly 
narrow  beam  of  light  such  as  is  suppose  J to  be  obtained 
when  sunlight  is  admitted  into  a dark  room  through  a pin- 
hole opening  in  a shutter.  But  wtmn  the  experiment  is 
carefully  made  to  try  to  isolate  a so-called  ray  of  light  in 
this  fashion,  new  and  unexpected  difficulties  arise,  and, 
contrary  to  our  preconceives  notions,  we  are  disconcerted 
by  finding  that  the  smaller  the  opening  in  the  shutter,  the 
more  difficult  it  becomes  to  realize  the  geometrical  concep- 
tion which  is  conveyed  by  the  word  “ray.”  In  fact,  in  con- 
sequence of  thie  experiment  and  others  of  a similar  kind, 
we  begin  to  perceive  that  the  statement  of  the  law  of  the 
rectilinear  propagation  of  light  needs  to  be  modified;  for 
among  othn*  phenomena  we  discover  that  when  light  pro- 


10 


Mirrors,  Prisms  and  Lenses 


[§6 


ceeds  through  a very  narrow  aperture  in  a screen,  it  does 
not  pass  through  it  just  as  though  the  screen  were  not  pres- 
ent, but  it  spreads  out  laterally  from  the  point  of  perfora- 
tion in  all  directions  beyond  the  screen,  proceeding,  in  fact, 
very  much  as  it  might  do  if  the  opening  in  the  screen  were 
the  seat  of  a new  and  independent  source  of  light. 

The  truth  is,  as  has  been  ascertained  now  for  a long  time, 
light  is  propagated  not  by  “rays”  at  all  but  by  waves;  and 
if,  in  general,  it  is  found  that  light  does  proceed  in  straight 
lines  and  does  not  bend  around  corners  as  sound-waves  do, 
the  explanation  is  because  the  waves  of  light  are  excessively 
short,  considerably  less  than  one  ten-thousandth  of  a centi- 
meter. Wave-lengths  of  light  are  usually  specified  in  terms 
of  a unit  called  a “ tenth-meter ” or  an  “Angstrom  unit,” 
which  is  the  hundred-millionth  part  of  a centimeter  (see 
§ 162) ; that  is,  1 Angstrom  unit  = 10  — 10  meter  = 0.000  000  01 
cm.  The  wave-length  of  the  deepest  red  light  is  found  to 
be  about  7667  of  these  units  and  the  wave-length  of  light 
corresponding  to  the  extreme  violet  end  of  the  spectrum 
is  a little  more  than  half  the  above  value  or  3970  units. 

According  to  the  wave-theory  the  phenomena  of  light 
are  dependent  on  an  hypothetical  medium  called  the  ether, 
which  may  be  compared  to  “an  impalpable  and  all-per- 
vading jelly”  that  not  only  fills  empty  mace  but  penetrates 
freely  through  all  material  substances,  solid,  liquid  and 
gaseous,  and  through  which  parti?Ls  of  ordinary  matter 
move  easily  without  apparent  resistance,  for  it  is  impon- 
derable and  exceedingly  eLsi'c  and  subtle,  insomuch  that 
no  one  has  ever  succeeded  in  obtaining  direct  evidence  of 
its  existence.  It  is  this  etner  which  is  the  vehicle  by  which 
light-energy  is  transmitted  and  through  which  waves  of 
light  are  incessantly  throbbing  with  prodigious  but  measur- 
able velocity,  whicn  in  vacuo  is  about  300  million  meters  per 
second  or  a’mut  186  000  miles  per  second. 

6.  Huygens’s  Construction  of  the  Wave-Front. — The  great 
TWpP  r>;>iinsnnhpr  Httygf.ns  (1629-1695).  who  was  a contem- 
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porary  of  Newton’s  (1642-1727),  and  who  is  usually  regarded 
as  the  founder  of  the  wave-theory  of  light,  encountered  his 
greatest  difficulty  in  trying  to  give  a consistent  and  satis- 
factory explanation  of  the  apparent  rectilinear  propagation  of 
light.  His  mode  of  reasoning,  as  set  forth  in  his  “ Treatise 
on  Light  ” published  in  1690,  while  by  no  means  free  from 
objection,  leads  to  a simple  geometrical  construction  of  the 
wave-front  which  corresponds  with  the  known  facts  in  regard 
to  the  procedure  of  light. 

Let  O (Fig.  6)  designate  the  position  of  a point-source  of 
light  from  which  as  center  or  origin  ether  waves  proceed  in 
an  isotropic  medium  with 
equal  speeds  in  all  direc- 
tions. At  the  end  of  a 
certain  time  the  disturb- 
ances will  have  arrived 
at  all  the  points  which 
lie  on  a spherical  surface 
<7 1 described  around  O as 
center,  and  at  the  instant 
in  question  this  surface 
will  be  the  locus  of  all  the 
particles  in  the  medium 
that  are  in  this  initial 
phase  of  excitation,  and 
so  it  represents  the  wave- 
front  at  this  moment.  Now  according  to  Huygens,  every 
point  in  the  wave-front  becomes  immediately  a new  source 
or  center  from  which  so-called  secondary  waves  or  wave- 
lets spread  out.  These  innumerable  ripples  or  wavelets 
starting  together  from  ell  the  points  affected  by  the 
principal  wave  overlap  and  interfere  with  each  other, 
and  Huygens  inferred  ihat  their  resultant  sensible  effects 
are  produced  only  2 1 the  points  of  the  surface  which  at  any 
given  instant  touches  or,  as  we  say,  envelops  all  the  secondary 
wave-fronts,  nA  that  accordingly  the  new  principal  wave- 


Fig.  6. — Huygens’s  eco rJ ruction  of  wave- 
front 
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front  will  be  this  enveloping  surface;  so  that  the  effect  is 
the  same  as  though  the  old  wave-front  had  expanded  into 
the  new,  the  disturbance  marching  forward  along  a straight 
line  in  any  given  direction.  Obviously,  in  an  unobstructed 

isotropic  medium,  such 
as  is  here  supposed, 
the  enveloping  surface 
or  new  wave-front  will 
be  a sphere  concentric 
with  the  old  wave- 
front,  and  the  straight 
lines  that  radiate  out 
from  the  center  will  be 
the  paths  of  the  dis- 
turbance. 

Now  if  a plane  screen 
MN  (Fig.  7)  is  inter- 
posed in  fi  out  of  the 
advancing  waves,  and 
if  there  is  an  opening 

Fig.  7. — Huygens’s  construction  of  spherical  AP  m the  screen,  each 
waves  passing  through  opening  in  a p0^-,£  jn  the  opening 
screen.  . . .... 

uetween  A,  which  is 
nearest  to  the  source  O,  and  B,  which  is  farthest  from  it, 
will  become  in  turn  a new  renter  of  disturbance  whence 
secondary  spherical  waves  will  be  propagated  into  the  re- 
gion on  the  other  side  of  the  screen.  Since  the  disturbance 
will  have  arrived  at  the  point  A before  it  has  reached  a point 
X between  A and  B,  the  secondary  wave  emanating  from 
A will  at  the  end  of  a given  time  t have  been  travelling  for 
a longer  time  than  the  secondary  wave  coming  from  X.  If 
the  radios  of  the  wavelet  around  X at  the  time  t is  denoted 
by  r,  and  if  the  distance  OX  is  put  equal  to  x,  then  d = x+r 
will  denote  the  distance  from  O which  the  disturbance  will 
have  gone  at  the  end  of  the  time  tj  and  since  this  distance 
is  constant,  whereas  the  distances  denoted  by  x and  r are 
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variables  depending  on  the  position  of  the  point  X,  it  is 
evident  that  the  farther  X is  from  O,  that  is,  the  greater 
the  value  of  x,  the  smaller  will  be  the  radius  r = d — x of 
the  secondary  wavelet  around  X.  The  enveloping  surface  in 
this  case  is  seen  to  be  that  part  of  the  spherical  surface  de- 
scribed around  0 as  center  with  radius  equal  to  d which  is  in- 
tercepted by  the  cone 
which  has  O for  its  vertex 
and  the  opening  AB  in 
the  screen  for  a section. 

Within  this  cone,  accord- 
ing to  Huygens’s  view, 
the  disturbance  is  propa- 
gated exactly  as  though 
the  perforated  screen  had 
not  been  interposed, 
whereas  points  on  the  far 
side  of  the  screen  and  Fig.  8. — Huygens’s  construction  of  plane 
outside  this  limiting  cone  ™ passing  through  opening  in  a 

bvl  cCIl* 

are  not  affected  at  all. 

It  is  plain  that  this  mode  of  explanation  is  equivalent  <c 
the  hypothesis  of  the  rectilinear  propagation  of  light. 

If  the  luminous  point  0 (Fig.  8)  is  so  far  away  chat  the 
dimensions  of  the  opening  AB  in  the  screen  may  be  regarded 
as  vanishingly  small  in  comparison  with  the  distance  of  the 
source,  the  straight  lines  drawn  from  0 to  tue  points  A,  X,  B 
in  the  opening  in  the  screen  may  be  regarded  as  parallel, 
and  the  wave-front  in  this  case  wdl  be  plane  instead  of 
spherical,  that  is,  the  wave-front  is  a spherical  surface  with 
an  exceedingly  great  radius  as  compared  with  the  dimen- 
sions of  the  aperture  in  the  screen. 

7.  Rays  of  Light  are  Normal  to  the  Wave-Surface —The 
most  obvious  objection  io  Huygen’s  construction  is,  What 
right  has  he  to  assume  that  the  places  of  sensible  effects  are 
the  points  on  the  surface  which  is  tangent  to  or  envelops 
the  secondary  waves?  And  why  is  the  light  not  propagated 
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backwards  from  these  new  centers  as  well  as  forwards? 
Moreover,  when  the  opening  in  the  screen  is  very  narrow, 
it  is  found,  as  has  been  already  stated  (§  5),  that  this  con- 
struction does  not  correspond  at  all  with  the  observed  facts. 

It  is  entirely  beyond  the  scope  of  this  book  to  attempt  to 
answer  these  questions  here  or  to  describe  even  briefly  the 
remarkable  and  complex  phenomena  of  diffraction  (which 
is  the  name  given  to  these  effects  due  to  the  bending  of  the 
light-waves  around  the  edges  of  opaque  obstacles).  For 
an  adequate  discussion  of  these  matters  the  reader  must 
consult  a more  advanced  treatise  on  physical  optics.  Suffice 
it  to  say,  that  the  wave-theory  of  light  and  especially  the 
principle  of  interference  as  developed  long  after  Huygens’s 
death  (1695)  by  Young  (1773-1829)  and  Fresnel  (1788- 
1827)  entirely  supports  the  idea  of  the  rectilinear  propaga- 
tion of  light  as  commonly  understood;  notwithstanding 
the  fact  that  this  law,  as  indeed  is  the  case  with  nearly  all 
so-called  natural  laws,  has  to  be  accepted  with  certain  reser- 
vations; but,  fortunately,  these  latter  do  not  concern  us  at 
present. 

Accordingly,  a luminous  point  is  said  to  emit  light  in  all 
directions,  and  the  so-called  light-rays  in  an  isotropic  medium 
are  straight  lines  radiating  from  ihe  center  of  the  spheri- 
cal wave-surface.  These  rays  n:ny  subsequently  be  bent 
abruptly  into  new  directions  in  traversing  the  boundary 
between  one  isotropic  medium  and  another,  and  under  such 
circumstances  the  wave-surfaces  may  cease  to  be  spherical; 
but  no  matter  what,  m&y  be  the  form  of  the  wave-surface, 
the  direction  of  the  vay  at  any  point  is  to  be  considered  always  as 
normal  to  the  wav°-f,  ont  that  passes  through  that  point  (see  § 39) . 
In  an  isotropic  medium  the  waves  always  march  at  right 
angles  tc  their  own  front,  and  the  so-called  rays  of  light  in 
geometucai  optics  are,  in  fact,  the  shortest  optical  routes 
along  which  the  disturbances  in  the  ether  are  propagated 
from  place  to  place.  With  the  aid  of  the  principle  of  inter- 
fwence  (alluded  to  above)  and  by  the  use  of  the  higher 
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mathematics,  it  may  indeed  be  shown  that  the  effect  pro- 
duced at  any  point  P in  the  path  of  a ray  of  light  is  due 
almost  exclusively  to  previous  disturbances  which  have 
occurred  successively  at  all  the  points  along  the  ray  which 
lie  between  the  source  and  the  point  P in  question,  and  that 
disturbances  at  other  points  not  lying  on  the  ray  which  goes 
through  P are  practically  without  influence  at  P , that  is,  their 
effects  there  are  mutually  counteracted.  And  thus  we  arrive 
also  at  the  so-called  principle  of  the  mutual  independence  of 
rays  of  light,  which  is  also  one  of  the  fundamental  laws  of 
geometrical  optics.  From  this  point  of  view  a ray  of  light 
is  to  be  regarded  as  something  more  than  a mere  geomet- 
rical fiction  and  as  having  in  some  real  sense  a certain  physi- 
cal existence,  although  it  is  not  possible  to  isolate  the  ray 

from  its  companions.  # . 

8.  The  Direction  and  Location  of  a Luminous  Point  — 

When  a ray  of  light  comes  into  the  eye,  the  natural  infei- 
ence  as  to  its  origin  is  that  the  source  lies  in  the  direction  from 
which  the  ray  proceeded.  There  is  no  difficulty  in  pointing  out 
correctly  the  direction  of  an  object  which  is  viewed  throug. 
an  isotropic  medium;  but  if  the  medium  were  not  isot 'opic. 

the  apparent  direction  of 
the  object  might  not  be, 
and  probably  would  not 
be,  its  real  direction. 

Thus,  owing  to  the  ef- 


A 


• L.  * i^  ii  Fig.  9- — Direction  and  location  of  a luini- 

fraction,  to  which  allu-  nous  point. 

sion  has  been  made  al- 

ready  (§  3),  the  sun  is  seen  above  the  horizon  befoie  it 
actually  risen,  and  so  also  in  the  evening  the  sun  is  still 
visible  for  a few  moments  at  cer  sunset.  For  the  same  reason 
a star  appears  to  be  rearer  the  zenith  than  it  really  is. 

In  general,  however,  when  a ray  SA  (Fig.  9)  enters  the 
eye  at  A,  it  is  co:  rjctly  inferred  that  the  source  S lies  some- 
where on  the  straight  line  AS,  but  whether  it  is  actually 
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situated  at  S or  farther  or  nearer  cannot  be  determined  by 
means  of  a single  ray.  If  the  eye  is  transferred  from  A to 
another  point  B,  the  source  will  appear  now  to  lie  in  the  new 
direction  BS.  If  the  spectator  views  the  source  with  both 
eyes  simultaneously,  one  eye  at  A and  the  other  at  B,  or  if  using 
only  one  eye  he  moves  it  quickly  from  A to  B,  the  position 
of  the  source  at  S will  be  located  at  the  point  of  intersection 
of  the  straight  lines  AS  and  BS;  and  this  determination  will 
be  more  accurate  in  proportion  as  the  distance  between  the 
two  points  of  observation  A and  B is  greater  or  the  more 
nearly  the  acute  angle  ASB  approaches  a right  angle.  That 
is  the  reason  why  in  estimating  the  distance  of  a remote 
object  one  tries  to  observe  it  from  two  stations  as  widely 
separated  as  possible,  and  that  explains  also  why  a person 
shifts  his  head  from  side  to  side.  If  the  object  is  compara- 
tively near  at  hand,  a single  movement  of  the  head  may  be 
sufficient  in  order  to  get  a fairly  good  idea  of  its  distance, 
or  it  may  be  that  it  is  simply  necessary  to  look  at  the  object 
with  both  eyes  at  the  same  time.  It  is  amusing  to  watch 
a person  with  one  eye  closed  attempting  tc  poke  a pencil 
through  a finger-ring  suspended  in  the  middle  of  a room  on  a 
level  with  his  eye;  by  chance  he  maj  succeed  after  repeated 
fai.ures,  whereas  with  both  eyes  open,  the  operation  is  per- 
formed without  the  slightest  difficulty. 

In  case  the  rays  come  into  the-  eye  after  having  traversed 
two  or  more  isotropic  med’a,  ir  is  easy  to  be  deceived  about 
the  direction  of  the  source  where  they  emanated.  In  order 
for  a bullet  to  hit  a hsh  under  water,  the  rifle  must  be 
pointed  in  a direction  below  that  in  which  the  fish  appears 
to  be.  At  the  boundary-surface  between  two  isotropic  media 
the  direction  of  a ray  of  light  is  usually  changed  abruptly 
by  refraction  (§  26) ; so  that,  in  general,  the  path  of  a ray 
will  be  found  to  consist  of  a series  of  line-segments.  In 
Fig.  10  the  broken  line  ABCD  represents  the  course  taken 
by  a ray  of  light  in  proceeding  through  several  media  such  as 
vater,  air  and  glass.  The  line-segments  AB,  BC  and  CD 
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are  portions  of  different  straight  lines  of  indefinite  extent. 
For  example,  the  actual  route  of  the  ray  in  air  is  along  the 
straight  line  between  B and  C,  and  if  the  point  P lies  on 
this  line  between  B and 
C,  we  say  that  the  ray 
BC  passes  “ really” 
through  P,  whereas  we 
say  that  this  same  ray 
passes  “virtually  ” 
through  a point  Q or  R 
which  lies  in  the  prolon-  Fig.  10  — Points  P,  Q and  R considered  as 

gallon  of  the  line-se^mc  t lying  in  same  medium  as  BC. 

BC  in  either  direction. 

Moreover,  thinking  of  the  point  Q or  R as  a point  1}  ing  on 
the  straight  line  BC  which  the  light  pursues  in  traversing 
the  medium  between  the  water  and  the  glass,  we  must  le- 
gard  such  a point  as  being  optically  in  the  same  medium 
as  the  ray  to  which  it  belongs.  rlhus,  the  points  Q and  R 
in  the  figure  considered  as  points  on  the  ray  BC  are  to  be 
regarded  as  being  optically  in  air,  although  in  a physical 
sense  Q is  a point  in  the  water  and  R is  a point  in  the  gic*s^ 

(see  § 104). 

Now  let  us  suppose  that  two  rays  emanating  originally 

from  a point- source  S 

(Figs.  11  and  12)  are 

bent  ai  A and  B into 

new  directions  AP  and 

BQ,  respectively,  so  as 

to  enter  the  two  eyes  of 

Fig.  ii—  S'  is  said  to  be  a “rear*  an  observer  at  P and  Q. 
image  of  point-source  at  S.  jn  guch  & cage  the  ob_ 

server  will  infer  that  the  lays  originated  at  the  point  S' 
where  the  straight  lines  AP  and  BQ  intersect.  This  point 
S',  which  is  called  the  image  of  S,  may  lie  in  the  actual  paths 
of  the  rays  AP  ar  c!  JiQ  that  enter  the  eyes,  so  that  the  light 
from  S really  decs  go  through  S',  and  in  this  case  (Fig.  11) 
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the  image  Sr  is  said  to  be  a real  image.  On  the  other  hand, 
if  the  straight  lines  AP  and  BQ  have  to  be  produced  back- 
wards in  order  to  find  their  point  of  intersection,  the  rays 
do  not  actually  pass  through  S',  and  in  this  case  the  image 

is  said  to  be  a virtual 

S' 

image  of  the  point  S 

'''  (Pig-  12).  However,  it 

must  be  borne  in  mind 

in  connection  with  these 

diagrams  that  in  reality 

Fig.  12. — S' is  said  to  be  a “virtual”  image  we  do  not  see  objects  by 
of  point-source  at  S.  r • i 

means  oi  single  rays; 
and,  hence,  we  shall  not  be  in  a position  to  form  an  ac- 
curate idea  of  the  term  optical  image  until  we  come  to 
consider  bundles  of  rays  in  § 11. 

9.  Field  of  View. — The  open  or  visible  space  commanded 
by  the  eye  is  called  the  field  of  view.  Since  the  eye  can  turn 
in  its  socket,  the  field  of  view  of  the  mobile  eye  is  very  much 
more  extensive  than  that  of  the  stationary  eye,  and,  more- 
over, the  field  of  view  of  both  eyes  is  greater  than  that  of 
one  eye  by  itself.  The  spectator  may  also  widen  his  field 
of  vision  by  turning  his  head  or  indeed  by  turning  his  entire 
body.  For  the  present,  however,  we  shall  employ  the  term 
field  of  view  to  mean  that  moie  limited  portion  of  space 
which  is  accessible  to  the  single  eye  turning  in  its  socket 
around  the  so-called  center  <T  rotation  of  the  eye.  When 
a person  gazes  through  a window,  the  outside  field  of  view 
is  limited  partly  by  fh°  size  of  the  window  and  partly  also 
by  the  position  of  tnc  eye  with  reference  to  it;  so  that  only 
such  exterior  objects  will  be  visible  as  happen  to  lie  within 
the  conical  region  of  space  determined  by  drawing  straight 
lines  from  ti.e  center  of  rotation  of  the  eye  to  all  the  points 
in  the  edge  of  the  window.  Thus,  for  example,  if  the  open- 
ing in  tii 3 window  is  indicated  by  the  gap  GH  in  the  straight 
line  GH  in  Fig.  13,  and  if  the  point  marked  O is  the  position 
of  i, he  center  of  rotation  of  the  eye,  a luminous  object  at  P 
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in  front  of  the  window  and  directly  opposite  the  eye  will 
he  plainly  in  view,  because  some  of  the  rays  from  P may  go 
through  the  window  and  enter  the  eye.  But  if  the  object 
is  displaced  far  enough  to  one  side  to  some  position  such  as 


that  marked  R in  the  diagram,  so  that  the  straight  line  OR 
does  not  pass  through  the  window,  the  object  will  pass  out 
of  the  field  of  view.  The  straight  line  MN  drawn  parallel 
to  GH  is  supposed  to  represent  a vertical  wall  opposhe  the 
window.  If  this  wall  is  covered  with  a mural  painting,  the 
only  part  of  the  picture  that  can  be  seen  through  the  win- 
dow by  the  eye  at  0 is  the  section  included  between  the 
points  T and  V where  the  straight  lines  OG  and  OH  intersect 
the  straight  line  MN.  The  window  acts  here  as  a so-called 
field-stop  (§  137)  to  limit  the  extent  of  the  field  of  view.  But 
the  limitation  of  the  visible  region  depends  essentially  also 
on  the  position  of  the  eye,  becoming  more  and  more  con- 
tracted the  farther  the  eye  Is  from  the  window.  The  size  of 
the  window  makes  very  hide  difference  when  the  eye  is 
placed  close  to  it,  and  a person  sitting  near  an  open  window 
can  command  alinos*  as  wide  a view  as  if  the  entire  wall  of 
the  room  were  removed.  If  one  is  looking  through  a key- 
hole in  a door,  he  must  put  his  eye  close  to  the  hole  in  order 
to  see  objects  that  are  not  directly  in  front  of  it. 
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10.  Apparent  Size. — The  apparent  size  of  an  object  is 
measured  by  the  visual  angle  which  it  subtends  at  the  eye. 
Several  objects  in  the  field  of  view  which  subtend  equal 
angles  when  viewed  from  the  same  standpoint  are  said  to 
have  the  same  apparent  size;  although  their  actual  sizes  will 


Fig.  14. — Apparent  size  measured  by  visual  angle. 


be  different  if  they  are  at  unequal  distances  from  the  eye. 
The  objects  marked  1,  2 and  3 in  Fig.  14  appear  to  an  eye 
at  0 to  be  all  of  the  same  size.  Thus  an  elephant  may  ap- 
pear no  bigger  than  a man  or  a boy.  Looking  through  a 
single  pane  of  glass  in  a window,  one  may  see  a large  build- 
ing or  an  entire  tree,  because  the  apparent  extent  of  the 
small  area  of  glass  is  greater  than  that  of  rhe  distant  object" 
A fly  crawling  across  the  window  may  aide  from  view  a 
large  portion  of  the  distant  landscape  outside.  A mountain 
a few  miles  off  may  be  viewed  through  a finger-ring. 

The  apparent  size  of  an  object,  being  measured  by  the 
visual  angle  which  it  subtends-,  is  expressed  in  degrees  or 
radians.  The  apparent  diameter  of  the  full  moon  in  the  sky, 
for  example,  is  not  qu>to  half  a degree,  so  that  by  holding 
a coin  a little  less  than  9 mm.  in  diameter  at  a distance  of 
one  meter  from  xhc  eye,  the  entire  moon  could  be  hid  from 
view.  In  fact,  instead  of  the  angle  itself  it  is  customary  to 
employ  the  tangent  of  the  angle,  especially  in  case  the  vis- 
ual angle  is  not  large.  Thus,  the  apparent  size  of  an  object 
of  height  h at  a distance  d from  the  eye  (in  Fig.  15  AB  = 
h,  AO  = d ) is  measured  by  the  tangent  of  the  angle  BOA, 
dnt  is. 
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linear  dimension  of  the  object  _h 
Apparent  size—  — distance  from  the  eye  d 


Accordingly,  in  order  to  determine  the  actual  size  ( h ) of 
the  object,  it  is  necessary  to  know  its  distance  (d)  as  well 
as  its  apparent  size,  because  the  actual  size  is  equal  to  the 
product  of  these  two  magnitudes.  The  apparent  size  of  an 


B 


object  at  a distance  of  one  foot  is  an  hundred  times  greats 
than  it  is  at  a distance  of  an  hundred  feet,  or,  as  we  say,  the 
apparent  size  varies  inversely  as  the  distance.  As  ti  e object 
recedes  farther  and  farther  from  the  eye,  its  appaient  size 
diminishes  until  at  last  it  looks  like  a mere  speck  and  the 
details  in  it  have  all  disappeared.  On  the  ether  hand,  al- 
though the  object  is  quite  close  to  the  eye,  its  actual  dimen- 
sions may  be  so  minute  that  it  is  not  to  L-a  distinguished  from 
a point.  There  is,  indeed,  a limit  to  the-  power  of  the  human 
eye  to  see  very  small  objects,  wmch  is  reached  when  the 
object  subtends  in  the  field  of  view  an  angle  that  does  not 
exceed  one  minute  of  arc  Two  stars  whose  angulai  dis- 
tance apart  is  less  than  this  limiting  value  cannot  be  seen 
as  separate  and  distinct  by  a normal  eye  without  the  aid 
of  a telescope.  Mow  tan  T = j;iVs>  an<l  consequently  the 
eye  cannot  distinguish  details  of  form  in  an  object  which 
is  viewed  a*  a distance  3438  times  as  great  as  its  greatest 
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linear  dimension.  A silver  quarter  of  a dollar  is  about 
24  mm.  in  diameter  and  viewed  from  a distance  of  82.5 
meters  (3438  times  24  mm.  = 82  512  mm.  = 82.5  m.)  its  ap- 
parent size  will  be  1'  of  arc  and  it  will  appear  therefore 
like  a mere  point.  The  apparent  width  of  a long  straight 
street  diminishes  in  proportion  as  the  distance  increases; 
until,  finally,  if  the  street  is  long  enough,  the  two  opposite 
sidewalks  seem  to  run  together  at  the  so-called  “vanishing 
point.” 

If  rays  of  light  coming  through  a window  and  entering 
the  eye  could  leave  marks  in  the  glass  at  the  points  where 
they  cross  it,  and  if  these  marks  could  be  made  to  emit  the 
same  kind  of  light  as  was  sent  out  from  the  corresponding 
points  of  the  object,  there  would  be  formed  on  the  glass 
a pictorial  representation  of  the  object  which  when  held 
before  the  eye  at  the  proper  distance  would  have  almost 
exactly  the  same  appearance  as  the  object  itseK.  This 
principle  of  perspective  is  made  use  of  in  the  art  of  oainting, 
and  the  artist,  with  his  lights  and  shades  and  colors,  tries 
to  portray  on  a plane  canvas  a scene  whici:  will  produce 
as  nearly  as  possible  the  same  visual  impression  on  a spec- 
tator as  would  be  produced  by  the  natoral  objects  them- 
selves. So  far  a*s  apparent  size  is  concerned,  such  a repre- 
sentation may  be  perfect.  In  a good  drawing  the  various 
figures  are  delineated  in  such  dimensions  that  when  viewed 
from  the  proper  standpoint  they  have  the  same  apparent 
sizes  as  the  realities  woo  let  have  if  seen  under  the  aspect 
represented  in  the  picture.  No  one  looking  at  a photo- 
graph of  a Greek  temple  will  notice  (unless  his  attention 
is  specially  directed  to  it)  that  the  more  distant  pillars  are 
much  shorter  m che  picture  than  the  nearer  ones.  Indeed, 
generally  v/t  pay  little  heed  to  the  apparent  sizes  of  things, 
but  always  try  to  conceive  their  real  dimensions.  When 
two  persons  meet  and  shake  hands,  neither  is  apt  to  observe 
thf.u  the  other  appears  much  taller  than  he  did  when  they 
were  fifty  yards  apart. 
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11.  The  Effective  Rays. — All  the  rays  that  enter  the  eye 
and  fall  on  the  retina  must  pass  through  the  circular  window 
in  the  iris  or  colored  diaphragm  of  the  eye  which  is  called 
the  pupil  of  the  eye  and  which  is  sometimes  spoken  of  as 
the  “ black  of  the  eye,”  because  it  appears  black  against 
the  dark  background  of  the  posterior  chamber  of  the  eye. 
The  pupil  of  the  eye  is  about  half  a centimeter  in  diameter, 
although  within  certain  limits  its  size  can  be  altered  to  regu- 
late the  quantity  of  light  which  is  admitted  to  the  eye.  So 
far  as  the  spectator’s  vision  is  concerned,  it  is  only  these 
rays  that  go  through  the  pupil  of  his  eye  that  are  of  any 
use,  and  these  are  the  effective  rays.  When  the  pupil  dilates, 
more  rays  can  enter,  and  consequently  the  source  appears 
brighter.  The  brightness  of  the  source  will  depend  also  on 
its  distance,  because  for  a given  diameter  of  the  pupil,  the 
aperture  of  the  cone  of  rays  from  a nearer  source  will  be 
wider  than  that  of  the  cone  of  rays  from  a more  distant 
source.  In  general,  therefore,  the  pupil  of  the  eye  regu- 
lates the  angular  apertures  of  the  cones  of  rays  that  enter 
the  eye  from  each  point  of  a luminous  object  and  acts  as 
the  so-called  aperture-stop  (§  134).  Thus,  while  the  exttnr 
of  the  field  of  view  is  controlled  by  the  field-stop  9),  the 
brightness  of  the  source  depends  essentially  on  the  size  of 
the  aperture-stop. 

A series  of  transparent  isotropic  media  each  separated 
from  the  next  by  a smooth,  polished  surface  constitutes  an 
optical  system . An  optical  instrument  may  consist  of  a single 
mirror,  prisms  or  lens,  but  generally  it  is  composed  of  a com- 
bination of  such  elements,  which  may  be  in  contact  with 
each  other  or  separated  by  ar-  some  other  medium.  In 
the  great  majority  of  actual  constructions  the  instrument 
is  symmetrical  with  respect  to  a straight  line  called  the 
optical  axis.  Not  all  hue  rays  emitted  by  a luminous  object 
will  be  utilized  by  the  instrument;  generally,  in  fact,  only 
a comparatively  :>niall  portion  of  such  rays  will  be  trans- 
mitted through  .c,  in  the  first  place  because  its  lateral  di« 
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mensions  are  limited,  and  in  the  second  place  because,  in 
addition  to  the  lens-fastenings  and  other  opaque  obstacles 
(sides  of  the  tube,  etc.),  nearly  all  optical  instruments  are 
provided  with  perforated  screens  or  diaphragms  called 
“stops,”  specially  placed  and  designed  to  intercept  such  rays 
as  for  one  reason  or  another  it  is  not  desirable  to  let  pass 
(§133).  The  planes  of  these  stops  are  placed  at  right  angles 
to  the  optical  axis  with  the  centers  of  the  openings  on  the 
axis.  Accordingly,  each  separate  point  of  the  object  is  to 
be  regarded  as  the  vertex  of  a limited  cone  or  bundle  of  rays, 
which,  with  respect  to  the  instrument,  are  the  so-called 
effective  rays,  because  they  are  the  only  rays  coming  from 
the  point  in  question  that  traverse  the  instrument  from 
one  end  to  the  other  without  being  intercepted  on  the  way. 

Moreover,  in  every  bundle  of  rays  there  is  always  a cer- 
tain central  or  representative  ray,  coinciding  perhaps  with 
the  axis  of  the  cone  or  distinguished  in  some  special  way, 
called  the  chief  ray  of  the  bundle  (§  139).  In  a symmetri- 
cal optical  instrument  the  chief  ray  of  a bundle  of  effective 
rays  is  generally  defined  to  be  that  ray  which  in  traversing 
a certain  one  of  the  series  of  media  crocsts  the  optical  axis 
at  a prescribed  point,  which  is  usually  a t ihe  center  of  that 
one  of  the  stops  which  is  the  most  effective  in  intercepting 
the  rays  and  which,  therefore,  is  called  the  aperture-stop, 
as  will  be  explained  more  fully  hereafter  (see  Chapter  XII). 
According  to  this  definition,  the  chief  rays  coming  from  all 
the  various  points  of  the  object  constitute  a bundle  of  rays 
which  in  the  medium  where  the  aperture-stop'  is  placed 
(sometimes  called  the  “stop  medium”)  all  pass  through 
the  center  of  the  sfop. 

We  shall  employ  the  term  pencil  of  rays  to  mean  a section 
of  a ray-bun  die  made  by  a plane  containing  the  chief  ray. 

The  effective  rays  in  the  first  medium  before  entering 
the  instrument  are  called  the  incident  rays  or  object  rays; 
and  these  same  rays  in  the  last  medium  on  issuing  from  the 
instrument  are  called  the  emergent  rays  or  image  rays.  If  we 
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select  at  random  any  point  X lying  on  one  of  the  rays  of 
the  bundle  of  emergent  rays  which  had  its  origin  at  the  lu- 
minous object-point  P,  in  general,  no  other  ray  of  this  bundle 
will  pass  through  X,  since  in  a given  optical  system  there 
will  usually  be  one  single  route  by  which  light  starting  from 
the  point  P and  traversing  the  instrument  can  arrive  finally, 
either  really  or  virtually  (§  8),  at  a selected  point  X in  the 
last  medium.  However,  there  may  be  found  a number  of 
singular  points  where  two  or  more  rays  of  the  bundle  of 
emergent  rays  intersect;  and  under  certain  favorable  and 
exceptional  circumstances  it  may  indeed  happen  that  there 
is  one  special  point  P'  where  all  the  emergent  rays  emanating 
originally  from  the  object-point  P meet  again;  and  then  we 
shall  obtain  at  P'  a perfect  or  ideal  image  of  P,  which  is 
described  by  saying  that  P'  is  the  image-point  conjugate  to 
the  object-point  at  P.  This  image  will  be  real  or  virtual 
according  as  the  actual  paths  of  the  image-rays  go 
through  P'  or  merely  the  backward  prolongations  of  these 
paths  (§  8). 

In  order  to  obtain  an  image  in  this  ideal  sense,  the  optima! 
system  must  be  such  as  to  transform  a train  of  incident 
spherical  waves  spreading  out  from  the  object-point  P into 
a train  of  emergent  spherical  waves  converging  to  or  di- 
verging from  a common  center  Pr  in  the  image-sp^ce.  When 
all  the  rays  of  a bundle  meet  in  one  point,  the  bundle  of  rays 
is  said  to  be  homocentric  or  monocentric . Li  general,  how- 
ever, a monocentric  bundle  of  rays  i i the  object-space  will 
be  transformed  in  the  image-space  into  an  astigmatic  bundle 
of  emergent  rays,  which  no  longer  meet  all  in  one  point; 
and  in  fact  this  is  a usual  characteristic  of  a bundle  of  op- 
tical rays. 

L ’ PEOBLEMS 

1.  Why  are  the  shadows  much  sharper  in  the  case  of  an 
arc  lamp  without  a surrounding  globe  than  with  one? 

2.  Draw  a digram  to  show  how  a total  eclipse  of  the 
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moon  occurs;  and  another  diagram  to  illustrate  a total 
eclipse  of  the  sun.  Give  clear  descriptions  of  the 
drawings. 

3.  An  opaque  globe,  1 foot  in  diameter,  with  its  center 

at  a point  C,  is  interposed  between  an  arc  lamp  S and 
a white  wall  which  is  perpendicular  to  the  straight  line 
SC.  If  the  wall  is  12  feet  from  the  lamp,  and  if  the 
distance  SC  = 3 feet,  what  is  the  area  of  the  shadow  on 
the  wall?  Ans.  12.57  sq.  ft. 

4.  What  is  the  apparent  angular  elevation  of  the  sun 

wh^n  a telegraph  pole  15  feet  high  casts  a shadow  20  feet 
long  on  a horizontal  pavement?  Ans.  36°  52'  10". 

5.  What  is  the  height  of  a tower  which  casts  a shadow 

160  feet  long  when  a vertical  rod  3 feet  high  casts  a shadow 
4 feet  long?  Ans.  120  feet. 

— 6.  An  object  6 inches  high  is  placed  in  front  of  a pinhole 
camera  at  a distance  of  6 feet  from  the  aperture.  What  is 
the  size  of  the  inverted  image  on  the  ground  gLsp  screen  if 
the  length  of  the  camera-box  is  1 foot?  Ans.  1 inch. 

7.  A small  hole  is  made  in  the  shutter  of  a dark  room,  and 
a screen  is  placed  at  a distance  of  8 feau  from  the  shutter, 
dhe  image  on  the  screen  of  a tree  outside  120  feet  away  is 
measured  and  found  to  be  3 feet  long.  How  high  is  the  tree? 

Ans.  45  feet. 

8.  If  the  sensitive  plate  of  a pinhole  camera  is  20  cm. 

from  the  pinhole,  what  should  be  the  diameter  of  the  pin- 
hole, according  to  Abner’s  formula?  Ans.  0.57  mm. 

9.  What  is  the  apparent  size  of  a man  6 feet  tall  at  a dis- 
tance of  lOO^ardc?  How  far  away  must  he  be  not  to  be 
distinguishable  from  a point?  Ans.  1°  8'  45";  3.9  miles. 

10.  -If  the  moon  is  240  000  miles  from  the  earth  and  its 
apparent  diameter  is  31'  3",  what  is  its  actual  diameter? 

- -Mr  Ans.  2168  miles. 

11.  A person  holding  a tube  6 inches  long  and  1 inch  in 
diameter  in  front  of  his  eye  and  looking  through  it  at  a 
vree  moves  backwards  away  from  the  tree  until  the  entire 
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tree  is  just  visible.  What  is  the  apparent  height  of  the 
tree?  Ans.  9°  27'  44". 

12.  Assuming  that  the  resolving  power  of  the  eye  is  one 
minute  of  arc,  at  what  distance  can  a black  circle  6 inches 
in  diameter  be  seen  on  a white  background?  Ans.  1719  feet. 

13.  The  shadow  of  an  opaque  circular  disk  which  is  inter- 
posed between  a screen  and  a similar  luminous  disk  of  larger 
size  is  composed  of  the  central  dark  umbra  and  the  surround- 
ing penumbra.  The  straight  line  joining  the  centers  of  the 
disks  is  perpendicular  to  their  faces  and  to  the  plane  of 
the  screen.  The  diameter  of  the  luminous  disk  is  2 r,  the 
distance  between  the  disks  is  d,  and  the  distance  of  the  screen 
from  the  opaque  disk  is  x.  Show  that  the  width  of  the  pe- 
numbra ring  projected  on  the  screen  is  equal  to  2 rx/d,  and 
that  it  is  therefore  independent  of  the  diameter  of  the  opaque 
object. 


CHAPTER  II 


REFLECTION  OF  LIGHT.  PLANE  MIRRORS 


12.  Regular  and  Diffuse  Reflection —When  a beam  of 
sunlight,  admitted  through  an  opening  in  a shutter  in  a 
dark  room,  falls  on  a piece  of  smoothly  polished  glass,  al- 
though the  glass  itself  may  be  almost  or  wholly  invisible,  a 
brilliant  patch  of  light  will  be  reflected  from  the  glass  on  the 
walls  of  the  room  or  the  ceiling  or  on  some  other  adjacent  ob- 
ject. If  a person  in  the  room  happens  to  be  looking  towards 
the  piece  of  glass  along  one  special  direction,  he  will  be  al- 
most blinded  by  the  light  that  is  reflected  into  his  eyes.  The 
glass  acts  like  a mirror  and  reflects  the  sunlight  falling  on 
it  in  a definite  direction  which  depends  only  on  ihe  direc- 
tion of  the  incident  rays  and  on  the  orientation  o!  the  re- 
flecting surface,  and  in  such  a case  the  light/  :s  said  to  be 


regularly  reflected.  Thus,  for  example,  signals  may  be  com- 


municated  to  distant  and  inaccessible  stations  by  reflecting 
thither  the  rays  of  the  sun  by  a plane  mirror  adjusted  in  a 
suitable  position. 

If  the  surface  is- not  smooth,  t.ie  light  will  be  reflected  in 
many  directions  at  the  same  time.  The  long  sparkling  trail 
of  sunlight  seen  on  the  s>  i j'1  c 1/0  3 of  a lake  or  a river  on  a bright 
day  is  caused  by  the  reflections  of  the  sun’s  rays  into  the 
eyes  of  the  spectator  from  countless  little  ripples  on  the 
surface  of  the  water. 

The  bright  snot  of  light  on  the  wall  of  a dark  room  at 
the  place  where  a beam  of  sunlight  falls,  which  shines  almost 
as  though  this  portion  of  the  wall  were  itself  a self-luminous 
body,  is  visible  from  any  part  of  the  room  by  means  of  the 
ligu  which  is  reflected  from  it;  and  although  the  incident 
rv ys  have  a perfectly  definite  direction,  the  reflected  light 
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is  scattered  in  all  directions.  Some  of  this  reflected  light 
will  fall  on  other  bodies  in  the  room,  which  will  be  more  or 
less  feebly  illuminated  thereby  and  rendered  dimly  visible 
by  the  light  which  they  reflect  in  their  turn;  until  at  last 
the  light  after  undergoing  in  this  way  repeated  reflections 
from  one  body  to  another  becomes  too  faint  to  be  percep- 
tible. Light  which  is  reflected  or  scattered  in  this  way  is 
said  to  be  diffusely  reflected  or  irregularly  reflected , although, 
strictly  speaking,  there  is  nothing  irregular  about  it.  Ordi- 
narily it  is  in  this  way  that  bodies  illuminated  by  day- 
light or  by  artificial  light  are  rendered  visible  to  a whole 
group  of  spectators  at  the  same  time. 

The  paper  on  the  walls  of  an  apartment  which  gets  very 
little  light  through  the  windows  should  be  a dull  white  in 
order  to  scatter  and  diffuse  as  much  as  possible  the  light 
that  comes  into  the  room.  The  walls  of  a dark  chamber 
used  for  developing  photographic  plates  should  be  painted 
a dull  black  in  order  to  absorb  the  light  that  falls  on  them. 
An  absolutely  black  body  (§  2)  exposed  to  the  direct  rays 
of  the  sun  will  be  completely  invisible,  except  by  contrast 
with  its  surroundings.  If  the  walls  of  a dark  room  ana  ad 
the  objects  within  it  were  coated  with  lampblack,  und  if 
the  air  inside  were  entirely  free  from  dust  and  moisture, 
a beam  of  sunlight  traversing  the  room  could  not  be  seen 
and  the  only  way  to  detect  its  presence  would  bt  by  placing 
the  eye  squarely  in  its  path.  But  if  a litt-ic  finely  divided 
powder  were  scattered  in  the  air  or  if  a cloud  of  smoke  were 
blown  across  the  beam  of  light,  the  course  of  the  rays  would 
immediately  become  manifest  to  a spectator  in  any  part  of 
the  room,  because  some  of  the  light  reflected  from  the  float- 
ing particles  of  matter  in  practically  every  direction  would 
enter  the  eye.  But  the  light  itself  is  quite  invisible. 

Any  surface  that  is  ner,  ioo  rough,  that  is,  whose  scratches 
or  ridges  are  not  wi  itv  than  about  a quarter  of  a wave- 
length of  light,  will  reflect  light  in  a greater  or  less  degree 
depending  on  the  smoothness  of  the  surface.  Waves  of 
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light  falling  on  a sheet  of  white  paper  are  broken  up  or 
scattered  in  all  directions,  and  we  can  get  some  idea  of  the 
quantity  of  light  that  is  diffusely  reflected  from  such  a sur- 
face by  letting  the  light  of  a lamp  shine  on  the  paper  when 
it  is  held  near  an  object  that  is  in  shadow.  It  is  almost 
startling  to  see  how  under  the  influence  of  this  indirect 
illumination  the  details  of  the  obscure  body  suddenly  ap- 
pear as  if  summoned  forth  by  magic.  A highly  polished 
metallic  surface  makes  the  best  mirror,  reflecting  some- 
times as  much  as  three-fourths  of  the  incident  light.  Our 
ordinary  looking-glasses  are  really  metallic  mirrors,  because 
they  are  coated  at  the  back  with  silver,  and  the  glass  merely 
serves  as  a protection  for  the  reflecting  surface. 

13.  Law  of  Reflection. — A ray  of  light  represented  in 
Fig.  16  by  the  straight  line  AB  is  incident  at  B on  a smooth 
reflecting  surface  whose  trace  in  the  plane  of  the  diagram 
is  the  line  ZZ.  The  straight  line  BN  normal  to  the  surface 


Fio.  16. — Law  of  reflection: 
Z NBA  = -Z  NBC  = Z CBN. 


at  B is  cu'led  the  incidence-normal,  and  the  plane  ABN  which 
contains  the  incident  ray  AB  and  the  normal  BN  is  called 


the  plane  of  incidence,  which  corresponds  here  with  the 


p ane  of  the  diagram.  The  angle  of  incidence  is  the  angle 
between  the  incident  ray  and  the  incidence-normal;  or,  to 
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define  this  angle  more  exactly,  the  angle  of  incidence  is  the  acute 
angle  ( a ) through  which  the  incidence-normal  has  to  he  turned 
about  the  point  of  incidence  in  order  to  make  it  coincide  with 
the  incident  ray;  thus,  a = Z NBA.  Counter-clockwise  rota- 
tion is  to  be  reckoned  as  positive  and  clockwise  rotation  as 
negative.  This  rule  will  be  consistently  observed  in  the 
case  of  all  angular  measurements. 

The  reflected  ray  corresponding  to  the  incident  ray  AB  is 
represented  by  the  straight  line  BC;  and  if  in  the  above 
definition  of  the  angle  of  incidence  we  substitute  “ reflected 
ray”  for  “incident  ray,”  we  shall  obtain  the  definition  of 
the  angle  of  reflection  (/3);  that  is,  /3=Z  NBC.  The  sense 
of  the  rotation  is  indicated  by  the  order  in  which  the 
letters  specifying  the  angle  are  named;  thus,  ZABC  is  the 
angle  described  by  rotating  the  straight  line  AB  around  the 
point  B until  it  coincides  with  the  straight  line  BC;  whereas 
ZCBA  = -ZABC  denotes  the  equal  but  opposite  rotation 
from  CB  to  BA.  The  student  should  take  note  of  this 
usage,  which  will  be  uniformly  employed  throughout  this 
book. 

The  law  of  the  reflection  of  light,  which  has  been  known 
for  more  than  2200  years,  is  contained  in  the  following 
statement : 

The  reflected  ray  lies  in  the  plan r of  incidence , end  the  in- 
cident and  reflected  rays  make  equa1  angles  with  ike  normal 
on  opposite  sides  of  it;  that  is ,(3  =-a. 

A very  accurate  experimental  proof  ^f  this  law  may  be 
obtained  by  employing  a meridian  circle  to  observe  the  light 
reflected  from  an  artificial  mercury -horizon,  that  is,  from 
the  horizontal  surface  of  mercury  contained  in  a basin.  In 
fact,  this  is  the  actual  method  osed  by  astronomers  in  meas- 
uring the  altitude  of  a star.  The  telescope  is  pointed  at  the 
star  and  then  at  the  imeg^  oc  the  star  in  the  mercury  mirror, 
and  it  will  be  found  that  the  axis  of  the  telescope  in  these 
two  observations  w De  equally  inclined  to  the  vertical  on 
opposite  sides  c*  ?t 
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A simple  lecture-table  apparatus  for  verifying  the  law 
of  reflection  of  light  consists  of  a circular  disk  (Fig.  17)  made 
of  ground  glass,  about  one  foot  or  more  in  diameter,  and 
graduated  around  the  circumference  in  degrees.  This  disk 
is  mounted  so  as  to  be  capable  of  rotation  in  a vertical  plane 

about  a horizontal  axis 
perpendicular  to  this 
plane  and  passing  through 
the  center  of  the  disk.  A 
small  piece  of  a plane 
mirror  B with  its  plane 
perpendicular  to  that  of 
the  disk  is  fastened  to 
the  disk  at  its  center,  and 
the  mirror  is  adjusted  so 
that  it  is  perpendicular 
to  the  radius  BN  drawn 
on  the  disk.  A beam  of 
sunlight  falling  on  the 
mirror  in  the  direction  NB  will  be  reflected  back  from  the 
mirror  in  the  opposite  direction  BN,  sc  that  in  this  adjust- 
ment of  the  disk  the  paths  of  the  incident  and  reflected  rays 
coincide  (/3=  -a  = 0).  Now  if  the  disk  is  turned  so  that 
the  incident  ray  AB  makes  with  the  normal  BN  an  angle 
NBA,  the  reflected  ray  will  proceed  in  a direction  BC  such 
that  ZNBC=  Z ABN 

If,  without  changing  the  direction  of  the  incident  ray,  the 
disk  is  turned  through  an  angle  6,  the  plane  of  the  mirror  to- 
gether with  the  incidence-normal  will  likewise  be  turned 
through  this  same  angle,  and  the  angles  of  incidence  and  re- 
flection wlh  each  be  changed  in  opposite  senses  by  the  amount 
6,  so  that  the  angle  between  the  incident  and  reflected  rays 
will  bo  changed  by  2 6.  Accordingly,  when  a -plane  mirror 
:s  turned  through  a certain  angle,  the  reflected  ray  will  he  turned 
through  an  angle  twice  as  great. 
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Fig.  17. — Optical  disk  used  to  verify  law 

of  reflection. 
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14.  Huygens’s  Construction  of  the  Wave-Front  in  Case 
of  Reflection  at  a Plane  Mirror. 

1.  The  case  of  a plane  wave  reflected  from  a plane  mirror. 
The  rebound  of  waves  from  a polished  surface  affords  a very 
simple  and  instructive 
illustration  of  Huygens’s 
Principle  (§5).  In  Fig.  18 
the  straight  line  AD 
represents  the  trace  in 
the  plane  of  the  diagram 
| of  a plane  mirror,  and 
the  straight  line  AB  rep- 
resents the  trace  of  a 
portion  of  the  front  of 
an  incident  plane  wave 
(§  6)  advancing  in  the 
direction  of  the  wave- 
normal  BD.  At  the  first 
instant  under  considera- 
tion the  wave-front  is 
supposed  to  be  in  the 
position  AB  when  the 
disturbance  has  just 
reached  the  point  A of 
the  reflecting  surface, 
and  from  this  time  for- 
ward, according  to  Huy- 
gens’s theory,  the  point 
A is  to  be  regarded  as 
itself  a center  of  dis- 

, turbance  from  which  Fu-  ^.-Huy^ens's  construction  of  plane 

wave  reflected  at  plane  mirror. 

secondary  hemispherical 

waves  are  reflected  bacls  into  the  medium  in  front  of  the 
mirror.  Exactly  tie  same  state  of  things  will  prevail  at 
this  instant  (t  = 0,  at  all  points  of  the  plane  reflecting  sur- 
face lying  on  a portion  of  the  straight  line  perpendicular 
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to  the  plane  of  the  paper  at  the  point  A,  and  the  envelop 
of  the  hemispherical  wavelets  originating  from  these  points 
will  be  a semicylindrical  surface  whose  axis  is  the  straight 
line  just  mentioned.  If  the  speed  with  which  the  waves 
travel  is  denoted  by  v,  then  at  the  end  of  the  time  l = PQ/y 
the  disturbance  that  was  initially  at  the  point  P in  the  wave- 
front  AB  will  have  advanced  to  a point  Q on  the  reflecting 
plane  between  A and  D;  and  from  this  moment  a new  set 
of  hemispherical  wavelets  having  their  centers  all  on  a 
straight  line  perpendicular  to  the  plane  of  the  diagram  at 
the  point  Q will  begin  to  develop,  and  their  envelop  will 
also  be  a semicylinder.  And  so  at  successively  later  and 
later  instants  the  disturbance  will  arrive  in  turn  at  each 
point  along  AD;  until,  finally,  after  the  time  t = BT)/v  the 
farthermost  point  D will  be  reached.  Meanwhile,  around 
all  the  straight  lines  perpendicular  to  the  plane  of  the 
paper  at  points  lying  along  AD  semicylindrical  elementary 
wave-surfaces  will  have  been  spreading  out  bom  the  re- 
flecting surface,  the  radii  of  these  cylinders  diminishing 
from  A towards  D.  At  the  time  when  the  disturbance 
reaches  D,  the  semicylindrical  wavelet  whose  axis  passes 
through  A will  have  expanded  until  ii3  radius  is  equal  to 
BD,  and  at  this  same  instant  the  semicylindrical  wavelet 
corresponding  to  a point  Q between  A and  D will  have  been 
expanding  for  a time  (BD — PQ) / v,  and  hence  its  radius  will 
be  equal  to  (BD — PQ)  = (BD — BK)  = KD. 

Now,  according  to  B cTrGENs’s  Principle,  the  surface  which 
at  any  instant  if.  tangent  to  all  these  elementary  semi- 
cylindrical waves  will  be  the  required  reflected  wave-front 
at  that  instant  We  shall  show  that  the  reflected  wave-front 
is  a plane  surface  which  at  the  moment  when  the  disturb- 
ance reaches  the  point  D contains  this  point;  or,  what 
amounts  to  the  same  thing,  we  shall  show  that  if  a straight 
lin  f DO  in  the  plane  of  the  diagram  is  tangent  at  C to  the 
semicircle  in  which  this  plane  cuts  the  semicylinder  whose 
axis  passes  through  A,  it  will  be  a common  tangent  to  all 
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such  semicircles;  for  example,  it  will  also  be  tangent  to 
the  semicircle  in  which  the  plane  of  the  diagram  cuts  the 
semicylinder  belonging  to  the  point  Q.  From  D draw  DC 
tangent  at  C to  the  semicircle  described  around  A as  center 
with  radius  AC  = BD  and  DR  tangent  at  R to  the  semi- 
circle described  around  Q as  center  with  radius  QR=KD. 
The  right  triangles  ABD  and  ACD  are  congruent,  and  hence 
Z DAB = ZCDA;  and,  similarly,  in  the  congruent  right  tri- 
angles QKD  and  QRD  Z DQK  = Z RDQ.  But  Z DQK  = 
ZDAB,  and  therefore  Z RDQ  = ZCDA,  and  hence  the  two 
tangents  DR  and  DC  coincide.  Accordingly,  the  trace  of 
the  reflected  wave-front  in  the  plane  of  the  diagram  is  the 
straight  line  CD.  This  reflected  plane  wave  will  be  prop- 
agated onwards,  parallel  with  itself,  in  the  direction  shown 
by  the  reflected  rays  AC,  QR,  etc.  It  is  evident  from  the 
construction  that  the  ray  incident  at  A,  the  normal  AN  to 
the  x-eflecting  surface  at  the  incidence-point  A,  and  the  re- 
flected ray  AC  lie  all  in  the  same  plane;  and  the  equality  of 
the  angles  of  incidence  and  reflection  is  an  immediate  con- 
sequence of  the  congruence  of  the  triangles  ABD  and  AC  D. 

2.  The  case  of  a spherical  wave  reflected  at  a plane  x.xiri  o> . 
In  Fig.  19  the  light  is  represented  as  originating  from  a 
point-source  L and  spreading  out  from  it  in  the  lorm  of 
spherical  waves  which  presently  impinge  on  the  plane  re- 
flecting surface  represented  in  the  diagram  by  the  straight 
line  AD.  The  nearest  point  of  the  reflecting  plane  to  the 
source  at  L is  the  foot  A of  the  perpendicular  let  fall  from 
L on  the  straight  line  AD,  and  this,  therefore,  is  the  first 
point  of  the  mirror  to  be  affected  Obviously,  on  account 
of  symmetry  with  respect  to  LA,  it  will  be  quite  sufficient 
to  investigate  the  procedure  of  the  waves  in  the  plane  of 
the  figure.  The  wave-front  at  the  time  the  disturbance 
reaches  A will  be  represented  by  the  arc  of  a circle  described 
around  L as  cent  w with  radius  equal  to  LA;  let  P desig- 
nate the  position  m a point  on  this  arc,  and  draw  the  straight 
line  LP  meeting  AD  at  Q.  After  a time  f = PQ/y  the  dis- 
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turbance  will  have  advanced  from  P to  Q,  and  from  this 


moment  the  point  Q will  begin  to  send  back  wavelets  from 


the  reflecting  surface.  And  so  in  succession  one  point  of 
the  mirror  after  another  will  be  affected  until  presently  the 
disturbance  reaches  the  farthest  point  D.  Meanwhile,  all 


the  points  along  AD  on 
one  side  of  AL  and 
along  AF  on  the  other 


side  (AF  = DA)  will 
have  been  sending  out 
wavelets  whose  radii  will 
be  greater  and  greater 
the  nearer  these  new 


A midway  between  D 
and  F.  Draw  the 
straight  line  LD  meet- 
ing the  arc  aP  in  the 
point  B:  fnen  at  the 
moment  i = BD/i>  when 
the  d’s turbance  from  L 
ias  just  arrived  at  D, 
the  reflected  wavelet 


Fig.  19. — Huygens’s  construction  of  sphe.'; 
cal  wave  reflected  at  plane  mirroi . 


of  sphe.-;  proceeding  from  A as 
r01‘  center  will  have  ex- 


panded until  its  radius  is  equal  to  BD,  and  at  this  same 
instant  there  will  also  be  a wavelet  around  Q as  center 
of  radius  (BD  r (^)  — (BD — BK)  = KD.  According  to 
Huygens,  the  problem  consists,  therefore,  in  finding  the 
surface  which  is  fangent  at  a given  instant  to  all  these 
secondary  wares.  Produce  the  straight  line  LA  on  the 
other  side  of  the  reflecting  surface  to  a point  L'  such 
that  AI/  = LA,  and  draw  the  straight  line  L'Q,  and  mark 
the  oc  in  t R where  this  straight  line  produced  meets 
the  semicircle  described  around  Q as  center  with  radius 
LD  = QR.  Since  LQ  + QR  = LK  + KD  = LD,  obviously, 
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L'R  = L'D ; and  therefore  a circle  described  around  L'  as  cen- 
ter with  radius  equal  to  L'D  will  touch  at  R the  semicircle 
described  around  Q as  center  with  radius  equal  to  QR. 
Moreover,  it  will  also  touch  at  a point  C on  the  straight 
line  LA  the  semicircle  described  around  A as  center  with 
radius  AC  = BD.  Consequently,  this  circle  will  be  the 
envelop  of  all  these  semicircles.  The  reflected  wave-front, 
therefore,  is  obtained  by  revolving  the  arc  DCF  around  LL' 
as  axis.  The  straight  line  QR  is  the  path  of  the  reflected 
ray  corresponding  to  the  incident  ray  PQ;  the  angle  ot  in- 
cidence at  Q is  equal  to  the  angle  ALQ  and  the  angle  of  re- 
flection is  equal  to  AL'Q,  and  these  angles  are  evidently 
equal,  in  agreement,  therefore,  with  the  law  of  reflection. 

15.  Image  in  a Plane  Mirror. — In  Fig.  19  the  plane  mirror 
bisects  at  right  angles  the  straight  line  LL',  and  since  the 
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Fig.  20. — 1/  is  image  of  object-point  L in  plane  mirror  AD; 

AL= Im- 
position of  the  point  J / is  independent  of  the  position  of 
the  incidence-poinr  Q tFig-  20),  all  the  rays  coming  from 
the  luminous  pomb  L and  falling  on  the  plane  mirror  will 
be  reflected  along  paths  which,  when  prolonged  backwards, 
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all  meet  in  the  point  L'.  Thus,  to  a homocentric  bundle  of 
incident  rays  reflected  at  a plane  mirror  there  corresponds  also 
a homocentric  bundle  of  I'eflected  rays.  This  remarkable 
property  of  converting  a homocentric  bundle  of  rays  into 
another  homocentric  bundle  is  characteristic  of  a plane 
mirror,  because  no  other  optical  device  is  capable  of  it  ex- 
cept under  conditions  that  are  more  or  less  unrealizable  in 
practice.  Thus,  the  image  L'  of  an  object  at  L is  found  by 

i 

drawing  a straight  line  from  L perpendicular  to  the  plane 
mirror,  and  producing  this  line  on  the  other  side  of  the 
mirror  to  a point  L'  such  that  the  line-segment  LL'  is  bi- 
sected by  the  plane  of  the  mirror;  so  that  an  object  in  front 
of  a plane  mirror  is  seen  in  the  mirror  at  the  same  distance 
behind  it.  The  image  in  this  case  is  virtual  (§  8).  The  late 
Professor  Silvanus  Thompson  in  his  popular  lectures 
published  under  the  title  Light  Visible  and  Invisible  de- 
scribes  the  following  simple  method  of  showing  how  the 
rays  from  a candle  flame  are  reflected  at  a pLne  mirror 
(Fig.  21).  If  a vertical  pin  mounted  on  a horizontal  base- 
board is  illuminated  by  a lighted  candle,  ihe  position  of 
the  shadow  is  determined  by  the  line  joining  the  top  of  the 
pin  with  the  source  of  light.  If  the  pm  and  the  candle  are 
both  in  front  of  a plane  mirror  pla  'eel  at  right  angles  to  the 
base-board,  a second  shadow  wiL  be  cast  by  the  pin  on  ac- 
count of  the  reflected  rays  from  the  candle  that  are  inter- 
cepted by  it,  and  this  shadow  will  be  precisely  such  as  would 
be  produced  by  a candle  flame  placed  behind  the  mirror 
at  the  place  where  the  image  of  the  actual  flame  is  formed, 
as  may  be  proved  b>  removing  the  mirror  and  transferring 
the  candle  to  the  place  where  its  image  was. 

If  the  burdic  of  incident  rays  instead  of  diverging  from 
a point  L in  front  of  the  plane  mirror  converged  towards 
a point  L behind  it  (as  could  easily  be  effected  with  the  aid 
of  a con oergent  lens),  a real  image  (§  8)  will  be  produced  at 
a point  L'  at  the  same  distance  in  front  of  the  mirror  as  the 
rriual  object-point  L was  beyond  it. 


« — 


Fig.  21. — Shadows  cast  by  an  object  in  front  of  a plane  mirror  when  object 
is  illuminated  by  poin c-saurcc  (from  actual  photograph),  showing  that 
the  source  and  its  image  are  at  equal  distances  from  the  mirror. 
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The  image  of  an  extended  object  is  the  figure  formed  by 
the  images  of  all  of  its  points  separately.  The  diagram 
(Fig.  22)  shows,  for  example,  how  an  eye  at  E would  see 
the  image  L'M'  of  an  object  LM  reflected  in  a plane  mirror. 
The  series  of  parallel  lines  joining  corresponding  points  of 
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Fig.  22. — Image  L'M'  of  object  LM  in  plane  mirror  ZZ. 

object  and  image  will  be  bisected  at  right  angles  by  the 
plane  of  the  mirror. 

The  dimensions  of  the  image  in  a plane  mirror  are  ex- 
actly the  same  as  those  of  the  object.  Moreover,  the  top 
and  bottom  of  the  image  correspond  with  the  top  and  bot- 
tom of  the  object,  that  is,  the  image  k erect.  Also,  the 
right  side  of  the  image  corresponds  with  the  right  side  of 
the  object,  and  the  left  side  of  the  image  with  the  left  side 
of  the  object  (Fig.  23),  although  ic  is  frequently  stated  in 
books  on  optics  that  when  a man  stands  in  front  of  a mirror 
the  right  side  of  the  image  shows  the  left  side  of  the  person, 
and  that  if  the  man  extends  his  right  hand,  the  image  will 
extend  its  left  hand.  Tiie  true  explanation  of  the  so-called 
“perversipn”  of  the  image  in  a plane  mirror,  which  is  strik- 
ingly seen  when  a printed  page  is  held  in  front  of  the  mirror, 
is  that  it  is  the  rear  side  of  the  image  that  is  opposite  the  front 
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side  of  the  object.  The  image  of  a printed  page  in  a mirror 
has  exactly  the  same  appearance  as  it  would  have  if  the 
page  were  held  in  front  of  a bright  light  and  it  was  viewed 
from  behind  through  the  paper.  When  a person  looks  in 
a mirror  at  his  own  image,  his  image  appears  to  be  looking 
back  at  him  in  the  opposite  direction,  if  he  faces  east,  his 
image  faces  west,  and  if  we  call  the  east  side  of  object  or 
image  its  front  side  and  the  west  side  its  rear  side,  then  the 
rgar  side  of  the  image  is  turned  towards  the  front  side  of 
the  object;  although,  because  this  side  of  the  image  cor- 
responds to  the  front  side  of  the  object,  it  is  a natural  mis- 
take to  regard  it  as  also  the  front  side  of  the  image.  The 
explanation  of  the  common  impression  that,  whereas  up 
and  down  remain  unchanged  in  the  image  of  an  object  in 
a plane  mirror,  right  and  left  are  reversed,  is  probably  be- 
cause a person  regarding  his  own  image  under  such  circum- 
stances is  unconsciously  disposed  to  transfer  h'mseif  men- 
tally into  coincidence  with  his  image  by  a rota  tion  of  180°, 
not  around  a horizontal,  but  around  a ve  aical  axis,  thus 
producing  a confusion  of  mind  as  to  righ;  and  left  but  not 
as  to  top  and  bottom.  The  reason  why  ;his  mental  revolu- 
tion is  performed  around  the  vertical  axis  seems  to  be  due 
partly  to  the  circumstance  that  this  movement  can  be 
readily  executed  in  reality,  and  partly  also  perhaps  to  the 
fact  that  the  human  body  happens  to  be  very  nearly 
symmetrical  with  respect  to  a vertical  plane. 

16.  The  Field  of  View  of  a Plane  Mirror. — In  the  adjoin- 
ing diagram  (Fig.  24y  the  straight  line  GH  represents  the 
trace  in  the  plane  of  the  paper  of  the  surface  of  a plane  mir- 
ror, and  the  Dome  marked  O'  shows  the  position  of  the  center 
of  the  puon  of  the  eye  of  a person  who  is  supposed  to  be 
looking  Rewards  the  mirror.  Evidently,  the  straight  lines 
HO',  GO'  drawn  to  O'  from  the  points  G,  H in  the  edge  of 
the  mirror  will  represent  the  paths  of  the  outermost  reflected 
\ ays  that  can  enter  the  eye  at  O',  and  therefore  the  field  of 
view  (§  9)  is  limited  by  the  contour  of  the  mirror  just 
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as  if  the  observer  were  looking  into  the  image-space  through 
a hole  in  the  wall  that  exactly  coincided  with  the  place  oc- 
cupied by  the  mirror.  Corresponding  to  the  pair  of  re- 
flected rays  HO'  and  GO'  intersecting  at  O'  there  would  be 
a pair  of  incident  rays  directed  along  the  straight  lines  HO 


and  GO  towards  a point  0 on  the  other  side  of  ti:e  mirror, 
and  it  is  evident  that  O'  will  be  the  real  image  rf  a virtual 
object-point  at  0 (§  15).  Any  luminous  pou  t.  lying  in  front 
of  the  plane  mirror  within  the  conical  surlace  formed  by 
drawing  straight  lines  such  as  OG,  OK  from  O to  all  the 
points  in  the  edge  of  the  mirror  wfll  be  visible  by  reflected 
light  to  an  eye  placed  at  O',  and  ^ence  this  cone  limits  the 
field  of  view  of  the  object-space. 

Through  O'  draw  a straight  line  parallel  to  GH,  and  take 
on  it  two  points  C',  B'  at  equal  distances  from  O'  on  oppo- 
site sides  of  it,  and  lea  us  suppose  that  B'C'  represents  the 
diameter  in  the  plane  of  the  diagram  of  the  pupil  of  the  eye. 
Construct  the  image  BOC  of  the  eye-pupil  B'O'C'.  Then 
if  P designa+es  the  position  of  a luminous  point  lying  any- 
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where  within  the  field  of  view  of  the  object-space,  it  is  clear 
that  the  incident  rays  PO,  PC  and  PB  will  be  reflected  at 


c 

d 


t 


S 


j 

c 


It 


Fig.  25. — Deviation  of  a ray  reflected  twice  in  suc- 
cession from  a pair  of  inclined  mirrors. 


the  mirror  into  the  pupil  of  the  eye  in  the  directions  P'0\ 
p'C'  and  P'B',  as  though  they  had  all  come  from  the  point 
P'  which  is  the  image  of  P.  This  imaginary  opening  or  vir- 
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Fig.  26. — Deviation  of  a ray  reflected  twice  in  suc- 
cession from  a pair  of  inclined  mirrors. 


iuai  stop  BOC  towards  which  the  incident  rays  must  all  be 
directed  in  order  to  be  reflected  into  the  eye-pupil  B'O'C'  is 
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called  the  entrance-pupil  of  the  optical  system  consisting 
of  the  plane  mirror  and  the  eye  of  the  observer;  and  the 
pupil  of  the  eye  itself  is  called  here  the  exit-pupil  (see  Chap- 
ter XII).  Since  the  entrance-pupil  limits  the  apertures  of 
the  bundles  of  rays  that  ultimately  enter  the  eye,  it  acts 
as  the  aperture-stop  of  the  system  (§  11). 

17.  Successive  Reflections  from  two  Plane  Mirrors. — 
Any  section  made  by  a plane  perpendicular  to  the  line  of  in- 
tersection of  the  planes  of  a pair  of  inclined  mirrors  is  called 
a pnncipal  section  of  the  system.  If  a ray  lying  in  a prin- 
cipal section  is  reflected  successively  at  two  plane  mirrors , it 
will  be  deviated  from  its  original  direction  by  an  angle  equal  to 
twice  the  dihedral  angle  between  the  mirrors . 

Let  the  plane  of  the  principal  section  intersect  the  planes 
of  the  mirrors  in  the  straight  lines  OM,  ON  (Figs.  25  and 
26) ; and  let  y = Z MON  denote  the  angle  between  the  mir- 
rors. The  ray  PQ  lying  in  the  plane  MON  is  incident  on 
the  mirror  OM  at  the  point  Q,  whence  it  is  reflected  along 
the  straight  line  QR,  meeting  the  mirror  ON  at  the  point 
R,  where  it  is  again  reflected,  proceeding  in  the  direction 
RS.  Let  the  point  of  intersection  of  the  straight  lined  PQ 
and  RS  be  designated  by  K.  Then  ZPKR  is  the  a ^gic  oe- 
tween  the  original  direction  of  the  ray  and  its  direcie  n after 
undergoing  two  reflections,  and  we  must  show  that  this 
angle  is  equal  to  2 7. 

Draw  the  incidence-normals  at  Q and  R,  and  prolong 
them  until  they  meet  at  J.  Then  by  the  law  of  reflection 
the  straight  lines  QJ  and  RJ  bisect  the  angles  PQR  and 
QRS,  respectively. 

In  Fig.  25,  Z PKR  = Z PQRR-  Z QRS  = 2(Z  J QR+ Z QRJ) 

= 2(180c  - Z RJQ)  = 27; 
and  in  Fig.  26,  Z PKR  = Z PQR  - Z SRQ 

--  2(  J 80°  — Z RQJ  - Z JRQ) 

= 2ZQJR  = 27. 

18.  Images  in  z.  System  of  Two  Inclined  Mirrors. — When 
a luminous  pcmt  lies  in  the  dihedral  angle  between  two 
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plane  mirrors,  some  of  its  rays  will  fall  on  one  mirror  and 
some  on  the  other,  and  consequently  there  will  be  two  sets 

4 

of  images.  In  Fig.  27  the  plane  of  the  diagram  is  the  prin- 
cipal section  which  contains  the  point-source  S,  and  the 
straight  lines  OM,  ON  represent  the  traces  of  the  mirrors 


Fig.  27. — Images  of  a luminous  point  S n a pair  of  inclined 

mirrors  OM  an  \ ON. 


in  this  plane.  The  rays  which  id.il  first  on  the  mirror  OM 
will  be  reflected  as  though  they  came  from  the  image  Px  of 
the  luminous  point  S m 'ofiis  mirror.  Some  of  these  rays 
falling  on  the  mirror  ON  will  be  again  reflected  and  proceed 
thence  as  though  they  came  from  the  point  P2  which  is 
the  image  of  Px  in  tne  mirror  ON.  Thus,  by  successive  re- 
flections, first  al  one  of  the  mirrors  and  then  at  the  other, 
a series  of  images  Pj,  P2,  etc.,  will  be  formed  by  those  rays 
which  fah  first  on  the  mirror  OM;  let  us  call  this  the  P-series 
of  imeges.  Similarly,  the  rays  that  fall  first  on  the  mirror 
ON  wii  produce  another  series  of  images  Qi,  Q2,  etc.,  which 
v*.ll  De  called  the  Q-series.  Each  of  these  series  will  termi- 
nate with  an  image  which  lies  behind  both  mirrors  in  the 
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dihedral  angle  COD  opposite  the  angle  MON  between  the 
mirrors  themselves;  because  rays  which,  after  reflection 
at  one  of  the  mirrors,  appear  to  come  from  a point  thus  sit- 
uated cannot  fall  on  the  other  mirror,  and  so  there  will  be 
no  more  images  after  this  one. 

Since  the  straight  line  OM  is  the  perpendicular  bisector 
of  the  line-segment  SPt,  the  points  S and  Fi  are  equidistant 
from  every  point  in  the  straight  line  OM;  and,  similarly, 
since  P2  is  the  image  of  Pi  in  the  plane  mirror  ON,  these  two 
points  are  likewise  equidistant  from  every  point  in  the 
straight  line  ON.  Accordingly,  the  three  points  S,  P],  P2 
are  all  equidistant  from  the  point  O where  the  straight  lines 
OM  and  ON  intersect.  Applying  the  same  reasoning  to 
all  the  other  images,  we  perceive  that  the  images  of  both 
series  are  ranged  on  the  circumference  of  a circle  whose  center 
is  at  0 and  whose  radius  is  OS. 

In  the  following  discussion  of  the  angular  distances  of 
the  images  from  the  luminous  point  S,  the  angles  will  be 
reckoned  always  in  the  same  sense,  either  all  clockwise  or 
all  counter-clockwise.  Let  y = Z AOB  denote  the  angle  be- 
tween the  two  mirrors,  the  letters  A and  B referring  to  the 
points  where  the  circle  crosses  the  planes  of  the  mirrors  OM 
and  ON,  respectively.  Also,  let  a = Z AOS,  /3  = Z SOB  de- 
note the  angular  distances  of  S from  A,  B,  respectively,  so 
that  a+  /3=  y.  Then 
ZPiOS  = 2a; 

Z SOP2  = z SOB+  Z BOP2  = 13+  Z F iOB  = 2(  a+  /3)  = 2 y ; 

Z P3OS  = Z P30  A+  a = Z AOP,+  a = Z SOP2+ 2 a 
= 2Y+2a; 

Z SOP4  = Z SOB+  Z BOP4  = *3+  Z P3OB 

= 2/3+  Z P3OS  = 2(  j8+  y)  =4  7; 

Z P5OS  = Z P50  A+  a = Z AOP4+  a = Z SOP4+  2 a 
= 4Y+2a. 

In  general,  therefore, 

Z SOP2k  - 2 k Y,  Z P2k +1OS  = 2ky+2  a, 

where  P2k,  P:>k  ^1  designate  the  positions  of  the  2/cth  and 
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(2/c-f-l)th  images  of  the  P-series,  k denoting  any  integer, 
and  where  the  angles  SOP2k,  P2k+iOS  are  the  angles  sub- 
tended by  the  arcs  SBP2k,  P2k+iAS,  respectively.  Similarly, 
for  the  Q-series  of  images  we  find : 

ZQ2kOS  = 2&/y,  ZSOQ2k+1  = 2A-7+2iS, 

where  these  angles  are  the  angles  subtended  by  the  arcs 
Q2kAS,  SBQ2k+i,  respectively. 

Evidently,  the  image  P2k+i  will  fall  on  the  arc  CD  be- 
hind both  mirrors,  if  arc  P2k+iAS>arc  DAS,  that  is,  if 

2ky-\-2a>  180°-/3; 

and,  by  adding  (jd-a)  to  both  sides  of  this  inequation, 
and  dividing  through  by  7,  this  condition  may  be  expressed 
as  follows: 


2 /c — | — 1 


180°  -a 
7 


In  the  same  way  we  find  that  the  image  P2k  will  fall  letween 
C and  D if 


2 k> 


180°  -a 
7 


Thus,  the  total  number  of  images  of  the  2-series,  whether  it 
be  odd  or  even,  will  be  given  by  the  %nl%er  next  higher  than 
(180°— a)/ 7;  and,  similarly,  the  total  number  of  images 
of  the  Q -series  will  be  given  by  he  integer  next  higher  than 

(180°-  13)/ y. 

The  only  exception  to  this  rule  is  when  the  angle  7 is 
contained  in  (180° — a)  or  (180° — /3)  an  exact  whole  num- 
ber of  times;  in  the  former  case  the  last  image  of  the  P-series 
falls  at  C,  and  in  the  latter  case  the  last  image  of  the  Q-series  ‘ 
falls  at  D;  and  instead  of  taking  the  integers  next  above 
the  quotient  080° — a)/y  or  (180° — j3)/y,  we  must  take 
the  actual  integer  obtained  by  the  division.  An  example 
will  make  the  matter  clear.  Thus,  suppose  7 = 27°,  a = 8°, 
then  £ = 19°,  and  the  integers  next  higher  than  (180° — a)/y 
end  (180° — fi)/y  will  be  7 and  6,  respectively;  hence  in 
this  case  there  will  be  7 images  of  the  P-series  and  6 images 
of  the  Q-series  or  13  images  in  all.  But  if  a = 10°  and  /3  = 17°, 
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each  series  will  be  found  to  have  7 images,  14  images  in 
all.  The  exceptional  case  occurs  when  a = 9°  and  (3=  18°, 
for  then  (180°—  /3)/y  = 6 , and  hence  there  will  be  7 P-images 
and  6 Q-images. 

If  the  angle  7 between  the  mirrors  is  an  exact  multiple 
of  180°,  that  is,  if  180°/7  = P>  where  p denotes  an  integer, 
the  integers  next  higher  than  (18C°—  a)/ 7 and  (180  — /3)/  7 
will  both  be  equal  to  p, 
no  matter  what  may  be 
the  special  position  of 
the  object  between  the 
two  mirrors;  so  that  in 
such  a case  the  number 
of  images  in  each  series 
will  be  equal,  but  the  last 
image  of  one  set  will  co- 
incide with  the  last  of 
the  other.  In  fact,  the 

points  S,  P2,  • • • 

Q4,  Q2  and  the  points  Fig.  28— Images  of  a luminous  point  II  u 

-do"  n n om  pair  of  plane  mirrors  inclined  to  earn 

Pi,  ra,  ...  Hi  other  at  an  angle  of  60°. 

the  vertices  of  two  equal 

regular  polygons,  of  p sides  each;  and  if  p is  odd,  the  polygon 
P1P3  • • • Q3Q1  will  have  one  of  its  corners  between  C and 
D,  whereas  if  p is  even,  one  of  the  corners  of  the  polygon 
SP2P4  • • • Q4Q2  will  fall  between  C and  T>;  in  either  case 
this  vertex  is  the  position  of  the  lasf  image  of  both  series. 
Thus,  for  example,  if  7 = 60°  (Fig-  28),  then  V = 3,  and  the 
two  polygons  are  the  equilateral  triangles  SP2Q2  and  P1P3Q1 

(or  PxQsQi)- 

The  toy  called  a kalndobcope,  devised  by  bir  David 
Brewster  (1781-1868),  consists  essentially  of  two  long  nar- 
row strips  of  mirror-glass  inclined  to  each  other  at  an  angle 
of  60°  and  inclosed  in  a cylindrical  tube.  One  end  of  the 
tube  is  closed  bv  a circular  piece  of  ground  glass  whereon 
are  loosely  disposed  a lot  of  fragments  of  colored  glass  or 
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beads,  and  at  the  other  end  of  the  tube  there  is  a peep-hole. 
When  the  instrument  is  held  towards  the  light,  an  observer 
looking  in  it  will  see  an  exquisitely  beautiful  and  symmetrical 
pattern  formed  by  the  colored  objects  and  their  images,  the 
form  of  which  may  be  almost  endlessly  varied  by  revolving 
the  tube  around  its  axis  so  that  the  bits  of  glass  assume  new 


Fig.  29. — Path  of  ray  reflected  into  °ye  from  a pair  of  inclined 

mir  nrs. 

positions.  In  fact,  this  d w’cc-  has  been  turned  to  practical 
use  in  making  designs  for  carpets  and  wall-papers. 

19.  Construction  of  tne  Path  of  a Ray  Reflected  into  the 
Eye  from  a Pair  of  Inclined  Mirrors. — In  order  to  trace  the 
paths  of  the  ra)-,?  by  which  a spectator  standing  in  front  of  a 
pair  of  inclir  ed  mirrors  sees  the  image  of  a luminous  point, 
it  is  convenient  to  assume,  for  the  sake  of  simplicity,  that 
the  eye  at  E in  Fig.  29  lies  in  the  plane  of  the  paper.  The 
first  step  in  the  construction  of  the  path  of  the  ray  is  to  draw 
the  straight  line  from  the  given  image-point  to  the  eye, 
because  if  the  eye  sees  this  point  the  light  that  enters  the 
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eye  must  arrive  along  this  line.  If  this  line  does  not  cross 
j the  mirror  in  which  the  image  is  produced,  this  particular 
image  will  not  be  visible  from  the  point  E.  Now  join  the 
point  where  this  line  meets  the  mirror  with  the  preceding 
image  in  the  same  series;  the  part  of  this  line  that  lies  be- 
tween the  two  mirrors  will  evidently  show  the  route  of  the 

N 


light  before  its  last  reflection.  Proceeding  in  this  fashion 
from  one  mirror  to  the  other,  we  shall  trace  backwaids  the 
zigzag  path  of  the  ray  until  we  arrive  finally  at  the  luminous 
source  at  S.  Consider,  for  example,  the  image  P3  formed 
in  the  mirror  OA  .in  Fig.  ‘A  This  image  is  visible  to  the 
eye  at  E because  the  straight  line  P3E  cuts  at  K the  mirror 
OA.  If  J and  H designate  the  points  where  the  straight 
lines  KP2  and  JPi  meet  the  mirrors  OB  and  OA,  respectively, 
the  broken  line  "ifiJKE  will  represent  the  path  of  the  ray 
from  the  source  at  S into  the  eye  at  E.  Fig.  30  shows  how 
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an  eye  at  E in  front  of  two  perpendicular  plane  mirrors  can 
see  the  images  Pi,  P2,  Qi  and  Q2. 

20.  Rectangular  Combinations  of  Plane  Mirrors. — In  a 

rectangular  combination  of  two  plane  mirrors  (7  = 90°)  the 
image  formed  by  two  successive  reflections  will  be  in- 
verted in  the  principal  section  of  the  system,  but  in  any 
plane  at  right  angles  to  a principal  section  the  image  will 
be  erect.  ’For  example,  if  an  object  is  placed  in  front  of  two 
vertical  plane  mirrors  at  right  angles  to  each  other,  the 
image  produced  by  two  reflections  will  have  the  same  posi- 
tion and  appearance  as  if  the  obj  ect  had  been  revolved  bodily 
through  an  angle  of  180°  about  a vertical  axis  coinciding 
with  the  line  of  intersection  of  the  planes  of  the  mirrors,  as 
represented  in  Fig.  31.  In  this  case  the  image  remains  ver- 
tically erect,  whereas  it  is  horizontally  inverted.  On  the 

A 

other  hand,  if  one  of  the  mirrors  is  vertical  and  the  other 
horizontal,  the  image  by  twofold  reflection  will  ham  the 
same  position  and  appearance  as  if  the  objert  had  been 
revolved  through  180°  around  a horizontal  axis  coinciding 
with  the  line  of  intersection  of  the  twc  mirrors  (Fig.  32); 
that  is,  the  image  now  will  be  upside  dew  a but  not  inverted 
horizontally. 

Therefore,  in  order  to  obtain  ov ■ image  that  is  completely 
reversed  in  every  respect,  two  rectangular  combinations  of 
plane  mirrors  may  be  employ  ad  with  their  principal  sections 
mutually  at  right  angler,  sc  disposed  that  the  rays  coming 
from  the  object  will  bo  xeflected  in  succession  from  each  of 
the  four  p'ane  surfaces.  An  auxiliary  system  of  this  descrip- 
tion is  sometimes  used  in  connection  with  an  optical  instru- 
ment for  the  purpose  of  rectifying  the  image  which  otherwise 
would  be  seen  inverted.  A rectifying  device  depending  on  this 
principle  is  the  so-called  Porro  prism-system  (1852),  utilized 
by  Abb^  (1840-1905)  in  the  design  of  the  famous  prism  binocu- 
lar tele  scope  or  field-glasses  (c.  1883) . A sketch  of  the  arrange- 
ment is  shown  in  Fig.  33.  Two  rectangular  prisms  are  placed 
m the  tube  of  the  instrument,  between  the  objective  and  the 


Fir  31  Image  of  an  ob-ct  m a rectangular  pair  of  plane  mirrors  (from  actual  photograph);  showing  how 

’ the  last  image  is  obtain* d by  rotating  the  object  through  180°  around  the  line  of  intersection  of  the  mirrors. 

Both  mirrors  in  rtTtical  planes. 


Fig.  3?  — Image  of  an  object  in  a rectangular  pair  of  plane  mirrors  (from 
c,cvia'  photograph);  showing  how  the  last  image  is  obtained  by  rotating 
tne  object  through  1X0^  around  the  line  of  intersection  of  the  mirrors.  I 
One  mirror  vertical,  the  other  horizontal. 
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ocular,  with  their  principal  sections  at  right  angles  to  each 
other.  The  axial  ray,  after  traversing  the  objective,  crosses 
normally  the  hypothenuse-face  of  the  first  prism  and  is 
totally  reflected  (see  § 36),  in  the  plane  of  a principal  section, 
at  each  of  its  two  per- 
pendicular faces  so  as  to 
emerge  from  the  hypoth- 
enuse-face in  a direction 
precisely  opposite  to  that 
which  it  had  when  it  first 
crossed  this  surface.  This 
ray  now  undergoes  a simi- 
lar cycle  of  experiences  in 
a principal  section  of  the 
second  prism,  and  finally 
emerges  from  this  prism 
in  the  same  direction  as 
it  had  when  it  met  the 


Fig. 


33. — Porro  prism-system  in  prism 
binocular  field  glasses. 


first  prism.  A ray  parallel  to  the  axial  ray  and  lying  abort, 
a horizontal  plane  containing  the  axis  will  be  converted  by 
virtue  of  the  two  reflections  in  the  first  prism  into  a ray 
whose  path  lies  below  this  plane;  and,  similarly,  a ray  par- 
allel to  the  axis  and  lying  on  one  side  of  a vesical  plane 
containing  the  axis  will,  in  consequence  of  < he  two  reflec- 
tions within  the  second  prism,  be  converted  into  a ray  whose 
path  lies  on  the  opposite  side  of  this  vertical  plane.  Thus, 
the  combined  effect  of  the  two  -effecting  prisms  together 
will  be  to  reverse  completely  the  position  of  the  ray  with 
respect  to  the  horizontal  and  vertical  meridian  planes,  so 
that  the  ray  will  issue  from  die  system  on  opposite  sides  of 
both  these  planes.  If  the  system  of  prisms  were  removed, 
the  image  in  the  instrument  would  appear  inverted,  but  by 
interposing  the  piisns  in  this  fashion  the  image  will  be 
rectified  and  oriented  exactly  in  the  same  way  as  the  object; 
which  in  the  of  many  optical  instruments  is  an  essential 
consideration . 
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21.  Applications  of  the  Plane  Mirror. — It  is  hardly 
necessary  to  say  that  the  plane  mirror  for  various  pur- 
poses has  been  in  use  among  civilized  peoples  of  all  ages; 
although  the  use  of  mirrors  as  articles  of  household  fur- 
niture and  decoration  does  not  go  back  farther  than  the 
early  part  of  the  16th  century.  By  a combination  of  two 
or  more  plane  mirrors  a lady  can  arrange  the  back  of 


Fig.  34.—  Forte  lumiere. 


her  dress  and  in  fact  see  herself  as  others  see  her.  With 
the  aid  of  a mirroi  or  combination  of  mirrors  many  in- 
genious “ magical  effects”  are  produced  in  theaters.  The 
plane  mirror  also  constitutes  an  essential  part  of  numerous 
useful  scientific  instruments  in  some  of  which  its  only  duty 
is  to  ailei  the  course  of  a beam  of  light,  whereas  in  various 
form  s of  goniometrical  instruments  and  contrivances  for  de- 
tern  lining  an  angular  magnitude  that  is  not  easily  measured 
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Fig.  35. — Helioses*. 


porte  lumiere  (Fig.  34),  which  consists  essentially  of  a plane 
mirror  ingeniously  mounted  so  as  to  be  capable  of  rotation 
about  two  rectangular  axes,  whereby  it  may  be  readily  ad- 


directly  the  angle  in  question  is  ascertained  indirectly  by 
observing  the  angle  turned  through  by  a ray  of  light  which 
is  reflected  from  a plane  mirror. 

i 

22.  Porte  Lumiere  and  Heliostat. — As  good  an  illustra- 
tion as  can  be  given  of  the  use  of  a plane  mirror  for  chang- 
ing the  direction  of  a beam  of  sunlight  is  afforded  by  the 
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justed  in  any  desired  admuth  and  reflect  a beam  of  sun- 
light through  a suitable  opening  in  the  wall  of  the  building 
to  any  part  of  tbs  ’ interior  of  the  room. 

However,  owing  to  the  diurnal  movement  of  the  sun, 


54 


Mirrors,  Prisms  and  Lenses 


[§  22 


a continual  adjustment  of  the  mirror  is  necessary  in  order 
to  keep  the  spot  of  light  for  any  length  of  time  at  the  place 
in  the  room  where  it  is  needed,  and  sometimes  this  manipu- 
lation is  very  inconvenient  and  annoying,  especially  in  the 
case  of  a laboratory  experiment  extending  perhaps  over 
a considerable  part  of  a day.  Thus,  for  example,  in  study- 
ing the  solar  spectrum  it  is  often  desirable  to  illuminate  the 
slit  in  the  collimator  tube  of  the  spectrometer  for  hours  at 
a time.  For  such  purposes  it  is  better  to  use  a heliostat 
(Fig.  35) , which  is  contrived  so  that  the  plane  mirror  is  con- 
tinuously revolved  by  clockwork  around  an  axis  parallel 
to  the  earth’s  axis  so  as  to  preserve  always  the  same  relative 
position  with  respect  to  the  sun  in  its  apparent  diurnal 
motion  in  the  sky.  The  mirror  can  also  be  turned  about 


a horizontal  axis,  and  it  has  first 
to  be  adjusted  about  this  axis  so 
that  the  rays  of  the  sun  are  re- 
flected towards  ti  c north  pole 
of  the  celestial  sphere,  that  is, 


z parallel  to  the  axis  of  the  earth. 
The  mirror  being  adjusted  at 
this  angle,  which  will  depend  on 
the  declination  of  the  sun  above 
at  or  below  the  celestial  equator, 
cud  turning  at  the  rate  of  15° 


Z 


A 

Fig.  36. — Principle  of  heliostat. 


per  hour  around  an  axis  parallel  to  the  axis  of  rotation  of 
the  earth,  it  is  evident  that  the  rays  of  the  sun  will  continue 
to  be  reflected  constantly  in  the  same  direction.  Suppose, 
for  example,  that  the  mirror  is  adjusted  in  the  position 
ZZ  (Fig.  36)  sc  that  the  ray  SB  coming  from  the  sun  at  S is 
reflected  at  B in  the  direction  BP  parallel  to  the  axis  of  the 
earth  and  therefore  parallel  to  the  axis  of  rotation  AB  of  the 
mirr'v.  If  the  polar  distance  of  the  sun  is  denoted  by 
2a-  z. PBS,  and  if  the  angle  between  the  normal  to  the 
mirror  and  the  axis  of  rotation  is  denoted  by  t),  then,  evi- 
dently, rj  = a.  If  the  sun’s  declination  on  a certain  day 
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is  +10°,  then  2a  = 90°-10°  = 80°,  and  77  = 40°.  If,  on  the 
other  hand,  the  sun  is  10°  below  the  equator,  2a  = 100°  and 
77  = 50°. 

The  heliostat  is  provided  also  with  a fixed  mirror  which 
reflects  the  rays  from  the  rotating  mirror  in  a definite  di- 
rection, as  desired,  usually  in  a horizontal  direction  into 
the  room  where  the  sunlight  is  to  be  used.  Generally,  the 
instrument  is  mounted  on  a permanent  ledge  outside  the 
window;  sometimes  it  is  placed  on  the  roof  of  the  building 
and  the  fixed  mirror  adjusted  so  as  to  send  the  sun’s  rays 
down  a vertical  tube  at 
the  bottom  of  which  there 
is  another  mirror  placed 
at  an  angle  of  45°  with 
the  vertical  where  the 
rays  are  once  more  re- 
flected so  that  the  beam 
of  sunlight  which  enters  -> 
the  room  will  be  hori- 
zontal. 

23.  Measurement  of 
the  Angle  of  a Prism. — 

Another  laboratory  ap- 
plication of  the  principle 
of  a plane  mirror  is  seen 
in  the  method  of  using  a 
goniometer  to  ascertain  Fig’  37  ~Mep^rt^ent  of  an^le  of  pnsm. 
the  dihedral  angle  between  two  plane  faces  of  a glass  prism 
(§  48).  The  angle  that  is  actuall>  measured  by  the  goniom- 
eter is  the  angular  distance  between  the  images  of  a distant 
object  as  seen  in  the  two  faces  of  the  prism.  Parallel  rays 
coming  from  a far-off  source  at  S (Fig.  37)  and  incident  on 
the  two  faces  of  the  prism  that  meet  in  the  edge  V are  re- 
flected as  shown  in  ti  e diagram,  and  the  angle  between  the 
two  directions  of  die  reflected  rays  is  obviously  equal  to 
twice  the  diht  Iral  angle  /3. 
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24.  Measure  of  Angular  Deflections  by  Mirror  and 
Scale. — The  angular  rotation  of  a body,  for  example,  the 
deflection  of  the  magnetic  needle  of  a galvanometer,  is  fre- 
quently measured  by  attaching  a mirror  to  the  rotating 
body  from  which  a beam  of  light  is  reflected.  This  reflected 
light  acts  as  a long  weightless  pointer  whereby  the  actual 


Fig.  38. — Mirror,  telescope  and  scale  for  measure 

ment  of  angles. 


movement  of  the  body  can  be  magnified  to  any  extent  with- 
out in  the  least  affecting  the  sensitiveness  of  the  apparatus. 

In  Fig.  38  the  plane  mirror  which  is  capable  of  rotation 
about  an  axis  perpendicular  at  A to  the  plane  of  the  paper 
is  represented  in  its  initial  position  by  the  line-segment 
marked  1.  The  straight  line  MN  in  front  of  the  mirror  and 
at  a known  distance  (d=  AB)  from  it  represents  a scale 
graduated  in  ec,oal  divisions.  An  eye  at  E looking  through 
a telescope  pointed  towards  A will  see  the  image  in  the  mirror 
of  the  scale-division  at  S,  the  so-called  “zero-reading,”  be- 
cause the  light  from  S incident  at  A on  the  mirror  in  the 
positnn  1 (“equilibrium-position”)  is  reflected  along  AE 
imo  the  eye  at  E.  If  now  the  mirror  is  turned  through  an 
a ogle  6 into  the  position  marked  2,  another  scale-division 
will  come  into  the  field  of  view  of  the  telescope  and  coin- 
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cide  with  the  cross-hair  in  the  eye-piece.  If  this  scale- 
division  corresponds  to  the  point  marked  P,  it  is  the  light 
that  comes  along  PA  that  is  now  reflected  along  AE  into 
the  eye  at  E;  and  evidently,  according  to  § 13,  Z PAS  = 2 0. 
In  making  a measurement  by  this  method,  the  three  points 
designated  by  S,  B and  E are  generally  adjusted  so  as  to 
be  very  near  together,  if  not  actually  coincident.  If  they 
were  coincident,  the  planes  of  the  mirror  and  scale  would 
be  parallel,  and  the  axis  of  the  telescope  would  coincide 
with  the  straight  line  BA  perpendicular  to  the  scale  at  B. 
But  in  any  case  the  Z BAS  = e will  be  a constant,  depending 
partly  on  the  , initial  position  of  the  mirror  and  partly  on 
the  direction  of  the  axis  of  the  telescope;  thus, 

tan  e = a/d, 

where  a = BS.  If,  therefore,  we  put  x = SP,  we  have:* 

x 

d = tan  ( €+  2 0)—  tan  e ; 

whence,  since  the  value  of  x can  be  read  off  on  the  scale,  it 
will  be  easy  to  calculate  the  value  of  the  required  angle  0 
through  which  the  mirror  has  been  turned.  In  many  cases 
where  this  method  is  employed  the  angles  denoted  by  0 and 
e are  both  so  small  that  there  will  be  little  error  *n  sub- 
>■,  K stituting  the  angles  themselves  in  place  of  their  tangents. 

< I Under  these  circumstances  the  above  formula  will  be  greatly 
,,fv:  l simplified,  for  the  angle  e will  disappear  entirely,  and  we 
shall  obtain: 


* 

1 


aicora 


e = 


X 


2 d’ 


..  ;i|  where,  however,  it  must  be  noted  that  this  expression  gives 
the  value  of  the  angle  0 in  radians.  The  value  of  0 in  de- 
grees is  found  by  multiplying  the  right-hand  side  of  this 
formula  by  180/7T,  so  that  we  obtain: 

. 90.x  . 

• ^ Agrees. 

A lamp  and  scale  is  sometimes  used  instead  of  a telescope 
and  scale,  the  light  of  the  lamp  being  reflected  from  the 
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mirror  on  to  the  scale  which  is  usually  made  of  translucent 
glass,  so  that  it  is  easy  to  read  the  position  of  the  spot  of 
light. 

25.  Hadley’s  Sextant. — Another  instrument  which  utilizes 
the  principle  of  § 17  is  the  sextant,  which  is  employed  for 
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Fig.  39. — Principle  of  sextant. 


measuring  the  angular  distance  between  two  bodies,  for  ex- 
ample, the  altitude  of  the  sun  above  the  sea-horizon.  The 
plan  and  essential  features  of  this  *cpt.ratus  are  shown  in 
Fig.  39.  At  the  center  A of  a graduated  circular  arc  ON 
a small  mirror  is  set  up  in  a plane  at  right  angles  to  that  of 
the  arc.  This  mirror  can  be  turned  about  an  axis  perpendic- 
ular to  the  plane  of  the  paper  and  passing  through  A.  Rig- 
idly connected  to  this  \r  urcr  and  turning  with  it  is  a long 
solid  arm  AP  whose  ether  end  P,  provided  with  a vernier 
scale,  moves  over  the  are  ON,  whereby  the  angle  through 
which  the  mirror  turns  can  be  accurately  measured.  A little 
beyond  the  extremity  N of  the  graduated  part  of  the  arc, 
a second  mirror  B is  erected  facing  the  first  mirror.  The 
plane  oi  this  mirror  is  likewise  perpendicular  to  that  of  the 
circle,  but  from  the  upper  half  of  it  the  silver  has  been 
removed,  so  that  this  portion  of  the  mirror  B is  transparent. 
Moreover,  this  mirror  is  fixed  with  respect  to  the  instru- 
ment. An  observer  looking  through  a peep-hole  or  tele- 
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scope  attached  to  the  instrument  towards  the  mirror  B may 
see  a distant  object  through  the  upper  transparent  part  of 
this  mirror,  and  at  the  same  time  he  may  also  see  just  below 
it  the  image  of  a second  object  reflected  in  the  lower  half 
of  the  glass.  When  the  planes  of  the  two  mirrors  A and  B 
are  parallel,  the  zero-mark  of  the  vernier  on  the  movable 
arm  coincides  with  the  zero-mark  O of  the  graduated  arc. 
Suppose,  for  example,  that  when  the  two  mirrors  are  par- 
allel to  each  other,  the  instrument  is  pointed  at  a distant 
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Fig.  40. — Model  of  mirror  sextant. 

object,  say,  a star  at  Si,  which  will  be  seen  directly  through 
the  upper  half  of  the  fixed  mirror  B.  At  the  same  time  the 
observer  will  see  an  image  of  the  object  Sx  by  rays  which 
have  been  reflected  from  the  mirror  A tc  the  mirror  B and 
thence  into  the  eye  at  E;  for  if  the  two  mirrors  are  parallel, 
| the  direction  of  a ray  after  two  refla  tions  will  be  the  same 
_ las  its  initial  direction.  If  now  the  mirror  A is  turned  until 
<|V  i the  image  of  another  object  at  S2  comes  into  the  field  of 
vision,  the  two  objects  Sx  and  S2  will  be  seen  simultaneously, 
or  with  the  mirror  at  A m this  new  position  the  incident  ray 

II  ^ ** 

r/lS2A  will  be  the  ray  that  is  reflected  from  A to  B and  thence, 

‘ j as  before,  into  the  eye  at  E.  Moreover,  since  the  angle  between 
*the  original  direction  S2A  of  this  ray  and  its  final  direction 
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Sx A is  equal  to  double  the  angle  between  the  planes  of  the 
two  mirrors,  that  is,  is  equal  to  2 6,  where  6 = Z OAP,  the 
angular  distance  between  the  objects  at  Si  and  S2  must  be 
equal  to  2 6,  that  is,  Z S1AS2  = 2 6.  In  order  to  save  trouble 
in  making  the  readings,  half-degrees  on  the  graduated  arc 
are  reckoned  -as  degrees,  so  that  the  value  of  the  angle  2 6 is 
read  directly  on  the  scale.  As  the  angular  distance  between 
the  objects  will  seldom  exceed  120°,  and  since,  in  fact,  the 
method  is  not  very  accurate  for  angles  greater  than  this, 
the  actual  length  of  the  graduated  arc  need  not  be  greater 
than  about  60°  or  one-sixth  of  the  circumference;  whence 
the  name  sextant  is  derived. 

A simple  model  of  a mirror  sextant  is  shown  in  Fig.  40. 
For  accurate  measurements  the  instrument  is  made  of  metal 
with  a scale  etched  on  a silver  strip.  Moreover,  a telescope 
is  used  instead  of  a peep-hole;  so  that  with  a fine  sextant  it 
is  comparatively  easy  to  measure  the  angular  distance  be- 
tween two  points  to  within  one-half  minute  01  arc.  One 
great  advantage  of  this  instrument  is  its  portability,  and 
since  it  does  not  have  to  be  mounted  on  a stand,  it  is  very 
serviceable  on  shipboard  for  measurements  of  altitude  and 
determinations  of  latitude,  etc. 

PROBLEMS 

1.  The  top  of  a vertical  pOue  mirror  2 feet  high  is  4 feet 

from  the  floor.  The  eye  O a person  standing  in  front  of  the 
mirror  is  6 feet  from  the  floor  and  3 feet  from  the  mirror. 
What  are  the  distances  from  the  wall  on  which  the  mirror 
hangs  of  the  farthest  and  nearest  points  on  the  floor  that 
are  visible  in  the  mirror?  Ans.  6 ft.;  18  in. 

2.  A ray  of  light  is  reflected  at  a plane  mirror.  Show  that 
if  the  mirror  is  turned  through  an  angle  6,  the  reflected  ray 
will  be  turned  through  an  angle  2 6. 

3.  Show  that  the  deviation  of  a ray  reflected  once  at  each 
of  two  plane  mirrors  is  equal  to  twice  the  angle  between  the 
mirrors. 
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4.  If  a plane  mirror  is  turned  through  an  angle  of  5°, 

what  is  the  deflection  indicated  by  the  reading  on  a straight 
scale  100  cm.  from  the  mirror?  Ans.  About  17.6  cm. 

5.  Find  the  angle  turned  through  by  the  mirror  when  the 
deflection  on  the  scale  in  the  preceding  example  is '10  cm.? 

Ans.  2°  52'. 

6.  What  must  be  the  length  of  a vertical  plane  mirror  in 
order  that  a man  standing  in  front  of  it  may  see  a full  length 
image  of  himself?  Ans.  The  length  of  the  mirror  must  be 
equal  to  half  the  height  of  the  man. 

7.  Show  that  a plane  mirror  bisects  at  right  angles  the 
line  joining  an  object-point  with  its  image. 


8.  A ray  of  light  proceeding  from  a point  A is  reflected 
from  a plane  mirror  to  a point  B.  Show  that  the  path  pur- 
sued by  the  light  is  shorter  than  any  other  path  from  A to 
the  mirror  and  thence  to  B. 

9.  Give  Huygens’s  construction,  (1)  for  the  reflection 
of  a p’ane  wave  at  a plane  mirror,  and  (2)  for  the  reflection 
of  a spherical  wave  at  a plane  mirror. 

10.  Explain  clearly  how  to  determine  the  limits  of  the 
field  of  view  in  a plane  mirror  for  a given  position  of  the  ty  e 
of  the  spectator. 

11.  A candle  is  placed  between  two  parallel  plane  mirrors. 
I Show  how  an  observer  can  see  the  image  of  the  candle  pro- 
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duced  by  rays  which  have  been  twice  reflected  at  one  mirror 
and  three  times  at  the  other.  Draw  accurate  diagram  show- 
ing the  paths  of  the  rays,  the  positions  of  the  images,  etc.; 
and  give  clear  explanation  of  the  figure. 

12.  OA  and  OB  are  two  plane  mirrors  inclined  at  an  angle 
til  of  15°,  and  P is  a point  in  OA.  At  what  angle  must  a ray 
ijl  of  light  from  P be  incident  on  OB  in  order  that  after  three 
y\  reflections  it  may  be  parallel  to  OA?  Ans.  45°. 

1 13.  Show  that  the  images  of  a luminous  object  placed 

»:  between  two  plane  mirrors  all  lie  on  a circle. 

14.  £>how  how  by  means  of  two  plane  mirrors  a man 
standing  in  front  A one  of  them  can  see  the  image  of  the  back 
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of  his  head.  Trace  the  course  of  the  rays  from  the  back  of 

his  head  into  his  eye  and  explain  clearly. 

15.  Show  by  a diagram,  with  clear  explanations,  how 

one  sees  the  image  of  an  arrow  in  a plane  mirror. 

16.  Construct  the  image  of  an  arrow  formed  by  two  re- 
flections in  a pair  of  inclined  mirrors,  (1)  when  the  mirrors 
are  at  right  angles,  and  (2)  when  the  angle  between  the 

mirrors  is  60°. 

17.  Show  how  a horizontal  shadow  of  a vertical  rod  can 
be  thrown  on  a vertical  screen  by  a point-source  of  light  wit  h 
the  aid  of  a plane  mirror.  Draw  a diagram. 

18.  An  object  is  placed  between  two  plane  mirrors  in- 
clined at  an  angle  of  45°.  Show  by  a figure  how  a spectator 
may  see  the  image  after  four  successive  reflections.  Give 

clear  explanation. 

19.  Two  plane  mirrors  are  inclined  at  an  angle  of  50°. 
Show  that  there  will  be  7 or  8 images  of  a lurmiots  point 
placed  between  them,  according  as  its  angular  distance  from 
the  nearer  mirror  is  or  is  not  less  than  20°. 

20.  Find  the  number  of  images  formec1  when  a bright  point 
is  placed  between  two  plane  mirrors  in<  lined  to  each  other 
at  an  angle  of  25°.  Ans.  15  or  14  images  according  as  the 
angular  distance  of  the  luminous  point  from  the  nearer  mir- 
ror is  or  is  not  less  than  5°. 

21.  A luminous  object  moves  about  between  two  plane 
mirrors,  which  are  inclined  at  an  angle  of  2/  . Prove  that 
at  any  moment  the  number  of  images  is  13  or  14  according 
as  the  angular  dis.an  se  of  the  luminous  point  from  the  nearer 

mirror  is  or  is  not  less  than  9°. 

22.  The  angle  between  a pair  of  inclined  mirrors  is  80°. 
Find  the  position  of  an  object  which  is  reproduced  by  5 
images.  Ans.  The  object  must  be  less  than  20°  from  the 

neare"  mirror. 

Describe  a sextant  with  the  aid  of  a diagram,  and  ex- 
plain its  use. 

24.  Describe  and  explain  the  heliostat. 
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25.  Construct  the  image  of  the  capital  letter  F as  seen  in 
a plane  nvrror. 

26.  When  a candle-flame  is  placed  in  front  of  a screen 
with  a pin-hole  opening,  an  image  of  the  flame  is  formed  on 
a second  screen  placed  parallel  to  the  first.  But  if  the  second 
screen  is  replaced  by  a plane  mirror,  the  image  will  be  formed 
on  the  back  of  the  first  screen.  Explain  how  this  happens. 

27.  Explain  clearly  (with  diagram,  formula,  etc.)  the 
method  of  using  a mirror  and  scale  for  measurement  of 
angles. 

28.  Describe  how  the  dihedral  angle  of  a glass  prism  is 
measured  on  a goniometer-circle. 

29.  AB  is  an  object  in  the  form  of  an  arrow  placed  in  front 
of  a plane  mirror,  and  A'B'  is  its  image  in  the  mirror.  P 
and  P'  are  two  points  at  equal  distances  from  the  mirror  on 
opposite  sides  of  it.  Show  how  an  eye  at  P can  see  the  image 
A'B';  and  also  how  an  eye  at  P'  would  see  the  object  AB  if 
the  mirror  were  removed.  Explain  how  the  image  in  the 
mirror  is  “ perverted.” 
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REFRACTION  OF  LIGHT 


26.  Passage  of  Light  from  One  Medium  to  Another. — 

Hardly  any  one  can  have  failed  to  observe  that  the  course  of 
light  in  passing  obliquely  from  water  to  air  is  abruptly  changed 
at  the  surface  of  the  water.  For  example,  if  a coin  is  placed 
at  A in  the  bottom  of  a china  bowl  (Fig.  41),  and  if  the  eye 

is  adjusted  at  a point  C 
so  that  the  coin  is  hid 
from  view  by  the  side  of 
the  vessel,  then,  without 
altering  the  position  of 
the  eye,  the  coin  can  be 
made  visible  merely  by 

Fig.  41. — Coin  at  bottom  of  bowl  rendered  pouring  water  ill  the 
visible  by  filling  bowl  with  water.  , , . , • , , 

bowi  up  to  a certain  level. 
The  broken  line  ABC  illustrates  ho  v a i ay  proceeding  from 
A may  be  bent  at  the  surface  of  tee  water  so  as  to  pass  over 
the  edge  of  the  bowl  and  enter  top  eye  at  C.  It  is  true  the 
coin  will  will  not  appear  to  be  at  A but  at  a point  A'  nearer 
the  surface  of  the  water  and  displaced  a little  sideways  to- 
wards the  eye,  because  the  rays  that  come  to  the  eye  inter- 
sect at  this  point  A*  (l  12).  A clear  pool  of  water  seems  to 
be  shallower  than  it  really  is,  and  this  illusion  is  greater  in 
proportion  as  the  hne  of  sight  is  more  oblique,  so  that  bright 
objects  at  the  bottom  of  the  pool  appear  to  be  crowded  to- 
gether towards  the  surface.  When  a stick  is  partly  immersed 
in  water,  the  part  under  water  appears  to  be  bent  up  to- 
wards ihe  surface  (§  42). 

Tms  bending  of  the  rays  which  takes  place  when  light 
Ciosses  the  boundary  between  two  media  is  called  refraction. 
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The  path  of  a beam  of  sunlight  through  water  can  easily 
be  shown  by  mixing  a little  milk  in  the  water  or  by  stir- 
ring in  it  a minute  quantity  of  chalk-dust,  while  a puff  of 
smoke  will  at  once  reveal  the  track  of  the  beam  in  the  air, 
so  that  the  phenomena  of 
refraction  can  readily  be 
exhibited  to  the  eye.  In 
every  case  it  will  be  found 
that  the  ray  is  bent  farther 
from  the  incidence-normal  " 
in  the  rarer  or  less  dense 
medium  (see  § 30) ; and 
here  also,  as  in  the  case  A 
of  reflection,  there  is  a 

/.  ,i  , n • . Fig.  42. — Law  of  Refraction. 

perfectly  definite  connec- 
tion between  the  direction  of  the  incident  ray  and  that  of 
the  corresponding  refracted  ray. 

27.  Law  of  Refraction. — In  Fig.  42  the  straight  line  AB 
represents  the  path  of  a ray  incident  at  the  point  B on  a 
smooth  refracting  surface  separating  two  media  which  fcr 
the  present  will  be  designated  by  the  letters  a and  b . The 
straight  line  NN'  drawn  perpendicular  to  the  plane  which 
is  tangent  to  the  refracting  surface  at  B represents  the 
incidence-normal;  and  the  plane  of  the  paper  which  con- 
tains the  incident  ray  and  the  incidence-normal  is  the  plane 
of  incidence,  as  already  defined  (§  13).  The  line  ZZ  repre- 
sents the  trace  of  the  refracting  surface  in  this  plane.  And, 
finally,  the  path  of  the  refracted  ray  is  shown  by  the  straight 
line  BC.  The  angles  of  incidence  end  refraction  are  defined 
to  be  the  acute  angles  through  which  the  incidence-normal 
has  to  be  turned  in  order  to  bring  it  into  coincidence  with 
the  incident  and  refracted  rays,  respectively.  Thus,  if 
these  angles  are  denoted  by  a,  a',  then 

a = Z NBA,  a'  = ZN'BC. 

In  the  figure  as  (Tnwn  the  angle  a is  represented  as  greater 
than  the  angle  a',  so  that,  according  to  the  statement  at 
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the  end  of  § 26,  the  medium  a is  less  dense  or  "rarer”  than 
the  medium  b. 

Before  stating  the  relation  which  is  found  to  exist  be- 
tween the  angles  a and  a',  it  is  necessary  to  allude  to 
Newton’s  great  discovery  that  sunlight  and  indeed  so- 
called  "white  light”  of  any  kind,  as,  for  example,  the  light 
of  an  arc  lamp,  is  composed  of  light  of  an  innumerable 
variety  of  colors  (see  Chapter  XIV),  as  may  be  shown  by 
passing  a beam  of  sunlight  through  a glass  prism,  whereby 
it  will  be  seen  that  white  light  is  a mixture  of  all  the  colors 
of  the  spectrum  in  all  their  infinite  varieties  of  hues.  On 
the  other  hand,  vionochromatic  light,  as  it  is  called,  is  light 
of  some  one  definite  color,  as,  for  example,  the  yellow  light 
emitted  by  a sodium  flame  which  may  be  obtained  by 
burning  common  salt  in  the  flame  of  a Bunsen  burner. 
In  geometrical  optics,  unless  we  are  specially  concerned 
with  the  investigation  of  color-phenomena  (as  m Chapter 
XIV),  it  is  nearly  always  tacitly  assumed  that  the  source 
of  the  light  is  monochromatic. 

The  law  of  refraction,  as  found  by  expeiiment,  may  now 
be  stated  as  follows : 

% 

The  refracted  ray  lies  in  the  plane  of  incidence  on  the  op- 
posite side  of  the  normal  in  the  sec  ml  medium  from  the  incident 
ray  in  the  first  medium;  and  ti  e sines  of  the  angles  of  incidence 
and  refraction  are  to  each  other  in  a constant  ratio,  the  value  of 
which  depends  only  on  *i:e  -nature  of  the  two  media  and  on  the 
color  {or  wave-length)  of  the  light. 

This  constant  ra+io,  denoted  by  the  symbol  wab,  is  called 
the  relative  index  of  refraction  from  the  first  medium  (a)  to 
the  second  medium  (b)  for  light  of  the  given  color;  thus, 

sin  a _ 
sin  a'  nah’ 

the  -value  of  this  constant,  as  a rule,  being  greatest  for  violet 
and  least  for  red  light,  so  that  the  violet  rays  are  the  most 
"refrangible”  of  all.  When  light  is  refracted  from  air  (a)  to 
water  (w)  the  relative  index  of  refraction  is,  approximately, 
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naw  = 4/3,  and  hence  under  these  circumstances  sina'  = 
sin  a.  Although  there  are  many  different  varieties  of 
optical  glass,  for  rough  calculations  the  value  of  the  rela- 
tive index  of  refraction  from  air  (a)  to  glass  (g)  may  be 
taken  as  nag  = 3/2;  which  means  that  the  sine  of  the  angle 
which  the  ray  makes  with  the  normal  in  glass  is  about  two- 
thirds  of  the  sine  of  the  angle  which  the  corresponding  ray 
makes  with  the  normal  in  air. 

Although  the  law  of  refraction  is  quite  simple,  it  some- 
how eluded  discovery  until  early  in  the  seventeenth  century 
when  the  true  relation  between  the  angle  of  refraction  and 
the  angle  of  incidence  was  first  ascertained  by  Willebrord 
Snell  (1591-1626)  or  Snellius,  of  Leyden,  and  the  law  is, 
therefore,  often  referred  to  as  Snell’s  Law  of  Refraction. 
The  law  was  first  published  by  the  French  philosopher 
Descartes  (1596-1650),  who  had  probably  seen  Snell’s 
papers,  although  he  does  not  allude  to  him  by  name. 

28.  Experimental  Proof  of  the  Law  of  Refraction. — The 
relation  between  the  angles  of  incidence  and  refraction  can 
be  very  strikingly  exhibited  with  the  aid  of  the  optical  disk 
that  was  mentioned  in  § 13  in  connection  with  a lecture- 
table  experiment  for  verifying  the  law  of  reflection  of  light. 
The  vertical  ground  glass  disk  is  adjusted  in  the  crack  of 
a narrow  beam  of  sunlight  (or  parallel  rays  from  a lantern) 
in  such  a position  that  the  path  of  the  light  is  shown  by  a 
band  of  light  crossing  the  face  of  the  dick  along  one  of  its 
diameters.  The  glass  body  through  which  the  light  is  re- 
fracted has  the  form  of  a semicvknder,  the  two  plane  par- 
e allel  sides  being  ground  rough  so  etc  to  be  more  or  less  opaque, 
V whereas  the  curved  surface  end  the  diametral  plane  face 
ft  are  both  highly  polished.  This  half-disk  has  a radius  of 
6.  about  2 inches  and  is  about  one-half  inch  thick  or  more.  It 
f|  can  be  fastened  againct  the  vertical  face  of  the  optical  disk 
with  its  axis  horizontal  and  coinciding  with  the  axis  of  rotation 
of  the  disk,  as  ;ep:esented  in  the  diagram  Fig.  43.  If  this 
adjustment  L xnade,  and  the  disk  turned  so  that  the  inci- 


68 


Mirrors,  Prisms  and  Lenses 


[§  28 


Fig.  43. — Optical  Disk  used  to  verify 

law  of  refraction. 


dent  ray  AB  meets  the  polished  plane  face  of  the  glass  body 
at  its  center  B,  the  refracted  ray  BC  will  proceed  through 
the  glass  along  a radius  of  the  semicylinder,  and  therefore 
meeting  the  curved  surface  normally,  it  will  emerge  again 

into  the  air  without  being 
further  deviated.  The  di- 
ameter NN'  which  is 
marked  on  the  face  of  the 
optical  disk  is  normal  to 
the  plane  surface  of  the 
glass  body,  and  if  from  the 
points  A and  C where  the 
incident  and  refracted  rays 
cross  the  circumference  of 
the  disk  perpendiculars  are 
let  fall  on  the  normal 
NN',  the  lengths  of  these 
perpendiculars  AX  and  CY  will  be  proportional  to  the  sines 
of  the  angles  of  incidence  and  refraction  NBA  and  N'BC, 
respectievly.  Now  it  will  be  found  that,  no  matter  how  we 
turn  the  disk,  the  perpendicular  AX  w'U  always  be  about 
one-and-a-half  times  as  long  as  the  perpendicular  CY.  If 
we  substitute  for  the  half-disk  c i solid  glass  a hollow  vessel 
of  the  same  form  and  size  with,  thin  glass  walls,  and  if  we  fill 
this  vessel  with  water,  we  shall  find  now  that  the  length  of 
the  perpendicular  AX  wh'l  always  be  about  one-and-one- 
third  times  that  of  the  perpendicular  CY,  because  the  relative 
index  of  refraction  from  air  to  water  is  4/3,  as  above  stated. 

But  the  best  proof  of  the  law  of  the  refraction  of  light 
is  to  be  found  in  the  fact  that  this  law  is  at  the  basis  of  the 
theory  and  construction  of  nearly  all  optical  instruments, 
and  it  bar  been  subjected,  therefore,  to  the  most  searching 
tests.  The  law  of  refraction  may  also  be  regarded  as  com- 
plei°.y  verified  by  the  methods  that  are  employed  in  the 
df termination  of  the  indices  of  refraction  of  transparent 
bodies,  solid,  liquid  and  gaseous:  which  are  described  in 
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treatises  on  experimental  optics  usually  under  the  title  of 
“ refractometry.” 

29.  Reversibility  of  the  Light  Path. — When  a ray  of  light 
AB  is  reflected  at  B in  the  direction  BD,  a plane  mirror 
placed  at  D at  right  angles  to  BD  will  turn  the  reflected 
ray  back  on  itself;  arriving  again  at  B,  the  light  will  ob- 
viously be  reflected  there  so  as  to  return  finally  to  the  point 
A where  it  started.  This  is  a simple  instance  of  a general 
law  of  optics  known  as  the  principle  of  the  reversibility  of 
the  light  path.  Experiment  shows  that  the  same  rule  holds 
likewise  in  the  case  of  the  refraction  of  light,  and  that  if 
ABC  is  the  route  pursued  by  light  in  going  from  a point 
A in  one  medium  to  a point  C in  an  adjoining  medium  by 
way  of  the  incidence-point  B,  and  if  then  the  light  is  re- 
versed by  some  means  so  as  to  be  started  back  along  the 
path  CB,  it  will  be  refracted  at  B into  the  first  medium 
along  the  path  BA.  And,  in  general,  if  the  final  direction 
of  the  ray  is  reversed,  for  example,  by  falling  normally  on 
a plane  mirror,  the  light  will  retrace  its  entire  path,  no 
matter  how  many  reflections  or  refractions  it  may  have 
suffered.  Thus,  in  any  optical  diagram,  in  which  the  di- 
rections of  the  rays  of  light  are  indicated  by  arrow-heads, 
these  pointers  may  all  be  reversed,  if  we  wish  to  ascertain 
how  the  rays  would  go  through  the  system  if  ^iiey  were  to 
enter  it  from  the  other  end. 

It  follows,  therefore,  since 


sin  a 
sin  a' 


^ab  i 


sin  a' 
siia 


^ba? 


that  we  have  the  relation : 


01  , 

• aL**'ba 


that  is,  the  relative  indices  of  refraction  from  (a)  to  (b)  and 
from  (b)  to  (a)  are  reciprocals  of  each  other.  Thus,  for  ex- 
ample, since  naw=4/3  is  the  index  from  air  to  water,  the 
index  from  watBi  co  air  is  nwa  = 3/4.  Similarly,  if  nag  = 3/2, 
the  index  from  glass  to  air  is  nga  = 2/3. 
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30.  Limiting  Values  of  the  Index  of  Refraction. — Accord- 
ingly, we  see  that  the  value  of  the  relative  index  of  refrac- 
tion may  be  greater  or  less  than  unity.  If  nab>l,  the 
second  medium  (6)  is  said  to  be  more  highly  refracting  or 
(< optically ) denser  than  the  first  medium  (a);  and  since  in 
this  case  sin  a >sina',  it  follows  that  a > a ',  which  means 
that  the  refracted  ray  is  hent  towards  the  normal , as  happens 
when  light  is  refracted  from  air  to  water  (nab  = 1.33).  On 
the  other  hand,  if  nab<l,  the  second  medium  ( b ) is  said  to 
be  less  highly  refracting  or  ( optically ) rarer  than  the  first 
medium  (a),  and  now  the  angle  of  refraction  (a')  will  be 
greater  than  the  angle  of  incidence  (a),  so  that  in  this  case 
the  refracted  ray  will  be  bent  away  from  the  normal,  as,  for 
example,  when  light  is  refracted  from  water  into  air  (nwa  = 
0.75).  Glass  is  more  highly  refracting  than  water,  and 
diamond  has  the  greatest  light-bending  power  of  ad  optical 
media,  the  index  of  refraction  from  air  to  diaxnond  being 
about  2.5.  The  values  of  the  constant  r,ab  ior  pairs  of 
media  a,  b that  are  available  for  optical  purposes  are  com- 
prised within  comparatively  narrow  limits,  say,  between 
1/2  and  2.  In  the  exceptional  case  when  nab=l,  the  angles 
of  incidence  and  refraction  will  be  e^ual,  and  the  rays  pass 
from  a to  b without  change  of  direction.  This  is  the  reason 
why  a glass  rod  is  invisible  in  oil  of  cedar.  Sometimes  ac- 
cidental differences  of  refcaugibility  between  two  adjacent 
layers  of  the  same  medium  enable  us  to  distinguish  one 
part  of  a transparent  medium  from  another.  Similarly, 
also,  the  presence  of  air-bubbles  in  water  or  glass  is  made 
manifest  by  the  icfractions  that  take  place  at  the  boundaries. 
A fish  swimmir  g in  water  does  not  see  the  water  around  him, 
but  the  phenomena  of  refraction  may  make  him  aware  of  the 
existence  of  a different  medium  above  the  surface  of  the  water. 

31  Huygens’s  Construction  of  a Plane  Wave  Refracted 
at  j*  Piane  Surface. — The  straight  lines  AB  and  AD  (Fig.  44) 
show  the  traces  in  the  plane  of  the  diagram  of  the  plane 
wave-front  advancing  in  the  first  medium  (a)  in  the  direc- 
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tion  BD  and  the  plane  refracting  surface,  respectively.  The 
disturbance  is  supposed  to  have  just  arrived  at  the  point  A 
of  the  refracting  plane, 
becomes  a new  origin 
from  which  secondary 
hemispherical  wavelets 
are  propagated  into  the 
second  medium  (6).  Now 
light  is  propagated  with 
different  velocities  in  dif- 
ferent media;  thus,  for 
example,  the  velocity  of 
light  in  water  is  only 
about  three-fourths  of 
what  it  is  in  air  and  the 
velocity  in  glass  is  about 
two-thirds  of  the  velocity 
in  air.  Consequently, 
when  waves  of  light  pass 
from  air  into  water  or 
glass,  the  part  of  the  wave-front  that  is  in  the  denser  m edium 
advances  more  slowly  than  the  part  that  is  still  in  th^  air, 
so  that  the  direction  of  the  wave-front  is  changed  in  passing 
from  one  medium  to  another.  Let  the  velocities  of  light 
in  the  media  a and  b be  denoted  by  v&  and  respectively. 
Then  after  a time  t = BD/va,  when  the  disturbance  which 
was  at  B has  just  arrived  at  D on  the  boundary  between 
the  two  media,  the  secondary  wavelets  which  have  been 
spreading  out  from  A as  center  vd'l  have  been  propagated 


which  from  this  moment  (t  = 0) 


z 


Fig.  44. — Huygens’s  construction  of  plane 
wave  refracted  at  plane  surface. 


in  the  second  medium  ( b ) co  a distance  AC=t>b^  = ;r-BD; 

fa 

and,  similarly,  at  the  smt  instant  from  any  intermediate 
point  Q lying  on  AD  between  A and  D the  disturbance  will 
have  proceeded  into  the  second  medium  ( b ) to  a distance 

^R=~(BD — PQ)  =^KD, 

fa  fa 
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where  K (not  shown  in  the  figure)  designates  the  foot  of 
the  perpendicular  let  fall  from  Q on  BD.  Thus,  the  radii 
of  the  elementary  cylindrical  refracted  waves  whose  axes  are 
perpendicular  to  the  plane  of  the  diagram  at  A and  Q are 


— BD, 

V a 


-KD, 

v& 


respectively;  and,  according  to  Huygens’s  principle,  the 
refracted  wave-front  at  this  instant  will  be  the  surface  which 
is  tangent  to  all  these  elementary  cylindrical  surfaces.  Ex- 
actly the  same  method  as  was  used  in  the  similar  problem 
of  reflection  (§  14)  can  be  applied  here;  and  thus  it  may  be 
shown  that  at  the  moment  when  the  disturbance  reaches 
the  point  D of  the  plane  refracting  surface,  the  refracted 
wave-front  will  be  the  plane  ,CD  containing  this  point,  which 
is  perpendicular  to  the  plane  of  the  figure  and  tangent  at  C 
to  the  elementary  wave  represented  by  the  spherical  sur- 
face described  about  C as  center  with  radius  equal  to  AC. 
In  the  first  medium  the  wave  marches  forw.ud  in  the  di- 
rection LA  and  in  the  second  medium  in  the  direction  AC. 

- Snell’s  law  of  refraction  (§  27)  miry  be  deduced  from 
the  figure  by  observing  that  BD^AD.sina,  where  a = 
ZNAL=ZDAB  denotes  the  angle  of  incidence,  and  AC  = 
AD. sin  a/,  wherea/  = ZN,AC  = Z <VDC  denotes  the  angle  of 
refraction.  Consequently, 


sin  a BD  va 

-• — = a constant, 
sin  a'  AC  v\>  ’ 

which  constant  must,  therefore,  be  identical  with  the  relative 
index  of  refraction  n.  b. 

The  diagram  is  drawn  for  the  case  when  the  light  travels 


faster  in  the  fi’ct  medium  than  it  does  in  the  second  (va>vh), 
that  is,  when  the  second  medium  is  more  retarding  or  “ op- 
tically denser”  (§  30)  than  the  first. 

32.  Mechanical  Illustration  of  the  Refraction  of  a Plane 
V/Ave.—  A simple  mechanical  illustration  of  the  refraction 
of  a plane  wave  at  a plane  surface  may  be  devised  as 
lollows ; 


Hitt  ^ 


iwc 

toil  I 
'ktk 
it:  ■ 

i;  M" 
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Two  boxwood  wheels  each  about  two  inches  in  diameter 
are  connected  by  an  iron  axle  about  4 inches  long  passing 
through  the  centers  of  the  wheels  at  right  angles  to  their 
planes  of  rotation  (Fig.  45).  If  this  body  is  placed  on  a 
smooth  rectangular  board,  about  a yard  long  and  about 
18  inches  wide,  which  is 
slightly  tilted,  and  allowed 
to  roll  diagonally  down  the 
board,  its  path  will  be 
along  a straight  line.  But 
if  a piece  of  felt  cloth  or 
velveteen  cut  in  the  form  ' 
of  a rectangle  is  glued  in 
the  middle  of  the  board, 
with  its  long  side  parallel 
to  the  edge  of  the  board, 
then  when  the  body  de- 
scends the  inclined  plane 

obliquely,  one  of  the  wheels 

will  arrive  at  the  edge  of  ^IG‘  Mechanical  illustration  of 

refraction. 

the  cloth  before  the  other, 

so  that  it  will  be  suddenly  slowed  up  while  the  other  wheel 
continues  to  move  on  the  bare  board  under  the  same  condi- 
tions as  before.  Consequently,  the  axle  will  be  made  to  swing 
round  until  both  wheels  get  on  to  the  cloth  piece,  the  direc- 
tion of  motion  having  been  abruptly  changed  in  this  process. 
At  the  opposite  edge  of  the  cloth  rectangle,  a similar  change 
of  the  direction  of  motion  takes  place  in  an  opposite  sense, 
so  that  when  the  roller  leaves  tho  retarding  surface  and 
emerges  again  on  to  the  bare  boaid,  it  will  be  found  to  be 
going  approximately  in  the  seme  direction  as  at  first.  These 
bendings  in  the  course  of  tee  roller  descending  the  inclined 
plane  at  the  places  whe^e  it  crosses  the  parallel  sides  of  the 
cloth  rectangle  are  analogous  to  the  deviations  in  the  line 
of  march  of  a piano  wave  of  light  in  traversing  a glass  slab 
surrounded  by  air 
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33.  Absolute  Index  of  Refraction.— If  va,  vh  and  vc  denote 
the  velocities  of  light  in  the  media  <x,  b and  c,  respectively, 
then,  as  we  have  just  seen  (§  31),  according  to  the  wave- 
theory  of  light,  the  relative  indices  of  refraction  will  be: 


™ ya  Va  Vh 

ab  V nbc_!V; 


and,  hence,  we  find: 


72a  c 

• 

ttbc’ 


so  that  in  case  we  know  the  values  nac,  nbc  of  the  indices 
of  a medium  c with  respect  to  each  of  the  two  media  a and 
6,  the  value  nab  of  the  index  of  medium  b with  respect  to 
medium  a can  be  obtained  at  once  by  means  of  the  above 
relation.  Moreover,  since  (§  29) 


_ 1 

^cb  > 

nbc 

the  preceding  equation  may  be  written  as  follows* 


2^ab  ^ac’^cb* 

Thus,  for  example,  suppose  the  three  media  a,  b and  c are 
water,  glass  and  air,  respectively;  since  nac  = 3/4  and  nch=-- 

3/2,  the  index  of  refraction  from  wafer  to  glass  is  found  by 
the  above  formula  to  be  nab  — 9/8. 

In  fact,  if  there  are  a number  of  media  a,  b,  c,  . . . ,i,  j,  k 
it  is  obvious  that  we  shall  have  the  following  relation  be- 
tween the  relative  indices  ot  refractions: 


Vwbc  • • . nij.njk  = nak, 

which  is  easily  remembered  by  observing  the  order  in  which 
the  letters  occur  ii;  the  subscripts.  In  particular,  if  the  last 
medium  k is  identical  with  the  first  medium  a,  as  is  the  case 
in  an  optical : ncirument  surrounded  by  air,  then  w„ n = n =1 
and  accordingly  we  obtain : 

2^ab*22bc  • . . . 72y.?2ja  = 1. 

A special  case  of  this  general  relation,  viz., 

^ab'^ba  = 

has  already  been  remarked  (§  29). 
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Since  nac.nca  = nbc.ncb  = 1 and  nah.nhc  = nac)  we  may  write 
also: 


^ab 


^cb 

^ca 


and  this  formula  suggests  immediately  the  idea  of  employ- 
ing some  suitable  medium  c as  a standard  optical  medium  with 
respect  to  which  the  indices  of  refraction  of  all  other  media 
may  be  expressed.  The  natural  medium  to  choose  for  this  pur- 
pose is  the  ether  itself  which  light  traverses  in  coming  to  the 
earth  from  the  sun  and  stars;  and  so  the  index  of  refraction  of 
a medium  with  respect  to  empty  space  or  vacuum  is  called 
its  absolute  mdex  of  refraction  or  simply  its  refractive  index. 
Thus,  the  absolute  index  of  refraction  of  vacuum  (c)  is  equal 
to  unity,  that  is,  nc  = 1.  Similarly,  the  symbols  na,  nb  will 
be  employed  to  denote  the  absolute  indices  of  the  media 
a,  b , respectively;  so  that  here  they  are  really  equivalent 
to  the  magnitudes  denoted  by  nca,  ncb  in  the  preceding 
formula,  which,  therefore,  may  be  written : 


ft 


nh 

ttab  = — ; 

na 


that  is,  the  relative  index  of  refraction  of  medium  b wit},  respect 
to  medium  a is  equal  to  the  ratio  of  the  absolute  index  of  medium 
b to  that  of  medium  a. 

The  absolute  indices  of  refraction  of  all  known  transparent 
substances  are  greater  than  unity.  The  velocity  of  light 
in  ordinary  atmospheric  air  is  so  nearly  equal  to  its  velocity 
in  vacuo  that  for  all  practical  purposes  wTe  may  generally 
take  the  absolute  index  of  refra<  tion  of  air  as  also 
equal  to  unity.  The  actual  value  for  air  at  0°C.  and 
under  a pressure  of  76  cm.  c*  mercury,  for  sodium  light, 
is  1.000293. 

With  every  isotropic  medium  there  is  associated,  there- 
fore, a certain  numerical  constant  n called  its  (absolute) 
index  of  refraction:  and,  hence,  when  a ray  of  light  is  re- 
fracted from  a medium  of  index  n into  another  of  index  n', 
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the  trigonometric  formula  for  the  law  of  refraction  may  be 
written  thus: 

sina  _ n' 
sina/  n * 

which  may  also  be  put  in  the  following  symmetric  form: 

n'.sina'  = n.sina. 

This  latter  mode  of  writing  this  relation  suggests  also  an- 
other way  of  stating  the  fundamental  fact  in  regard  to  the 


t 

l 


ft 


Fig.  46. — Construction  of  refracted  ray  (nr>?i) 

refraction  of  light,  as  follows:  Whenever  a ray  of  light  is  re- 
fracted from  one  medium  io  another,  the  product  of  the  index 
of  refraction  and  the  sin  ° of  the  angle  between  the  ray  and  the 
normal  to  the  refracting  surface  has  the  same  value  after  re- 
fraction (n'.sin  a']  as  before  refraction  (n. sina).  This  prod- 
uct K=n.sin  a = n'.sin  a'  which  does  not  vary  when  the 
light  crosses  «?■  surface  separating  a pair  of  isotropic  media 
is  called  tie  optical  invariant  of  refraction. 

34.  Construction  of  the  Refracted  Ray. — Let  the  absolute 
indices  of  refraction  of  two  media  separated  from  each  other 
by  a smooth  refracting  surface  be  denoted  by  n,  n',  and  let 
"he  straight  line  AB  (Figs.  46  and  47)  represent  the  path 
in  the  first  medium  ( n ) of  a ray  incident  on  the  boundary- 
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surface  at  the  point  B.  The  straight  line  NNr  represents 
the  normal  to  the  refracting  surface  at  this  point,  and  hence 
the  plane  of  the  diagram  is  the  plane  of  incidence.  The 
straight  line  ZZ  shows  the  trace  in  this  plane  of  the  plane 
tangent  to  the  refracting  surface  at  the  incidence-point  B; 
in  the  special  case  when  the  refracting  surface  is  itself  plane, 
this  straight  line  will  be  the  trace  of  the  surface  of  separa- 
tion between  the  two  media.  With  the  point  B as  center 


Fig.  47. — Construction  of  refracted  ray  ( v!  <v ) 

and  with  any  radius  r describe  in  the  plane  Ci  incidence  the 
arc  of  a circle  cutting  the  incident  ray  A 8 in  a point  P lying 
in  the  first  medium;  and  in  the  same  plane,  with  radius 
n'/n  times  as  great,  that  is,  with  xadius  n'r/n,  describe  also 
the  arc  of  a concentric  circle  inteisecting  at  P'  the  straight 
line  HP  drawn  through  P perpendicular  to  ZZ  at  H.  If 
the  second  medium  is  more  highly  refracting  than  the  first, 
that  is,  if  n'>n,  the  radius  of  the  second  circle  will  be  greater 
than  that  of  the  f>st,  as  represented  in  Fig.  46;  whereas 
when  n'<n,  the  second  circle  is  inside  the  first,  as  in  Fig.  47. 
The  path  of  ths  refracted  ray  correspodinng  to  the  given 
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incident  ray  AB  will  be  represented  by  the  prolongation 
BC  in  the  second  medium  of  the  straight  line  P'B. 

The  proof  of  this  construction  consists  simply  in  showing 


that  the  ZN'BC  between  the  normal  and  the  straight  line 


BC  is  equal  to  the  angle  of  refraction  a'  as  given  by  the 
formula  n'.sina'  = n.sina,  where  a=ZNBA  denotes  the 
given  angle  of  incidence.  Evidently,  from  the  figure,  we  have : 


sinZ  HPB  BP'  n' 


sinz  HP'B  BP  n ’ 

and  since  ZHPB  = ZNBA=a,  and  Z HP'B  = ZN'BC,  we 
obtain  immediately  the  relation:  n'.  sinZ  N'BC  = n.sina  and 
therefore  ZN'BC  = a'. 

35.  Deviation  of  the  Refracted  Ray —The  acute  angle 
through  which  the  direction  of  the  refracted  ray  has  to  be 
turned  to  bring  it  into  the  same  direction  as  that  of  the  in- 
cident ray  is  called  the  angle  of  deviation  of  the  refracted  ray 
and  is  denoted  by  e;  thus,  e = ZP'BP  (Figs,  ^6  and  47). 
Obviously, 


e = a — a'. 


The  only  ray  incident  at  B whose  direct, will  remain  un- 
changed after  the  ray  enters  the  second  medium  is  the  one 
that  proceeds  along  the  normal  LB  (a  = a'=e  = 0).  The 
more  obliquely  the  ray  AB  meets  the  refracting  surface,  1 
that  is,  the  greater  the  angle  n incidence,  the  greater  also  will  j 
he  the  deviation-angle.  The  truth  of  this  statement  will  be  ) 
apparent  from  an  inspection  of  the  relation  between  the 
angles  a and  e as  exhibited  in  Fig.  46  or  Fig.  47.  The  inter- 
cept PP'  included  between  the  circumferences  of  the  two 
construction-circles,  which  remains  constantly  parallel  to  the 
incidence-no  n.al,  increases  in  length  as  the  angle  of  inci- 
dence ioci  eases,  whereas  the  other  two  sides  BP,  BP'  of 
the  triangle  BPP',  being  always  equal  to  the  radii  of  the 
circles,  remain  constant  in  length;  and  hence  the  angle  e 
mas  ; increase  in  absolute  value  as  the  angle  a increases. 

36.  Total  Reflection. — In  ordinary  refraction,  as  we  have 
seen,  there  can  only  be  one  refracted  ray  corresponding  to 
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a given  incident  ray,  but  the  question  may  be  asked:  Is  it 
possible  that,  under  certain  circumstances,  there  will  be 
no  refracted  ray,  so  that  the  incident  light  will  be  totally 
reflected  at  the  surface  without  being  refracted  at  all?  Evi- 
dently such  will  be  the  case  whenever  in  the  foregoing  con- 
struction (§  34)  the  point  P'  (Figs.  46  and  47)  cannot  be 
located,  because  the  path  of  the  refracted  ray  is  determined 
by  the  straight  line  P'B. 

Let  us  examine,  first,  the  case  when  the  second  medium 
is  more  highly  refracting  than  the  first,  u >n  (tig.  46). 


Fig.  48 —Limiting  refracted  ray  (n'>  %) 


Suppose  that  the  straight  line  AB  which  represents  the 
path  of  the  incident  ray  is  initially  i.i  t le  position  NB,  and 
that  it  is  rotated  from  this  position  around  the  point  B as 
a pivot  until  it  has  turned  through  a right  angle  in  the  plane 
of  the  figure.  While  the  point  P on  AB  describes  a quadrant 
of  the  circumference  of  the  circle  of  radius  BP,  the  point 
p'  will  trace  out  an  arc  of  the  concentric  circle  of  radius 
BP',  which,  however,  will  never  be  equal  to  a quadrant  of 
this  circumference ; tor  when  the  point  P has  completed  its 
quadrant  and  arrived  at  the  point  D (Fig.  48)  on  the  tan- 
gent plane  drawn  to  the  refracting  surface  at  B,  the  point 
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P'  will  likewise  have  reached  the  extremity  of  its  arc  where 
the  tangent  to  the  inner  circle  at  D meets  the  circumference 
of  the  outer  circle.  The  incident  ray  ZB  just  grazes  the  re- 
fracting surface  at  B or  skims  along  it,  and  most  of  the 
light  is  reflected  and  does  not  enter  the  second  medium  at 
all,  but  the  portion  that  is  refracted  pursues  the  path  BQ 
corresponding  to  this  extreme  position  of  the  point  P',  and 
this  will  be  the  outermost  of  all  the  refracted  rays  that 
enter  the  second  medium  at  the  point  B.  The  ZN'BQ=A 
which  is  the  greatest  value  that  the  angle  of  refraction  can 
have  in  the  case  when  n'>n  is  called  the  limiting  or  critical 
angle  with  respect  to  the  two  media.  Since 

sinZ  N'BQ  = sinZ  PP'B  = BD/BP' = n/n', 

the  magnitude  of  the  angle  A may  be  found  from  the  rela- 
tion: 

sin  A = n/n ',  (n  < n ') ; 

which  may  likewise  be  derived  by  substituting  the  values 
a = 90°,  a'=A  in  the  refraction-formula.  Thus,  if  the 
first  medium  is  air  (n  = 1)  and  the  second  medium  is  glass 
in  =3/2),  sin  A = 2/3,  so  that  the  critical  angle  for  air-glass 
is  found  to  be  A =41°  49'.  For  air-water  sinA  = 3/4,  A = 
48°  35';  and,  consequently,  a ray  of  light  whose  path  lies 
partly  in  air  and  partly  in  water  cannot  possibly  make 
an  angle  with  the  normal  in  the  water  greater  than  about 
48°  30'.  For  example,  wh°n  a star  is  just  rising  or  setting, 
the  rays  coming  from  it  will  fall  very  nearly  horizontally 
on  the  surface  of  tranquil  water  and  will  be  refracted  into 
the  water,  therefore,  at  an  angle  of  approximately  48°  30' 
with  the  vericccti,  so  that  if  these  rays  entered  an  eye  under 
the  water,  the  star  would  appear  to  be  nearly  halfway  to 
the  zemth.  In  fact,  all  the  rays  coming  into  an  eye  placed 
under  water  from  the  entire  overhanging  arch  of  the  sky 
would  be  comprised  in  the  water  within  a cone  whose  axis 
pc.’iits  to  the  zenith  and  whose  angular  aperture  is  about 
97°.  In  this  connection  it  is  interesting  and  instructive  to 
examine  a photograph  of  an  air-scene  made  with  a so-called 
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“fish-eye”  camera  immersed  below  the  level  of  a clear  pool 
of  water,  which  affords  some  idea  of  how  the  world  outside 
the  pond  must  look  to  a fish.  Professor  Wood,  of  the  Johns 
Hopkins  University,  has  obtained  a number  of  pictures  of 
this  kind,  some  of  which  are  reproduced  in  illustrations  in 
his  very  original  book  on  Physical  Optics , where  also  a brief 
description  of  the  essential  features  of  the  ingenious  pin- 
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Fig.  49. — Limiting  incident  ray  (nf  <n) 


hole  camera  which  was  used  in  making  these  pictures  is 
also  given. 

Accordingly,  when  light  is  refracted  from  a rarer  to  a 
> denser  medium,  there  will  always  be  a refracted  ray  cor- 
responding to  a given  incident  ray,  because  it  is  always 
possible  under  these  circumstances  co  locate  the  position 
of  the  point  P'  opposite  P,  or,  to  express  it  in  another  way, 
because  when  n<n'  there  will  always  be  a certain  acute 
b i angle  a'  that  will  satisfy  the  equation  sina/  = n.sina/n'  for 
A values  of  a comprised  between  0°  and  90°.  But  in  the  op- 
■x!  F posite  case  when  the  first  medium  is  denser  than  the  second 
I (n>n')}  for  example,  when  the  light  is  refracted  from  water 
4«  to  air,  the  statement  just  made  is  no  longer  true.  The  es- 
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Fig.  50. — Refraction  from  water  to  air; 

total  reflection. 


sential  difference  in  the  two  cases  may  be  seen  at  once  by 
reversing  the  arrow-heads  in  the  diagram  Fig.  48,  at  the 
same  time  making  corresponding  changes  in  the  letters  and 

symbols.  Fig.  49  is  a 
special  diagram  to  illus- 
trate this  case.  The  re- 
fracted ray  BQ  which 
grazes  the  surface  at  the 
point  B corresponds  to 
the  limiting  incident  ray 
PB  which  is  incident  at 
B at  the  critical  angle 
A = ZNBP;  and,  conse- 
quently, any  ray,  such 
as  RB,  which  meets  the 
surface  at  an  angle  of  incidence  greater  than  the  angle  A 
will  be  totally  reflected  in  the  direction  BS.  Thus,  for  values 
of  a which  are  greater  than  the  value  A of  the  critical  angle 
of  incidence,  there  will  be  no  value  of  o'  that  will  satisfy 
the  equation  sina'  = n.sma'n' 
when  n>n'.  Only  those  rays 
incident  at  B which  lie  within 
the  cone  generated  by  the 
revolution  of  the  limiting  in- 
ident  ray  around  the  ia<_’- 
dcnce-normal  as  axis  whi  be 
refracted  into  the  second 
medium;  and  all  rays  falling 
on  the  refracting  surface  at 
B and  lying  outside  this  cone 
will  be  totally  reflected. 

Fig.  50  shows  how  rays 
proceed  from  a radiant  point  below  the  horizontal  free  sur- 
face of  still  water.. 

If  a pin  is  stuck  in  the  under  side  of  a flat  circular  cork 
floating  on  water,  as  represented  in  Fig.  51,  and  if  the 


Fig.  51. — Experiment  illustrating 
total  reflection. 
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diameter  of  the  cork  is  (say)  6 inches  and  the  head  of 
the  pin  is  not  more  than  2.5  inches  below  the  water-level 
and  vertically  beneath  the  center  of  the  cork,  an  eye  placed 
anywhere  above  the  level  of  the  water  will  be  unable  to  see 
the  pin,  because  all  the  rays  coming  from  it  that  meet  the 
surface  of  the  water  beyond  the  edge  of  the  cork  will  be 
totally  reflected  back  into  the  water. 

In  Fig.  49  since  sin  Z NBP  = sinZ  P'PB  = BP'/BP,  we  find 
in  this  case  when  n'  <n  that  sinA  = ?i7?b  which  will  also  be 
obtained  by  putting  a = A,  a/  = 90°  in  the  refraction- 
formula  n.sina  = n'.sina'.  Comparing  this  result  with 
the  formula  sinA  = n/n'  obtained  for  the  case  when  7Z>n, 
and  recalling  the  fact  that  the  sine  of  an  angle  is  never 
greater  than  unity,  we  may  formulate  the  following  rule: 

The  sine  of  the  so-called  q 

critical  angle  (A)  with  re- 
spect to  two  media  is  the 
ratio  of  the  index  of  refrac- 
tion of  the  rarer  to  that  of 
the  denser  medium.  Or, 
the  sine  of  the  cntical  angle 
(A)  of  a substance  is  the 
reciprocal  of  the  absolute 
index  of  refraction  of  the 
substance:  thus, 
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37.  Experimental  II-  Fig.  52. — Optical  Disk  used  to  show  total 
. F _ reflection. 

lustrations  of  Total  Re- 


flection—The  phenomenon  of  total  reflection  may  be  ex- 
hibited with  the  aid  of  the  optical  disk  and  the  semicylinder 
of  glass  described  in  § 2S.  If  the  disk  is  turned  so  that  the 
beam  of  incident  par:abl  rays  falls  first  on  the  curved  surface 
of  the  semicylindc  r,  as  shown  in  Fig.  52,  the  rays  meet  this 
surface  normally  and  proceed  through  the  glass  to  the  plane 
face  without  being  deviated.  At  the  plane  surface  a por- 
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tion  of  the  beam  is  reflected  and,  in  general,  a portion  is  re- 
fracted from  glass  to  air.  If  the  disk  is  turned  until  the 
angle  of  incidence  at  the  plane  surface  is  just  equal  to  the 
critical  angle  (A),  the  rays  emerging  into  the  air  will  pro- 
ceed along  the  plane  face,  and  if  the  disk  is  turned  a little 
farther  in  the  same  sense,  so  that  the  angle  of  incidence 
exceeds  the  critical  angle,  the  light  will  be  totally  reflected. 

An  ingenious  contrivance  for  exhibiting  the  procedure  of 
light  in  passing  from  water  to  air  consists  of  a compara- 


Fig.  53. — Demonstration  of  refraction  lVom  water  to 

air  and  total  reflection. 


tively  large  glass  tank  (Fig.  53)  Ailed  with  water  and  pro- 
vided with  a plane  vertical  metallic  screen  the  lower  half  of 
which  is  under  water  while  toe  upper  half  extends  into  the 
air  above.  A cylindrical  beam  of  light  is  directed  horizon- 
tally and  normally  a&amci,  the  lower  part  of  the  vertical 
glass  wall  of  the  tank,  which  is  behind  the  screen  and  par- 
allel to  it.  The  rays  entering  the  water  are  received  first 
on  the  surface  of  a solid  reflecting  cone  of  aperture-angle 
90°  placed  in  the  water  under  the  screen  and  mostly  in  front 
of  it,  the  axis  of  the  cone  being  horizontal  and  its  apex 
turned  m .yards  the  on-coming  light.  From  the  surface  of 
this  cr'ue  the  rays  are  reflected  through  the  water  in  all  di- 
rections in  a vertical  plane  coinciding  as  nearly  as  possible 
with  the  front  side  of  the  screen  turned  towards  the  spec- 
tators. Surrounding  the  conical  reflector  and  co-axial  with 
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it,  there  is  a cylindrical  cavity  of  diameter  very  little  larger 
than  that  of  the  base  of  the  cone.  The  surface  of  this  cylin- 
der is  made  of  thin  sheet-metal  blackened  on  the  inside, 
wherein  a number  of  equal  horizontal  slits  are  cut  at  equal 
angular  distances  apart,  and  through  these  slits  narrow 
beams  of  light  reflected  from  the  surface  of  the  cone  are 
permitted  to  pass  upwards  towards  the  surface  of  the  water, 
their  courses  being  shown  by  the  bright  traces  on  the  screen. 
Some  of  these  beams  will  be  refracted  out  into  the  air, 
whereas  others,  meeting  the  water-surface  more  obliquely, 
will  be  totally  reflected. 

If  rays  are  incident  normally  on  one  of  the  two  perpendic- 
ular faces  of  a glass  prism  (§  48)  whose  principal  section  is  an 
isosceles  right-triangle  (Fig.  54), 
they  will  enter  the  prism  with- 
out deviation,  and  falling  on  1 > 

the  hypothenuse-face  at  an  angle  z — > 
of  45°,  which  is  greater  than  the 
critical  angle  of  glass,  they  will 
be  totally  reflected  there  and 
turned  through  a right  angle,  so 
that  they  will  emerge  in  a direc- 
tion normal  to  the  other  of  the  two 
perpendicular  faces  of  the  prism.  Fig*  54-— Tota’  reflection  prism 

A prism  of  this  kind  is  frequently  employed  in  optical  sys- 
tems. It  is  used,  for  example,  in  connection  with  a photo- 
graphic lens  to  rectify  the  image  fccuscd  on  the  sensitive 
plate  of  the  camera,  so  that  the  right  and  left  sides  of  the 
negative  will  correspond  to  the  right  and  left  sides  of  the 
object.  None  of  the  light  is  lose  by  the  total  reflection  in 
the  prism,  and  if  the  prism  Is  made  of  good  optical  glass 
of  high  transparency  there  will  be  comparatively  little  loss 
of  light  by  absorption  ii  the  prism  or  by  reflection  on  enter- 
ing and  leaving  it.  The  same  optical  effect  can  be  produced 
by  a simple  plann  mirror,  but  as  a rule  a polished  metallic 
surface  absoibs  the  incident  light  to  a considerable  extent. 
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However,  the  loss  of  light  in  the  case  of  a mirror  silvered 
on  glass  is  very  slight;  but  on  the  other  hand,  the  fine  layer 
of  silver  may  easily  be  injured  mechanically  or  tarnished 
by  exposure  to  the  air.  If  the  glass  mirror  is  silvered  on 
the  back  side,  the  light  will  be  reflected  from  both  surfaces 
of  the  glass  and  there  will  be  confusion.  Moreover,  a glass 
mirror  may  easily  get  broken  or  become  dislocated  in  an 
optical  instrument;  whereas  a prism  made  of  a solid  piece 
of  glass  is  much  more  substantial  and  durable. 

Optical  prisms  consisting  of  solid  pieces  of  highly  trans- 
parent homogeneous  glass  with  three  or  more  polished  plane 
faces  are  very  extensively  used  in  the  construction  of  modern 
optical  instrmnents  for  rectifying  images  which  would  other- 
wise be  inverted  or  for  bending  the  rays  of  light  into  new 
directions,  etc.  Usually  the  light  undergoes  several  interior 
reflections  before  it  issues  from  the  prism,  and  there  reflec- 
tions are  often  total  reflections.  If  the  reflec  tmn  is  not 
total,  it  is  best  to  silver  the  surface. 

38.  Generalization  of  the  Laws  of  Reflection  and  Re- 
fraction. Principle  of  Least  Time  (Fermat’s  Law). — The 
laws  of  reflection  and  refraction,  whici  merely  describe  the 
observed  effects  when  light  falls  on  the  common  surface  of 
separation  of  two  homogeneous  media,  and  which  are  cap- 
able of  simple  explanation  or  the  basis  of  the  wave-theory, 
as  has  been  illustrated  in  certain  special  cases  (§§  14  and  31), 
may  be  combined  into  a general  law  which  was  first  an- 
nounced about  1665  by  the  French  philosopher  Fermat, 
and  which  may  bo  seated  as  follows:  The  actual  path  pur- 
sued by  light  in-  g<  ing  from  one  point  to  another  is  the  route 
that,  under  the  a 'ven  conditions,  requires  the  least  time. 

In  case  the  reflections  and  refractions  take  place  only 
at  piano  surfaces,  the  truth  of  the  above  statement  is 
easily*  proved.  Consider,  first,  the  case  when  the  light  is  re- 
flected from  a plane  mirror.  The  straight  line  ZZ  (Fig.  55) 
represents  the  trace  of  the  plane  mirror  in  the  plane  of  the 
diagram,  and  A and  C designate  the  positions  of  a pair  of 
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points  lying  in  this  plane  in  front  of  the  mirror.  Now  if 
a point  X in  the  plane  of  the  mirror  is  connected  with  A 
and  C by  the  straight  lines  XA,  XB,  the  route  AXC  will 
be  shortest  when  the  normal  to  the  mirror  at  X lies  in  the 
plane  AXC  and  bisects  the  angle 
AXC.  The  point  X must  lie,  there- 
fore, in  the  plane  of  the  diagram  at 
the  point  B,  so  that  when  AB  is  the 
direction  of  an  incident  ray,  BC  will 
be  the  direction  of  the  reflected  ray. 

Obviously,  if  A'  is  the  image  of  A in 
the  mirror,  then  AB+BC  = A'B+BC 
= A'C,  and  since  the  straight  line  Fig- 55.-FeRmat’s  princi- 

, . ° pie  of  least  time  in  case 

A C IS  shorter,  for  example,  than  of  reflection  at  a plane 

(A'D+DC)  = (AD+DC),  where  D is  mirror* 
another  point  on  the  mirror  different  from  the  point  B,  it 
is  evident  that  the  route  from  A to  C by  way  of  B is  shorter 
than  the  route  via  any  other  point  on  the  mirror.  More- 
over, if  the  ray  is  reflected  at  a number  of  plane  mirrors  in 
succession,  its  entire  path  will  be  the  shortest  possible  route 
from  the  starting  point  to  the  terminal  point,  subject  to  the 
condition  that  it  must  touch  at  each  mirror  in  turn.  The 
principle  of  least  time  in  the  case  of  reflection  of  light  at  a 
plane  mirror  dates  back  to  the  time  of  Hero  cf  Alexandria 
(150  B.  C.). 

When  light  is  refracted  at  a plane  surface  the  route  pur- 
sued between  a point  A in  one  medium  +o  a point  C in  the 
other  is  indeed  the  quickest  way  but  generally  not  the 
shortest.  The  following  illustration  will  help  to  make  the 
problem  clear  in  this  case.  Suppose  a level  field  is  divided 
into  two  parts  by  a straight  hue  ZZ  (Fig.  56),  on  one  side 
of  which  the  ground  is  bare  and  smooth  while  on  the  other 
side  it  is  plowed  and  rough;  and  let  us  also  suppose  that 
a man  can  walk  only  half  as  fast  over  the  rough  part  of  the 
field  as  over  the  smooth  part,  and  that  he  desires  to  march 
as  quickly  as  possible  from  a point  A in  the  smooth  ground 
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Fig.  56. — Quickest 


to  a certain  other  point  C in  the  plowed  ground.  The 
question  is,  Where  should  he  cross  the  dividing  line  ZZ? 
Of  course,  his  shortest  route  would  be  along  the  straight 

line  from  A to  C which  intersects  ZZ 
at  the  point  marked  E in  the  figure, 
but  unless  the  straight  line  AC  hap- 
pens to  be  perpendicular  to  ZZ  this 
will  not  be  his  quickest  way.  In- 
stead of  crossing  at  E,  suppose  he 
selects  a point  F on  ZZ  which  is  a 
little  nearer  to  his  objective  at  C; 
then  although  the  length  FC  in  the 
plowed  ground  is  shorter  than  be- 
— route  f°re>  on  the  other  hand  the  distance 

from  A*to  c via  path  AF  over  the  smooth  ground  is  longer, 
ABC>  but  on  the  whole  we  may  assume  that 

the  route  AFC  will  take  less  time  than  the  shea  test  route 
AEC.  But  if  the  point  of  crossing  ZZ  is  taken  too  far  from 
E,  the  advantage  of  the  shorter  dis- 
tance in  the  rough  ground  will  pres- 
ently be  more  than  offset  by  the 
increasing  length  of  the  distance  that 
has  to  be  traversed  in  the  smooth 
ground.  Accordingly,  there  is  a cer- 
tain point  B on  ZZ  such  tnat  the 
time  taken  along  the  'oute  ABC 
will  be  the  quickest  if  all  routes. 

Now  we  shall  see  that  this  is  also  the 

very  path  that  light  would  take  if  it  ... 

„ , . . . , Fig.  57. — Fermat  s princi- 

Were  refrac  ed.  from  A to  C acioss  pie  of  least  time  incase 

ZZ,  supposing  that  the  ratio  of  the  of  refraction  at  plane 

velocidts  of  light  on  the  two  sides 
of  7<Z  were  the  same  as  the  ratio  of  the  velocities  of  walking 

in  the  two  parts  of  the  field. 

In  the  accompanying  diagram  (Fig.  57)  the  broken  line 
ABC  represents  the  actual  path  of  a ray  of  light  from  a 
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point  A in  the  first  medium  (n)  to  a point  C on  the  other 
side  of  the  plane  refracting  surface  ZZ  in  the  second  medium 

(n');  so  that  if  NBN'  is  the  normal  to  the  surface  at  B,  then 
by  the  law  of  refraction : 

sin  Z NBA  n'  v 
sinZN'BC  ~ n = v'1 

where  v,  v'  denote  the  speeds  with  which  light  travels  in 

the  media  n,  n',  respectively.  The  time  taken  to  go  over 
the  route  ABC  is 

AB  BC1 

V v'  ’ 

and  we  wish  to  show  that  this  time  t is  less  than  the  time 

AD  DC 
v v' 

along  any  other  route  ADC,  where  D designates  the  posi- 
tion of  any  point  on  ZZ  different  from  the  point  B.  Draw 
DG,  DH  perpendicular  to  AB,  BC,  respectively;  then,  since 
Z BDG  = Z NBA,  ZBDH  = ZN'BC, 

evidently  we  have: 

sinZ  BDG  GB  v GBHB 
sinZBDH- HB~V  ’ 01  7" 

Now 


HC 


V 


i fa 

.^J| 
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AB  BC  AG+GB  BC_AG 

V vf  v v'  ~~  v ’ 

and  since  AG<AD  and  HC<DC,  therefore 

/AB  BC\  /AD  , DC\ 

\y  v' ) K \ v + v’  / ’ 

and  hence  the  time  vxa  ABCy  is  less  than  it  would  be  i/ici  any 
other  route  from  A to  C. 

It  should  be  remarked,  howe\e\,  that  when  the  boundary- 
surface  between  two  media  ^ curved , the  time  taken  by 
light  to  go  fiom  a point  A acioss  the  surface  to  another  point 
C is  not  always  a minimum  It  may,  indeed,  be  a maximum, 
but  it  is  always  one  or  the  other. 

39.  The  Optica’  Length  of  the  Light-path,  and  the  Law 
of  Malus.  In  the  time  t that  light  takes  to  go  along  the  path 
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ABC  from  a point  A in  one  medium  (n)  to  a point  C in  an 
adjacent  medium  (w')  it  would  traverse  in  vacuo  the  distance 


where  V denotes  the  velocity  of  light  in  vacuo.  But  by  the 
definition  of  the  absolute  index  of  refraction  (§  33),  n=V/v, 

n'=V/v';  and  hence  the 
equivalent  distance  in 
vacuo  is : 

n.AB+n'.BC. 

The  optical  length  of  the 
path  of  a ray  in  a medium 
is  defined  to  be  the  prod- 
uct of  the  actual  length  ( l ) 
of  the  ray-path  by  the  index  of  the  medium  (w)  that  is,  n.  1. 
Suppose,  for  example,  that  light  traverses  a series  of  media 
m,  n2,  etc.,  as  represented  in  Fig.  58;  the  total  optical  length 
along  a ray  will  be: 


Fig.  58. — Optical  length  of  ray-path 

= ^nl. 
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where  / k denotes  the  actual  length  of  the  ray-path  in  the 
kih  medium. 

Now  the  wave-front  at  any  instant  due  to  a disturbance 
emanating  from  a point-source  is  the  surface  which  con- 
tains all  the  farthest  points  to  which  the  disturbance  has 
been  propagated  at  Ihnt  instant.  Thus,  the  wave-surface 
may  be  defined  os  the  totality  of  all  those  points  which  are 
reached  in  a givei . tv  ne  by  a disturbance  originating  at  a point. 
In  a single  iscrropic  medium  the  wave-surfaces,  as  we  have 
seen,  will  be  concentric  spheres  described  around  the  point- 
source  as  center;  but  if  the- wave-front  arrives  at  a reflect- 
ing or  refracting  surface  P‘,  at  which  the  directions  of  the 
so-called  rays  of  light  are  changed,  the  form  of  the  wave- 
sarfaee  thereafter  will,  in  general,  no  longer  be  spherical;  and 
oven  in  those  exceptional  cases  when  the  reflected  or  refracted 
wave-front  is  spherical,  the  waves  will  spread  out  from 
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a new  center  which  is  seldom  identical  with  the  original 
center.  The  function  2?il  has  the  same  value  for  all  ac- 
tual ray-paths  between  one  position  of  the  wave-surface  and 
another  position  of  it;  so  that  when  the  form  and  position 
of  the  wave-front  and  the  paths  of  the  rays  at  any  instant 
are  known,  the  wave-front  at  any  subsequent  instant  may 
be  constructed  by  laying  off  equal  optical  lengths  along  the 
path  of  each  ray. 

A consequence  of  this  definition  of  the  wave-surface  is 
that  the  ray  is  always  normal  to  the  wave-surface  (§7),  as  will 
be  evident  from  the  following- 
reasoning.  Suppose  that  the 
straight  line  AB  (Fig.  59)  repre- 
sents the  path  of  a ray  incident 
on  the  refracting  surface  ZZ  at 
the  point  B,  and  that  the  straight 
line  BC  represents  the  path  of 
the  corresponding  refracted  ray. 

Moreover,  let  the  wave-surface  Fiq*  59  — Law  of  Malus:  Ray 

. normal  to  wave-front. 

which  passes  through  the  point 

C be  designated  by  cr.  From  the  incidence-point  B d^w 
any  other  straight  line,  as  BD,  meeting  the  wave-surface  cr 
in  the  point  D.  Then  by  the  principle  of  least  time,  the 
route  ABC  is  quicker,  that  is,  optically  shorter,  than  the 
route  ABD,  because  the  natural  or  actual  route  between  the 
points  A and  D would  not  be  by  way  of  the  incidence-point 
B.  Hence,  the  straight  line  BC  must  be  shorter  than  BD, 
and  therefore  BC  is  the  shortest  line  that  can  be  drawn  from 
the  incidence-point  B to  the  wavs -surface  cr. 

The  same  reasoning  is  applicable  to  all  cases  of  reflection 
and  refraction,  and  hence  w may  make  the  following  gen- 
eral statement: 

1 lays  of  light  meet  the  wave-surface  normally;  and,  con- 
versely, The  system  cf  surfaces  which  intersect  at  right  angles 
rays  emanating  nricinally  from  a 'point-source  is  a system  of 
wave-surfaces. 

This  law  was  published  by  Malus  in  1808. 
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PROBLEMS 


is 


1.  (a)  A ray  is  refracted  from  vacuum  into  a medium 
whose  index  of  refraction  iay/2,  the  angle  of  incidence  being 

45°:  find  the  angle  of  refraction. 

(b)  Find  the  angle  of  incidence  of  a ray  which  is  re- 
fracted at  an  angle  of  30°  from  vacuum  into  a medium  of 
index  equal  to  \/3« 

(c)  Find  the  relative  index  of'  refraction  when  the 

angles  of  incidence  and  refraction  are  30°  and  60°,  respec- 
tively. Ans.  (a)  30°;  (5)  60°;  (c)  \/3:  3. 

2.  Assuming  that  the  indices  of  refraction  of  air,  water, 
glass  and  diamond  have  the  values  1,  I-  an<^  an  respec- 
tively, calculate  the  angle  of  refraction  in  each  of  the 

following  cases: 

(a)  Refraction  from  air  to  glass,  angle  of  incidence  40° ; 

(] b ) from  air  to  water,  angle  of  incidence  60°;  (c)  from  au- 
to diamond,  angle  of  incidence  <5°;  ( d ) from  ~iass  to  watei, 
angle  of  incidence  30°;  (e)  from  diamond  +o  glass,  angle  of 
incidence 36°  52'  11.6".  Ans.  (a)  25°  22'  26";  ( b ) 40°  30'  19"; 

(c)  22°  43' 44";  (d)  oP  13' 44";  (e)  90°. 

3.  The  height  of  a cylindrical  cup  is  4 inches  and  its  di- 
ameter is  3 inches.  A person  Poking  over  the  rim  can  just 
see  a point  on  the  opposite  side  2.25  inches  below  the  rim. 
But  when  the  cup  is  filled  with  water,  looking  in  the  same 
direction  as  before,  he  can  just  see  the  point  of  the  base 

farthest  from  him.  Fuid  the  index  of  refraction  of  water. 

Ans.  4:3. 

4.  The  index  ol  a refracting  sphere  is\/3;  it  is  surrounded 
| }y  jm*.  A *’?)'  of  light,  entering  the  sphere  at  an  angle  of 
incidence  o*  60°  and  passing  over  to  the  othei  side,  is 
there  uarrly  reflected  and  partly  refracted.  Show  that  the 
reflected  ray  and  the  emergent  ray  are  at  right  angles  to 

ei-ch  other. 

5.  In  the  preceding  problem,  show  that  the  reflected  ray 
will  cross  the  sphere  again  and  be  refracted  back  into  the 
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air  in  a direction  exactly  opposite  to  that  which  the  ray  had 
before  it  entered  the  sphere. 

6.  A straight  line  drawn  through  the  center  C of  a spher- 
al ical  refracting  surface  meets  the  surface  in  a point  desig- 
nated by  A.  If  J,  J'  designate  the  points  where  an  inci- 

d l dent  ray  and  the  corresponding  refracted  ray  intersect  the 

i straight  line  AC,  and  if  CJ  = — .AC,  show  that  CJ'  =— .AC, 

n n' 

where  n,  n'  denote  the  indices  of  refraction  of  the  first 
and  second  media,  respectively. 

7.  Construct  the  path  of  a ray  refracted  at  a plane  sur- 
face. Draw  diagrams  for  the  cases  when  n'  is  greater  and 

' J less  than  n.  Construct  the  critical  angle  in  each  figure. 

8.  The  velocity  of  light  in  air  is  approximately  186000 
miles  per  second.  How  fast  does  it  travel  in  alcohol  of 
index  1.363?  Ans.  Approximately,  136  460  miles  per  sec. 

A fish  is  8 feet  below  the  surface  of  a pool  of  clear  water.  ^ 
A man  shooting  at  the  place  where  the  fish  appears  to  be 
points  his  gun  at  an  angle  of  45°.  Where  will  the  bullet 
cross  the  vertical  line  that  passes  through  the  fish?  (Take 
index  of  water  as  1.33,  and  neglect  any  deflection  of  the 
bullet  caused  by  impact  with  the  water.) 

Ans.  3 feet  above  ‘he  fish. 

10.  Assuming  that  the  velocity  of  light  m air  is 
f 30  000  000  000  cm.  per  sec.,  calculate  its  velocity  in  water 

and  in  glass. 

11.  Prove  that  nab  = ncb:  nca- 

12.  Show  that  the  sine  of  the  critical  angle  of  an  optical 
medium  is  equal  to  the  reciproca1  el  the  absolute  index  of 
refraction. 

13.  Assuming  same  values  id  the  indices  of  refraction  as 
in  problem  No.  2,  calculate  the  values  of  the  critical  angle 
for  each  of  the  following  pairs  of  media:  (a)  air  and  glass, 

( b ) air  and  water,  (r)  «;r  and  diamond. 

Ans.  (a)  41°  18' 40";  (b)  48°  35'  25";  (c)  23°  34' 41". 

14.  A 45°  prism  is  used  to  turn  a beam  of  light  by  total 

■ 

internal  reflection  through  a right  angle.  What  must  be 
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the  least  possible  value  of  the  index  of  refraction  of  the 
glass?  Ans.  y 2. 

15.  Show  that  when  a ray  of  light  passes  fiom  air  into 
a medium  whose  index  of  refraction  is  equal  to\/2,  the  de- 

viation  cannot  be  greater  than  45' . 

16.  The  absolute  index  of  refraction  of  a certain  trans- 


parent substance  is  f . Show  that  a luminous  point  at  the 


center  of  a cube  of  this  material  cannot  be  seen  by  an. 
eye  in  the  air  outside,  if  at  the  center  of  each  face  of  the 
cube  a circular  piece  of  opaque  paper  is  pasted  whose  radius 
is  equal  to  three-eighths  of  the  edge  of  the  cube. 

17.  What  will  be  the  greatest  apparent  zenith  distance  of 

a star  to  an  eye  under  water? 

18.  Explain  why  it  is  that  it  is  not  possible  for  a person 
by  merely  opening  his  eyes  under  water  to  see  distinctly 
objects  in  the  water  around  him  or  in  the  air  above  the 
water;  whereas,  if  he  is  provided  with  a diver  s helmet  with 
a plate  glass  window  in  it,  he  will  experience  no  difficulty 

in  distinguishing  such  objects  clearly. 

19.  Rays  of  light  are  emitted  upwards  in  all  directions 

from  a luminous  point  at  the  bottom  of  a trough  contain- 
ing a layer  of  a transparent  liquid  3 inches  in  depth  and  of 
refractive  index  1.25.  Show  that  all  rays  which  meet  the 
surface  outside  a certain  circle  whose  center  is  vertically  | 
above  the  point  will  be  totally  reflected;  and  find  the  ladius 
of  this  circle.  Ans.  4 inches. 

20.  A pin  with  * vhite  head  is  stuck  perpendicularly  in 
the  center  of  cue  side  of  a flat  circular  cork,  and  the  coik 
is  floated  on  water  with  the  pin  downwards.  Assuming 
that  the  herd  of  the  pin  is  2 inches  below  the  surface  of  the 
water,  find  the  smallest  diameter  the  cork  can  have  so  that 
a person  looking  down  through  the  water  (index  -|)  from 

the  air  above  (index  unity)  could  not  see  the  head  of  the  pin.  I 

Ans.  4.535  inches. 

21.  Plot  a curve  showing  the  deviation  e as  a function^ 
of  the  angle  of  incidence  a for  the  case  when  the  refractio 
is  from  water  (n  = 4/3)  to  air  ( n'  = 1). 
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PLATE  WITH  PLANE  PARALLEL  FACES 

40.  Trigonometric  Calculation  of  Ray  Refracted  at  a 
Plane  Surface. — A geometrical  construction  of  the  path  of 
the  refracted  ray  was 
given  in  § 34.  The  path 
of  a ray  refracted  at  a 
plane  surface  may  also 
be  easily  determined  by 
trigonometric  calculation. 

The  straight  line  yy  in 
Figs.  60  and  61  represents 
the  plane  refracting  sur- 

r|  face  separating  the  two  Fm-  (»'>»T  ^ 

1 media  of  indices  n,  n' , 

and  the  straight  line  LB  shows  the  path  of  a ray  which  in- 
cident on  yy  at  the  point  marked  B.  The  straight  line  LA 

perpendicular  yy  at  A 
is  the  axis  oi  the  refract- 
ing plar.c  with  respect 
to  the  position  of  the 
point  L.  The  magni- 

l X Y . x tudes  v = KL  a = 

/ ALB  which  determine 
completely  the  position 

Fig.  61. — Refraction  of  ray  at  piano  sun  ace:  q£  -f  incident  rav  are 
i>  = AL,  Z = AL'  (n'<n).  . „ , \ , 

sometimes  called  the 

ray-coordinates . Let  L designate  the  point  where  the  re- 
fracted ray  L'B  bversects  the  axis  xx,  and  let  y'  = AL', 
a'=  Z AL'B  denote  the  coordinates  of  the  refracted  ray.  The 
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problem  is;  Given  the  incident  raj7  ( v , a),  determine  the  re- 
fracted ray  ( v' , a'). 

From  either  diagram  we  obtain  immediately  the  relation: 

v'  tan  a 


v tan  a'  ’ 

and  since  n.sina  = n'.sina',  we  obtain  finally  the  following 
formulae  for  calculating  the  refracted  ray: 

v \/V2  - n2. sin2  a 


n 


v - 


sin  a =— .sin  a. 

n 


n cos  a 

i 

Now  if  the  point  L is  a luminous  point,  rays  will  emanate 
from  it  in  all  directions,  and,  whereas  the  magnitude  v will 

remain  the  same  for  all  these 
rays,  the  angle  a will  vary  from 
ray  to  ray.  But  for  different 
values  of  a,  in  general  we  shall 
obtain  different  values  of  the 
magnitude  v',  and,  consequently, 
the  position  of  the  point  L'  on 
the  axis  will  be  different  for  dif- 
ferent incidenc  rays  coming  from 
L.  Accoraingly,  the  bundle  of 
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Fig.  62. — Refraction  of  paraxial  refracted  rays  corresponding  to 
rays  at  plane  surface:  u~  --  - - - - - 


am,  u' =am',  v! : n' =u:n,  a /lomocentric  bundle  of  incident 

(n'  > n) . 


ays  will  not  be  homocentric. 

41.  Imagery  in  a Pcme  Refracting  Surface  by  Rays 
which  Meet  the  Surface  Nearly  Normally. — The  more 
or  less  blurred  and  distorted  appearance  of  objects  seen 
under  water  is  familiar  to  everybody.  When  the  rays 
that  enter  chc  eye  meet  the  surface  of  the  water  very 
obliquely,  the  distortion  is  almost  grotesque.  If  the  pupil 
of  the  eye  were  not  comparatively  small,  it  would  indeed 
be  practically  almost  impossible  to  recognize  an  object  under 
water,  even  if  the  eye  were  placed  in  the  most  favorable 
Dosition  vertically  over  the  object.  It  is  only  because  the 
apertures  of  the  bundles  of  effective  rays  that  enter  the  eye 


§41] 


Plane  Refracting  Surface 


97 


iMlU 


are  quite  narrow,  that  there  is  any  true  image-effect  at  all 
in  the  case  of  refraction  at  a plane  surface. 

When  the  eye  looks  directly  along  the  normal  to  the 
plane  refracting  surface  at  an  object-point  M on  the  other 
side  of  the  surface  (Figs.  62  and  z 

63),  the  effective  rays  coming 
from  M will  meet  the  surface 
very  nearly  perpendicularly, 
and  the  incidence-points  will 
all  be  so  close  to  the  point  A 
that  there  will  be  practically  no 
difference  between  the  lengths 
of  the  straight  lines  MA  and 
MB,  and  accordingly  under 

these  circumstances  we  may  Fig.  63.— Refraction  of  paraxial 
write  sin  a in  place  of  tan  a.  rays  at  plane  surface:  ^ = AM 

Similarly,  also,  with  respect  to 

the  refracted  ray,  sin  a'  can  be  substituted  here  for  tan  a'. 
And  if  in  this  case  we  put  AM  = w,  AM'  = w',  where  M,  M' 
designate  the  points  where  a ray  which  is  very  nearly  nor- 
mal to  the  refracting  plane  crosses  the  normal  before  and 
after  refraction,  we  have  therefore, 


u'  tan  a 
u 


sin  a 


S3 


1 


?fll 

A 


tana'  sin  a 

and,  hence,  by  the  law  of  refraction: 

n'  n , n' 

— = - , or  u = — .u. 
u'  u 1 n 

The  angle  a has  disappeared  entire  ly  from  this  formula,  and 
the  value  of  u'  may  be  found  as  soon  as  the  value  of  u is  given. 
This  means  that  corresponaiog  to  a given  position  of  the 
object-point  M there  is  a perfectly  definite  image-point  M', 
and  the  points  M,  M'  are  said  to  be  a pair  of  conjugate  points. 
Accordingly,  when  a ? .arrow  bundle  of  homocentric  rays  is 
incident  nearly  nowncdly  on  a refracting  plane , the  correspond- 
ing bundle  of  retracted  rays  will  be  homocentric  also.  And  if 
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the  aperture  of  the  bundle  is  infinitely  narrow,  the  imagery 
will  be  ideal. 

For  example,  a pebble  at  the  bottom  of  a pool  of  water 
12  inches  deep  will  be  seen  distinctly  from  a point  in  the  air 
vertically  above  it,  but  it  will  appear  to  be  only  9 inches 
below  the  surface  of  the  water,  since  n'fn  = 3/4.  On  the  other 
hand,  an  object  9 inches  above  the  surface  will  seem  to  be 

12  inches  above  it  to  an  eye  in 
the  water  vertically  beneath  the 
object,  because  in  this  case 
n'/n  = 4/3. 

42.  Image  of  a Point  Formed 
by  Rays  that  are  Obliquely  Re- 
fracted at  a Plane  Surface. — 

But  if  the  bundle  of  rays  com- 
ing from  the  luminous  point  S 
(Fig.  64)  is  a wide-angle  bundle 
of  considerable  aperture,  no  dis- 

F,„.  64,-Caustic  by  refraction  at  tinct  imE«e  wi!l  be  formed  by 
plane  surface  from  water  to  these  rays  aLei*  refraction  at  a 

air'  plane,  but  the  points  of  inter- 

section of  the  refracted  rays  v ill  be  spread  over  a so- 
called  caustic  surface,  which  in  tins  case  is  a surface  of 
revolution  around  the  norma.  SA  drawn  from  S to  the  re- 
fracting plane.  The  figure  shows  a meridian  section  of  this 
surface  for  the  case  when  the  rays  are  refracted  from  a 
denser  to  a rarer  medium  (rz'<  n),  the  curve  in  this  case  being 
the  evolute  of  an  ellipse.  Each  refracted  ray  produced  back- 
wards touches  the  caustic  surface.  The  cusp  of  the  meridian 
curve  is  on  the  normal  SA  at  the  point  M'  where  the  image  of 
S is  formed  by  rays  that  meet  the  refracting  plane  nearly  per- 
pendicularly, as  explained  in  the  preceding  section.  \\  herever 
the  eye  is  placed  in  the  second  medium,  only  a narrow 
bna’e  of  rays  coming  from  S can  enter  it  through  the  pupil 
of  the  eye.  The  nearest  approach  to  an  image  of  the  source 
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at  S as  seen  by  rays  that  are  refracted  more  or  less  obliquely  | 
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will  be  the  little  element  of  the  caustic  surface  which  is  the 
assemblage  of  the  points  where  the  effective  rays  that  enter 
the  eye  touch  this  surface.  Thus,  rays  entering  the  eye  at  E 
appear  to  come  from  the  point  S'  where  the  tangent  from  E 
touches  the  caustic.  It  is  evident  now  why  an  object  S under 


Fig.  65. — Rod  partly  immersed  in  water  appears  to  be  bent 

upwards. 


water  appears  to  be  raised  towards  the  surface  and  at  fno 
same  time  also  to  be  shifted  towards  the  spectator  moi  e ana 
more  as  the  eye  at  E is  brought  nearer  to  the  surface  ct  the 
water,  until  finally  when  the  eye  is  on  a level  with  the  surface 
of  the  water,  the  image  of  S appears  now  to  be  a.';  V on  the 
refracting  plane.  Rays  from  S that  meet  the  s uface  beyond 
this  limiting  point  Y where  the  caustic  c ir  re  is  tangent  to 
the  straight  line  ZZ  will  be  totally  reflected.  The  image  of  S 
seen  by  the  eye  at  E is  blurred  and  distorted,  because 
the  image-point  S'  is  the  point  of  intersection  of  a very 
limited  portion  of  the  bund’e  of  refracted  rays  that  enter 
the  eye. 

The  above  explanation  makes  it  clear  why  a straight  line 
ABC  (Fig.  65)  which  is  rarely  in  air  and  partly  in  water  will 
appear  to  an  eye  at  E to  be  bent  at  B into  the  broken  line 
ABC'.  The  image  3C/  of  the  part  BC  under  water  can  be 
plotted  point  by  point  for  any  position  of  the  eye. 
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43.  The  Image-lines  of  a Narrow  Bundle  of  Rays  Re- 
fracted Obliquely  at  a Plane. — The  diagram  (Fig.  66)  shows 
the  paths  of  two  rays  SBD  and  SCE  which  originating  at  S 
and  falling  on  the  refracting  plane  ZZ  at  the  points  B and  C 
are  refracted  in  the  directions  CE  and  BD  into  the  eye  of  an 
observer.  The  refracted  rays  produced  backwards  intersect 

at  S'  and  cross  the  normal 
SA  at  the  points  marked 
W and  V.  Evidently,  all 
the  rays  from  S that  fall 

on  the  refracting  plane  at 

■ 

points  between  B and  C 
will,  after  refraction,  in- 
tersect SA  at  points  be- 
tween V and  W.  Sup- 
pose that  tlie"  figure  is 
revolved  around  SA  as 
axis,  then  each  ray  will 
generate  a conical  surface,  and  the  vertices  or  vUese  cones  will 
be  at  the  points  S,  V,  and  W for  the  rays  that  are  actually 
drawn  in  the  diagram.  The  bundle  of  that  enter  the  eye 
at  DE  will  be  a small  portion  of  the  refracted  rays  that  are 
contained  between  the  conical  surfaces  whose  vertices  are 
at  V and  W.  These  conical  surfaces  intersect  each  other  in 
the  circle  which  is  described  by  the  point  S'  when  the  figure 
is  rotated  around  the  axis  SA,  and  it  is  a little  element  of 
arc  of  this  circle  perpendicular  to  the  plane  of  the  diagram 
at  S'  that  contain?  the  points  of  intersection  of  the  rays  that 
enter  the  eye.  This  is  called  the  primary  image-line  (§188)  of 
the  narrow  bundle  of  refracted  rays.  There  is  another 
image  line  ui  V called  the  secondary  image-line,  which  lies  in 
the  plane  of  the  paper,  and  which  is  generally  taken  as  per- 
pendicular to  the  axis  of  the  bundle  of  refracted  rays,  though 
sometimes  it  is  considered  as  the  segment  VW  of  the  axis 
of  revolution.  But  these  are  intricate  matters  that  can  be 
only  alluded  to  in  this  place.  (See  Chapter  XV.) 


Fig.  66. — Oblique  refraction  at  plane  sur- 
face (n'<n). 
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44.  Path  of  a Ray  Refracted  Through  a Slab  with  Plane 
Parallel  Sides. — When  a ray  of  light  traverses  several  media 
in  succession,  then 

Ui . sin  ai  = W2,  . sin  a/,  n2 . sin  a2  = n3 . sin  a/,  etc., 


where  n\,  n w3,  etc.,  denote  the  indices  of  refraction  of  the 
media,  and  ai,  a/;  a2,  a2';  etc.,  denote  the  angles  of  incidence 
and  refraction  at  the  various  surfaces  of  separation.  In  the 


special  case  when  these  refracting  surfaces  are  a senes  of 
parallel  planes,  the  angle  of  incidence  at  one  plane  will  be 
equal  to  the  angle  of  refraction  at  the  preceding  plane 
(ak+1=  ak',  where  the  integer  k denotes  the  number  of  the 
plane) . 

The  simplest  case  of  this  kind  occurs  when  there  are  only 
two  parallel  refracting  planes , and  when  the  last  medium  is 
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the  same  as  the  first,  as,  for  example,  in  the  case  of  a slab 
of  glass  bounded  by  plane  parallel  sides  and  surrounded  by 
air,  as  represented  in  Fig.  67.  Then 

n3  = ni  = n,  w2  = n' , 

and  a/=  q2  = a'. 

Accordingly,  we  have  the  following  pair  of  equations: 

n.sin ai  = n'.sin a',  n' . sin q'  = n.  sin q2'; 
and,  therefore: 

q2'  = ai=  a; 

which  means  that  the  ray  emerges  from  the  slab  in  the  same 
direction  as  it  entered  it.  Thus,  when  a ray  of  light  traverses 
a slab  with  plane  parallel  sides  which  is  bounded  by  the  same 
medium  on  both  sides , the  emergent  ray  will  be  parallel  to  the 
incident  ray.  Obviously,  this  statement  may  be  amplified 
as  follows:  When  a ray  of  light  traverses  a series  of  media  each 
separated  from  the  next  by  one  of  a series  of  parallel  refracting 
planes , the  final  and  original  directions  of  the  ray  will  be 
parallel,  provided  the  first  and  last  media  have  th?  same  index 
of  refraction. 

The  only  effect  of  the  interposition  of  the  glass  plate 
(Fig.  67)  in  the  path  of  the  ray  is  to  shift  the  path  to  one 
side  without  altering  the  directior  of  che  ray.  It  might  be 
inferred,  therefore,  that  the  apparent  position  of  an  object 
as  seen  through  such  a plate  of  glass  would  not  be  altered, 
but  this  is  not  true  in  general.  as  we  shall  proceed  to  explain. 
Every  ray  that  traverses  the  plate  will  be  found  to  be  dis- 
placed at  right  angles  ro  its  original  position  through  a dis- 


tance 


B2D  - s-™(,a  - a,)d, 


cos  a' 


where  d denotes  the  thickness  of  the  plate.  Since 

■\/  n'2-w2.sin2a 


cos  a = 


n' 


the  foimula  above  may  be  put  also  in  the  following  form: 

•p^p_sina  (V n,2-n2sin2a-n.cosa  ) ^ 


n '2  - n2.sin2  a 
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Accordingly,  the  shift  B2D  varies  with  the  slope  of  the  in- 
cident ray.  If  the  object  is  very  far  away,  the  rays  that 
enter  the  eye  will  be  parallel,  so  that  the  apparent  position 
of  a distant  object  will  not  be  altered  in  the  slightest  by  view- 
ing it  through  a plate  of  glass  with  plane  parallel  sides,  no 
matter  what  may  be  the  angle  of  incidence  of  the  rays,  and 
consequently  the  plate  may  be  turned  to  the  rays  at  dif- 


ferent angles  without  producing  any  change  in  the  appear- 
ance of  the  object  as  seen  through  it.  But  u ohe  object- 
point  S (Fig.  68)  is  near  at  hand,  an  eye  a*  H will  see  it  in 
the  direction  ES,  but  when  the  glass  is  interposed,  it  will 
appear  to  lie  in  the  direction  ES'  which  is  sensibly  different 
from  ES,  and  this  difference  can  be  Increased  or  diminished 
by  rotating  the  plate  around  ?n  axis  perpendicular  to  the 
plane  of  the  figure.  This  principle  is  utilized  very  ingeniously 
in  the  original  form  of  ophihaimometer  designed  by  Helm- 
holtz (1821-1894)  for  measuring  the  curvatures  of  the  re- 
fracting surfaces  of  the  eye.  It  is  employed  also  in  an  instru- 
ment for  measuring  ohe  diameter  of  a microscopic  object, 
which  Professor  Puynting  has  called  the  “ parallel  plate  mi- 
crometer” (sec  Proc.  Opt.  Convention , London,  1905,  p.  /9). 


J * • • • % I ■ l’l  M 


p 


1 ' > •' 
a * i r •••*.*  4 f «• 


iP  f 


104 


Mirrors,  Prisms  and  Lenses 


[§  45 


45.  Segments  of  a Straight  Line. — The  finite  portion  of 
a straight  line  included  between  two  points  is  called  a segment 
of  the  line,  while  each  of  the  other  two  parts  of  the  line  is  to 
be  regarded  as  a prolongation  of  the  segment.  Considered 
as  generated  by  the  motion  of  a point  along  a straight  line 
from  a starting-point  or  origin  A to  an  end-point  or  terminus 

B,  the  segment  AB  is 


AB* 


BA 


Fig.  (*9. — Segments  of  a straight  line: 

AB  = -BA. 


frequently  spoken  of  also 
as  the  step  from  A to  B 
or  the  step  AB.  The 
order  of  naming  the  two 


capita1  letters  placed  at  the  ends  of  a segment  describes 
the  sense  of  the  motion  or  the  direction  of  the  segment.  Thus, 
with  respect  to  direction  the  step  BA  (Fig.  69)  is  exactly  the 
reverse  of  the  step  AB. 

Two  steps  AB  and  CD  are  said  to  be  congruent,  that  is, 

AB  = CD, 

provided  these  steps  are  not  only  equal  in  length  but  ex- 
ecuted in  the  same  sense. 

If  A,  B,  C are  three  points  ranged  along  a straight  line  in 
any  order,  that  is,  if  AB  and  BC  arc  two  steps  along  the  same 
straight  line  such  that  the  end  of  one  step  is  the  starting 
point  of  the  other,  then  the  step  AC  is  said  to  be  equal  to 
the  sum  of  the  steps  AB  and  BC;  thus, 

AB4-BC  = AC; 

and  hence  also : 

AP  - AC  - BC,  BC  = AC  - AB. 

Moreover,  if  we  suppose  that  the  point  C is  identical  with 
the  point  A,  it  toilows  that 

AB+BA  = 0 or  AB  = -BA. 

Thus,  ?t  cue  of  the  two  directions  along  a straight  line  is 
regarded  as  the  positive  direction,  the  opposite  direction  is 
to  be  reckoned  as  negative . For  example,  if  the  distance 
between  A and  B is  equal  to  12  linear  units,  and  if  we  put 
AB  = +12,  then  BA=  —12. 
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Similarly,  also,  we  may  write: 

AB+BC+CA  = 0; 

or  if  X designates  the  position  of  any  fourth  point  on  the 
straight  line,  then 

AB+BC+CX  = AX. 

‘These  ideas  will  be  found  to  be  of  great  service  in  treating 
a certain  class  of  problems  in  geometrical  optics;  and  an 
application  of  this  method  of  adding  line-segments  occurs 
in  the  following  section. 

46.  Apparent  Position  of  an  object  seen  through  a 
transparent  Slab  whose  Parallel  Sides  are  perpendicular 
to  the  Line  of  Sight. — In 

Fig.  70  the  line  of  sight 
joining  the  object-point 
Mi  with  the  spectator’s 
eye  at  E is  perpendicular 
at  Ai  and  A2  to  the  paral- 
lel faces  of  the  transpar- 
ent slab,  and  all  the  rays 
that  enter  the  eye  will 
pass  through  the  slab 
close  to  this  axial  line. 

Inside  the  slab  they  will  proceed  as  if  they  had  originated  at 
a point  Mi'  on  the  line  of  sight,  but  ^eing  again  refracted, 
they  will  emerge  into  the  surrounding  medium  as  if  they  had 
come  from  a point  M2',  which  h the  apparent  position  of  the 
object-point  as  seen  by  rays  that  are  very  nearly  perpen- 
dicular to  the  faces  of  the  slab.  If  n,  n'  denote  the  indices 
of  refraction  of  the  two  media,  then,  according  to  §§  41  and 
45,  we  may  write  the  following  equations: 

AiMi  AiMi'  . . i i a t / A2M1'  A2M2' 

- — , A2Mi'  = A2Ai+AiM1', 
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Fig.  70. — Displacement  »f  object  viewed 
perpendicularly  th^ujdi  plate  with 
plane  parallel  sides. 
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Hence,  the  apparent  displacement  of  the  object  is: 


MiM2'  = MiAi+AiA2-bA2M2' 

71 

= MiAi+AiA2H ;A2Mi* 

n 

71 

= MiAi+AiA2+—,  (A2Ai+AiMi') 

/ 1 


71  7lf  — 71 

= MiAx+AiA2(1  — — )+AiMi=  ^7~AiA2; 


accordingly,  if  the  thickness  of  the  plate  is  denoted  by 
d = AiA2,  . v 


Thus,  we  see  that  the  apparent  displacement  in  the  line  oi 


sight  depends  only  on  the  thickness  of  the  plate  and  on  tin 


relative  index  of  refraction  (n':n),  and  is  entirely  independenl 
of  the  distance  of  the  object-point  from  the  slab.  Hence 


also,  the  size  of  the  image  of  a small  object  viewed  direed} 


through  a glass  plate  is  the  same  as  that  of  the  object,  bul 
its  apparent  size  will  be  different,  because  since  the  imagt 
and  object  are  at  different  distances  from  the  eye,  the  angles 
which  they  subtend  will  be  different. 

An  object  viewed  perpendicularly  through  a glass  plat( 
surrounded  by  air  (n' : n = 3 : 2)  will  aopear  to  be  one-thirc 
the  thickness  of  the  plate  nearer  the  eye  than  it  really  is. 

If  the  displacement  of  the  objeci  u denoted  by  x,  that  is 
if  we  put  MiM'2  = a;,  then 


n'  d 


n d-x' 

This  relation  has  been  utilized  in  a method  of  determining 


the  relative  index  of  iefraction  (w':  n).  A microscope  £ 
pointed  vertically  downwards  is  focused  on  a fine  scratcl 
or  object-point  O.  A plate  of  the  material  whose  inde> 
is  to  be  determined  is  then  inserted  horizontally  betweer 
the  object  and  the  objective  of  the  microscope.  The  inter- 
position of  the  plate  necessitates  a re-focusing  of  the  micro- 
scon^:  in  order  to  see  the  object  distinctly,  which  wil 
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now  appear  to  be  at  a point  O'  nearer  the  microscope  by 
the  distance  x = 00'.  This  distance  x is  easily  ascertained 
in  terms  of  the  distance  through  which  the  objective  of  the 
microscope  has  to  be  raised  in  order  to  obtain  a distinct  image 

of  the  object.  The  thickness  of  the  plate  is  easily  measured, 
and,  consequently,  we 

have  all  the  data  for  de- 
termining the  value  of 
n'/n.  This  method  is 
especially  convenient  for 
obtaining  the  index  of 
refraction  of  a liquid 
(Fig.  71). 

47.  Multiple  Images 
in  the  two  Parallel  Faces 

of  a plate  glass  Mir-  

**0r#  object  is  l’epro-  Fig.  71. — Measurement  of  index  of  refr^?- 
duced  in  a metallic  mir-  tion  of  a li(*uid- 


ror  by  a single  image,  but  in  a glass  mirror  which  is  si.'vered 
on  the  back  side  there  will  be  a series  of  images  o'  an  object 
in  front  of  the  glass,  which  may  be  readily  seen  by  iooking  a 
little  obliquely  at  the  reflection  of  a candle-flame  in  an  or- 
dinary looking  glass.  The  first  image  will  be  comparatively 
faint,  the  second  one  the  brightest  and  meet  distinct  of  all, 
and  behind  these  two  principal  images  other  images  more 
or  less  shadowy  may  also  be  discerned  whose  intensities 
diminish  rapidly  until  they  fade  from  view  entirely.  These 
multiple  images  by  reflection  may  also  be  seen  in  a trans- 
parent block  of  glass  with  p lane  parallel  sides. 

The  light  falling  on  the  fiist  surface  is  partly  reflected  and 
paitly  refracted.  It  is  this  reflected  portion  that  gives  rise 
to  the  first  image  of  the  series.  The  rays  that  are  refracted 
across  the  plate  Ml  0e  partly  reflected  at  the  second  face, 
and,  returning  to  the  first  face,  a portion  of  this  light  will  be 
refracted  back  into  the  air  and  give  rise  to  the  second  image 
of  the  scries;  while  the  other  portion  of  the  light  will  be  re- 
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fleeted  back  into  the  glass  to  be  again  reflected  at  the  back 
face  and  so  on.  In  the  diagram  (Fig.  72)  the  source  of  the 
light  is  supposed  to  be  at  the  point  marked  S,  and  the  straight 


line  drawn  trom  S perpendicular  to  the  parallel  faces  of  t 1 
glass  Flab  meets  these  faces  in  the  points  marked  Ai  and  A, 
The  path  of  one  of  the  rays  coming  from  S is  indicated  u 
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the  figure,  and  it  can  be  seen  how  it  zigzags  back  and  forth 
between  the  two  sides  of  the  slab,  becoming  feebler  and 
feebler  in  intensity  at  each  reflection.  We  consider  here  only 
such  rays  from  S as  meet  the  surface  very  nearly  normally. 
The  series  of  images  of  S will  be  formed  at  S',  S",  S'",  etc., 
all  lying  on  the  prolongation  of  the  normal  SAiA2,  and  it  is 
because  these  images  are  all  ranged  in  a row  one  behind  the 
other,  that  ordinarily  when  we  look  in  a mirror  we  do  not  see 
the  images  separated. 

The  reflected  ray  1 proceeds  as  if  it  had  come  from  S',  the 
position  of  this  point  being  determined  by  the  relation  A]S'  = 
SAi.  But  the  refracted  ray  crosses  the  slab  as  if  it  had  come 
from  the  point  T,  the  position  of  which  is  determined  by  the 
relation  TAi  = n.SAi,  where  n denotes  the  index  of  refraction 
of  the  glass  (the  other  medium  being  assumed  to  be  air  of 
index  unity).  Arriving  at  the  second  face,  this  ray  will  be 
reflected  as  if  it  had  come  from  a point  U such  that  A2U  = 
TA2.  Returning  to  the  first  surface,  it  will  be  partly  re- 
fracted out  into  the  air  as  the  ray  marked  2 proceeding  as 
if  it  came  from  the  second  image-point  S",  the  position  of 
which  is  determined  by  the  relation  AiS"  = AiU/w;  and  also 
partly  reflected  as  if  it  had  come  from  a point  V such  that 
VAi  = AiU.  The  ray  is  reflected  a second  time  at  the  second 
face,  as  if  it  came  from  the  point  W,  where  A2W  - VA2,  and 
being  once  more  refracted  at  the  first  face,  emoiges  into  the 
air  as  the  ray  marked  3,  appearing  now  to  ccme  from  the 

i 

image-point  marked  S'"  determined  by  the  relation  AiS"'  = 

A m/n. 

What  is  the  interval  between  ore  image  and  the  next? 
For  example,  let  us  try  to  obtain  no  expression  for  the  inter- 
val S"S"'.  This  may  be  done  as  follows: 

■ S"S",  = S"A1+AiS'"; 

AiS'"  = A1W/n=  (AlA!-|-A2W)/n=  (A1A2+VA2)/n 
m = (AiA2-fVA1-|-A1A2)/n=  (AiU-)-2AiA2)/m 

■ =kS"+‘Mhi; 


I 
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where  d = A1A2  denotes  the  thickness  of  the  glass  plate. 
Hence,  we  find: 


n 


It  appears,  therefore,  that  the  distance  between  one  image  ) 

o 

and  the  next  is  constant  and  equal  to  - times  the  thickness 


of  the  plate.  Thus,  for  a glass  plate  for  which  n = 3/2  the 
distance  from  one  image  to  the  next  is  equal  to  4/3  the  thick- 

9 

ness  of  the  plate.  JJ 


PROBLEMS 


1.  A ray  of  light  traverses  in  succession  a series  of  isotropic 
media  bounded  by  parallel  planes,  and  emerges  finally  into  5 
a medium  with  the  same  index  of  refraction  as  that  of  the 
first  medium.  Show  that  the  final  path  of  the  ray  is  parallefll 

to  its  original  direction.  ■ 

2.  Construct  accurately  the  paths  of  six  rays  proceeding 
from  a point  below  the  horizontal  surface  of  water  and  re- 
fracted into  air;  and  show  where  the  obi  3ct-point  will  appear 
to  be  as  seen  by  an  eye  above  the  surface  of  the  water,  for 

three  different  positions  of  the  eve  1 

3.  Why  does  the  part  of  a stick  obliquely  immersed  in 

water  appear  to  be  bent  up  towards  the  surface  of  the  water? 
Explain  clearly.  1 


n Tt  • d 

4.  Derive  the  formula  -=-  for  the  refraction  of  paraxial 

u u 

* 

rays  (§63)  at  a plane  surface.  ]] 

5.  A ray  of  light  incident  on  a plane  refracting  surface  at 
an  angle  c;  crosses  a straight  line  drawn  perpendicular  to  the 
surface-  at-  a distance  v from  this  surface.  How  far  from  the 
suno.ee  does  the  refracted  ray  cross  this  line? 

6.  If  a bird  is  36  feet  above  the  surface  of  a pond,  how  high 
Ices  it  look  to  a diver  who  is  under  the  water?  What  is  the 
apparent  depth  of  a pool  of  water  8 feet  deep? 

Ans.  48  feet  above  the  surface;  6 feet. 
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7.  What  will  be  the  effect  on  the  apparent  distance  of  an 
object  if  a slab  of  transparent  material  with  plane  parallel 
sides  is  interposed  at  right  angles  to  the  line  of  vision? 

Ans.  It  will  appear  to  be  nearer  the  eye  by  the  amount 
(n—l)d/n,  where  d denotes  the  thickness  of  the  slab  and  n 
denotes  the  index  of  refraction  of  the  material. 

^8?)A  cube  of  glass  of  index  of  refraction  1.6  is  placed  on  a 
v/  flat,  horizontal  picture;  where  does  the  picture  appear  to  be 
to  an  eye  looking  perpendicularly  down  on  it? 

Ans.  It  will  appear  to  be  raised  three-eighths  of  the  thick- 
ness of  the  cube. 

9.  A microscope  is  placed  vertically  above  a small  vessel 
and  focused  on  a mark  on  the  base  of  the  vessel.  A layer  of 
transparent  liquid  of  depth  d is  poured  in  the  vessel,  and  then 
it  is  found  that  the  image  of  the  mark  has  been  displaced 
through  a distance  x which  is  determined  by  re-focusing  the 
microscope.  Show  that  the  index  of  refraction  of  the  liquid 
is  equal  to  d/(d  — x) . 

.10.  In  an  actual  experiment  made  by  the  above  methoci  it> 
determine  the  index  of  refraction  of  alcohol,  the  depth  of  the 
liquid  was  4 cm.,  and  the  displacement  of  the  imaqe  was 
found  to  be  1.06  cm.  What  value  was  found  for  rhe  index  of 
alcohol?  Ans.  1.36. 

— 11.  A candle  is  observed  through  a t?.nk  of  water  with 

N vertical  plane  glass  walls.  The  line  of  s.gt.t  is  perpendicular 
to  the  sides  of  the  tank,  the  candle  being  15  cm.  fiom  one 
side  and  39  cm.  from  the  opposite  side.  What  is  the  apparent- 
position  of  the  candle?  (Neglect  the  effect  of  the  thin  glass 
walls.)  Ans.  It  appears  to  be  9 cm.  from  the  near  side. 

12.  N If  an  object  viewed  normally  through  a plate  of  glass 
with  plane  parallel  faces  seems  to  be  five-sixths  of  an  inch 

nearer  than  it  really  is,  how  thick  is  the  glass? 

Ans.  2.5  inches. 

13.  A laye:  of  ether  2 cm.  deep  floats  on  a layer  of  water 

3 cm.  deec.  What  is  the  apparent  distance  of  the  bottom  of 
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the  vessel  below  the  free  surface  of  the  ether?  (Take  ind  3X  of 
refraction  of  water=1.33  and  of  ether=1.36.) 

Ans.  3.73  cm.. 

A person  looks  perpendicularly  into  a mirror  made 
of  plate  glass  of  thickness  one-half  inch  silvered  on  the  back. 
If  his  eye  is  at  a distance  of  15  inches  from  the  front  face, 
where  will  his  image  appear  to  be? 

Ans.  15“/3  inches  from  the  front  face. 

15.  When  a stick  is  partly  immersed  in  a transparent 
liquid  of  index  n at  an  angle  6 with  the  free  horizontal  sur- 
face, what  is  the  angle  6 ' which  the  part  of  the  stick  below 
the  surface  appears  to  make  with  the  horizon  as  seen  by  an 
eye  looking  vertically  down  on  it  from  the  air  above  the 


liquid? 


Ans.  tan  Q ' = 


tan  6 


n 


1G.  Calculate  the  values  of  the  angles  of  refraction  por 
ail  angles  of  incidence  from  0°  to  90°,  at  intervals  of  5°, 
for  each  of  the  following  values  of  the  relative  fLa  of  re- 
fraction, namely:  2.40,  2.00,  1.75,  1.50,  1.25  and  1.00;  and 
plot  the  results  on  a sheet  of  coordinate  paper,  obtaining  a 
set  of  curves  representing  the  angle  of  refiaciion  as  a function 
of  the  angle  of  incidence. 

17.  The  critical  angle  of  an  optica,  medium  of  index  n is 
given  by  the  formula  sinA  = 1/n.  Give  n in  succession  the 
values  n = 1.0,  n = 1.2,  n =1-1,  etc.,  up  to  n = 3.0;  and 
calculate  the  corresponding  values  of  the  angle  A.  On  a 
sheet  of  coordinate  paper  plot  a curve  which  represents  the 
critical  angle  as  a function  of  the  index  of  refraction.  (It 
will  be  convenient  tc  cake  the  vertical  axis  of  coordinates  as 
corresponding  to  the  value  n = 1.) 


CHAPTER  V 


REFRACTION  THROUGH  A PRISM 

48.  Definitions,  etc. — An  optical  prism  is  a limited  portion 
of  a highly  transparent  substance  with  polished  plane  faces 
where  the  light  is  reflected  or  refracted.  Prisms  in  a 
great  variety  of  geometrical  forms  and  combinations  are 
employed  in  many  types  of  modern  optical  instruments  (cf. 
§§  20,  37) ; but  in  this  chapter  the  term  prism  will  be  re- 
stricted to  mean  a portion  of  a transparent,  isotiopic  sub- 
stance included  between  two  polished  plane  faces  that  are 
not  parallel.  The  straight  line  in  which  the  planes  of  the 
two  faces  meet  is  called  the  edge  of  the  prism,  and  the  di- 
hedral angle  between  these  planes  is  called  the  refracting  angle. 
This  angle,  which  will  be  denoted  by  the  symbol  /3,  may  be 
more  precisely  defined  as  the  convex  angle  through  which  the 
first  face  of  the  prism  has  to  he  turned  around  the  edge  of  the 
prism  as  axis  in  order  to  bring  this  face  into  coincident  rnth 
the  second  face.  The  first  face  of  the  prism  is  that  sifp  where 
the  rays  enter  and  the  second  face  is  the  side  from  which  the 
rays  emerge.  Every  section  made  by  a plane  peipendiculai 
to  the  edge  of  the  prism  is  a principal  sec  icn , and  we  shall 
consider  only  such  rays  as  traverse  the  prsin  in  a principal 
section,  not  only  because  the  problem  of  oblique  refraction 
through  a prism  presents  some  difficulties  which  are  beyond 
the  scope  of  this  volume,  but  especially  because  in  actual 
practice  the  principal  rays  ar^  usually  confined  to  a principal 
section  of  the  prism.  It  will  also  be  assumed,  for  simplicity, 
that  the  prism  is  sum/mded  by  the  same  medium  on  both 

sides. 

I.  Geometrical  Investigation 

49.  Construction  of  Path  of  a Ray  Through  a Prism.— 

The  plane  o:‘  the  diagram  (Fig.  73)  represents  the  principal 
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section  of  a prism  whose  edge  meets  this  plane  peipendicu- 
larly  at  the  point  marked  V.  The  traces  of  the  two  plane 
faces  are  shown  by  the  straight  lines  ZiV,  Z2V  intersecting  al 
Y.  The  straight  line  ABi  represents  the  path  of  the  giver 
incident  ray  lying  in  the  plane  of  the  principal  section  anc 


pIG#  73. — Construction  of  path  of  ray  throe  gi.  principal  section 

of  prism  (n'>n). 


falling  on  the  first  face  of  the  prism  at  the  incidence  point  Bi 
The  problem  of  constructing  the  path  of  the  ray  both  withir 
the  prism  and  after  emergence  irom  it  is  solved  by  a methoc 

essentially  the  same  as  Pvt  employed  in  § 34. 

Let  n denote  the  index  of  refraction  of  the  medium  sur- 
rounding the  prism  and  n'  the  index  of  refraction  of  the  prism 
medium  itself.  With  the  point  V as  center,  and  with  radi 

equal  to  r and  -,.r,  where  the  radius  r may  have  any  con- 

7% 

venient  Li.gth,  describe  the  arcs  of  two  concentric  circles  botl 
lying  within  the  angle  Z2VE,  where  E designates  a point  or 
th  * prolongation  of  the  straight  line  ZiV  beyond  \ . Througt 
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V draw  a straight  line  VG  parallel  to  ABi  meeting  the  arc 
of  radius  nr  In'  in  the  point  designated  by  G;  and  through 
the  point  G draw  a straight  line  GE  perpendicular  at  E to 
the  first  face  of  the  prism  (produced  if  necessary),  and  let  H 
designate  the  point  where  the  straight  line  GE  (likewise 
produced  if  necessary)  meets  the  circumference  of  the  other 
the  two  circular  arcs.  Then  the  straight  line  BiB2  drawn 
parallel  to  the  straight  line  VH  will  represent  the  path  of 
the  ray  within  the  prism.  For  if  the  straight  line  N1N1'  is  the 
incidence-normal  to  the  first  face  of  the  prism  at  the  point 
Bi,  and  if  the  angles  of  incidence  and  refraction  at  this  face 
are  denoted  by  ai=ZNiBiA,ai'=ZNVBiB2,  then  by  the 
law  of  refraction : 


:i 


n.  sin  ai  — nr.  sin  a/. 


But  by  the  construction : 

sinZEGV  VH 


n 

n 


sinZEHVVG 

and  since  Z EGV  = Z NiBiA  = ai,  it  follows  that  Z EHV  = c,'; 
and  hence  the  path  of  the  ray  within  the  prism  must  be 

parallel  to  VH. 

Again,  from  the  point  H let  fall  a perpendicular  HF  on 
the  second  face  of  the  prism,  where  F designates  i he  foot  of 
this  perpendicular;  and  let  J designate  the  point  where  HF 
intersects  the  arc  of  radius  nr  In'.  Then  the  straight  line 
! B2C  drawn  from  the  incidence-point  B2  parallel  to  the  straight 
, line  VJ  will  represent  the  path  of  the  emergent  ray.  For  if 
,(f  we  draw  N2N2'  perpendicular  to  the  second  face  of  the  prism 
at  B2,  and  if  the  angles  of  incidence  and  refraction  at  this 
] | face  are  denoted  by  a2=ZN2B2Bi,  a2'=ZN2'B2C,  re- 
1 *pectively,  then  n' . sin  a?  = • n . sin  a2'.  But 


it« 


sin  / FJV  VH 


I cmZFHV  VJ  n 

and  since  bv  construction  Z FHV  = a2,  it  follows  that 
ZFJV=a2',  an  1 hence  the  path  of  the  emergent  ray  will 
be  parallel  to  VJ. 


► • ^ r • ••  J ♦ ■ 1 mi 


|.^  . • • . • 9 


I-  AU 


i.Txm  v/io«  x i lOJllli?  U»11U. 


L§  50 


X 


tr 


The  diagram  (Fig.  73)  is  drawn  for  the  case  when  nf>n,  as  J1 
n the  ordinary  case  of  a glass  prism  surrounded  by  air.  The  ' 
student  should  draw  also  a diagram  for  the  other  case  when 
%' <n,  showing  the  procedure  of  a ray  through  a prism  of  less  fi; 
lighly  refracting  substance  than  that  of  the  surrounding  ‘ 
nedium,  for  example,  an  air  prism  surrounded  by  glass,  such 
is  is  formed  by  the  air-space  between  two  separated  glass 

prisms.  II 

50.  The  Deviation  of  a Ray  by  a Prism. — The  total  de- 
nation  of  a ray  refracted  through  a prism,  which  is  equal  to 
she  algebraic  sum  of  the  deviations  produced  by  the  two 
•efractions  (§  35) , may  be  defined  as  the  angle  e = €i+  e2 
;hrough  which  the  direction  of  the  emergent  -ay  must  be 
urned  in  order  to  bring  it  into  the  direction  of  the  incident  ! 
•ay;  thus,  in  Fig.  73,  e=ZJVG;  and  if  the  angle  e is  meas-  L 
ired  in  radians,  the  arc  JG=  €.JV.  In  order  to  specify  I!1 
jompletely  an  angular  displacement,  it  is  necessary  to  give  P 
lot  only  the  magnitude  of  the  ingle  and  the  sense  of  rotation 
if  the  radius  vector,  but  also  the  plane  in  which  the  displace- 
nent  occurs.  This  plane  may  be  specified  by  giving  the 
lirection  of  a line  pero  ui  dicular  to  it,  which  in  the  case  of 
;he  angle  here  under  consideration  may  be  the  edge  of  the 
prism  or  any  line  parallel  to  it;  because  any  such  line  will 
pe  perpendicular  to  the  principal  section  of  the  prism  in 
vhich  the  ray  lies.  In  fact,  the  angle  e may  be  completely* 
•epresenied  in  a diagram  by  a straight  line  drawn  parallel 
:o  the  edge  of  the  prism,  which  by  its  length  indicates  the 
nagmlude  of  the  angle  and  by  its  direction  shows  the  sensei 
it  rotation.  Thus,  for  example,  the  line  may  be  drawn  along 
he  edge  of  the  prism  itself  from  a point  V in  the  plane  of  the 
principal  section  and  always  in  such  a direction  that  on  4 
ooking  along  the  line  towards  that  plane  ZJVG=e  wi 
pe  seen  to  be  a counter-clockwise  rotation.  A deviation  of 
20°  in  a principal  section  coinciding,  say,  with  the  plane  of 
;he  paper  would  be  represented,  therefore,  by  a straight  line 
perpendicular  to  this  plane  of  length  20  cm.,  if  each  degree 


Ray  ‘ 1 Grazes  ’ ’ one  Face  of  Prism 
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(were  to  be  represented  by  one  centimeter.  If  e = + 20°,  this 
le  would  point  out  from  the  paper  towards  the  reader,  and 
if  € = -20°,  it  would  point  away  from  him.  Thus,  if  the 
if>rtjprism,  originally  “base  down,”  is  turned  “base  up”  (as  the 
ijjppticians  say),  everything  else  remaining  the  same,  the  sign 
'^jbf  the  angle  e will  be  reversed,  and  so  also  will  be  the  direc- 
* i, cion  of  the  vector  which  represents  this  angle. 
wm  51.  Grazing  Incidence  and  Grazing  Emergence. — The 
jingle  GHJ  between  the  normals  to  the  two  faces  of  the  prism 
equal  to  the  refracting  angle  /J;  and  hence  for  a given  prism 
his  angle  will  remain  always  constant.  No  matter  how  the 
Fjlirection  of  the  incident  ray  ABi  (or  VG)  may  be  varied, 
«l  jhe  vertex  H of  this  angle  will  lie  always  on  a certain  portion 
d)f  the  circumference  of  the  construction-circle  of  radius  r, 
tfzfjiind  the  sides  HG,  HJ  will  remain  always  in  the  same  fixed 
lirections  perpendicular  to  the  faces  of  the  prism.  Obviously, 
ere  will  be  two  extreme  or  limiting  positions  of  the  point  H 
.narking  the  ends  of  the  arc  on  which  it  is  confined,  namely, 
.*^y|hej  positions  which  H has  when  one  of  the  sides  of  the  angle 
3HJ  is  tangent  to  the  circle  of  radius  nrjn';  which  can  occur 
)nly  for  the  case  when  n'>n , because  otherwise  the  point  F 
k vill  lie  inside  the  circumference  of  this  circle  and  thereh  re 
rjjjju  t will  be  impossible  for  either  HG  or  HJ  to  be  tangent  to  it. 
,,itf  l If  the  side  HG  is  tangent  to  the  inner  circle  at  G,  as  shown 
n Fig.  74,  the  point  G will  lie  in  the  plane  of  tht  first  face 
O fi  the  prism,  and  accordingly  the  corresponding  ray  incident 
•n  the  first  face  of  the  prism  at  the  point  Bi,  which  must 
jtave  the  direction  VG,  will  be  the  ray  Z:Bi  which,  entering 
he  prism  at  “ grazing ” incidence  (r.!^90°),  traverses  the 
♦risin  as  shown  in  the  figure. 

On  the  other  hand,  when  the  siae  HJ  of  the  angle  GHJ  is 
.jangent  at  J to  the  construction-circle  of  radius  nr/n'  (Fig.  75), 
;rvj  he  point  J will  lie  in  the  second  face  of  the  prism,  and  the 
raight  line  VJ  will  ccmcide  with  the  straight  line  VZ2. 
nder  these  circumstances  the  ray  emerges  from  the  prism  at 
2 along  the  second  face  in  the  direction  B2Z2(a2'  = —90°). 
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The  straight  line  KB!  shows  the  path  of  the  ray  incident  on  in 
the  first  face  of  the  prism  at  Bi  which  "grazes”  the  second  L . 
face  on  emerging  from  the  prism.  Any  ray  incident  at  Bi  and  j\ 
lying  in  the  principal  section  of  the  prism  within  the  ang^B, 
KB1Z1  will  succeed  in  getting  through  the  prism  and  emerging 


>/ 


into  the  surrounding  medium  again;  whereas  if  the  ray  in- 
cident at  Bi  lies  anywhere  within  the  angle  VBiK,  it 
be  totally  reflected  at  the  second  face  of  the  prism.  The 
ray  KL’i  is  called  the  limiting  incident  raxj  and  ZNiBiK=i 
is  due  limiting  angle  of  incidence.  These  relations  willj&e  1 
dn cussed  more  fully  in  the  analytical  investigation  of  the 
'path  of  a ray  through  a prism  (§§  55,  foil.);  but  it  maybe 
remarked  that  ZGHV=  a/  in  Fig.  74  and  Z JHV=  a2  in 
Fig.  75  are  both  equal  to  the  critical  angle  A (§  36)  with 
respect  to  the  two  media  n,  n'  (sin A = n/n  ).  I 


f- 


i 
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52.  Minimum  Deviation. — Between  the  two  extreme  or 
terminal  positions  of  the  vertex  H of  Z GHJ  shown  in 
Figs.  74  and  75,  there  is  also  an  intermediate  place  which  is 
of  special  interest  and  importance  and  to  which,  therefore, 
attention  must  be  called.  In  general,  the  sides  HG,  HJ  inter- 

/ 


cepted  between  the  two  construction-circles  (Fig.  73)  will 
be  unequal  in  length,  but  if  HG  = HJ,  as  in  I ig.  76,  the  angles 
GVJ,  GHJ  and  EVF  will  evidently  an  be  bisected  by  the 
diagonal  VH  of  the  quadrangle  VGH.T.  When  this  happens, 
the  path  BiB2  of  the  ray  inside  ihe  prism,  which  is  parallel 
to  YH,  crosses  the  prism  symmetrically,  that  is,  the  triangle 
YBiB2  is  isosceles.  In  fact,  the  points  designated  in  the  dia- 
gram by  the  letters  V,  D and  0 will  be  the  summits  of  isos- 
celes triangles  having  the  common  base  BiB2,  and  they  will 
all  lie  therefore  on  the  bisector  of  the  refracting  angle  (3  = 


■ 
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ZZiVZ2,  which  is  perpendicular  to  VH.  The  angle  of  in- 
cidence at  the  first  face  and  the  angle  of  emergence  at  the 
second  face  are  equal  in  magnitude,  although  they  are  de-  [ 
scribed  in  opposite  senses,  so  that  a2'=  - cn.  The  same  is 
true  also  in  regard  to  the  angles  which  the  ray  makes  inside 


Now  when  the  ray  traverses  the  prism  symmetrically,  as 
represented  in  Fig.  7b,  the  deviation  e has  its  least  value 
e0.  In  order  to  show  that  this  is  true,  it  will  be  convenient 
to  reproduce  the  symmetrical  quadrangle  VGHJ  in  Fig.  76 
in  a separate  diagram,  as  in  Fig.  77.  Suppose  that  H'  desig- 
nates the  eosition  of  a point  infinitely  near  to  H lying  likewise 
on  the  ate  of  the  circle  of  radius  r,  and  draw  H'G',  H'J' 
parallel  to  HG,  HJ  and  meeting  the  arc  of  the  other  circle 
in  the  points  G',  J',  respectively.  In  the  figure  the  point  H' 
is  taken  below  the  point  H,  and  in  this  case  it  is  plain  that 
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the  two  parallels  HJ,  H'J'  will  meet  the  circumference  of 
the  inner  circle  more  obliquely  than  the  other  pair  of  parallel 
lines  HG,  H'G',  and,  consequently,  the  infinitely  small  arc 
J'J  intercepted  between 
the  first  pair  will  be 
greater  than  the  arc  G'G 
intercepted  between  the 
second  pair.  Hence,  the 
small  angle  J'VJ  will  be 
greater  than  Z G'VG,  and 
therefore 

Z J'VG'>Z  JVG. 

The  angle  JVG  here  is  the 
angle  of  deviation  ( eG)  of 
the  ray  that  goes  sym- 
metrically through  the  prism;  whereas Z J'VG'  = e is  the  angle 
of  deviation  of  a ray  which  traverses  the  prism  along  a very 
slightly  different  path.  And  according  to  the  above  reason- 
ing (for  we  shall  arrive  at  the  same  result  if  we  take  the 
point  H'  also  above  H),  we  find: 


Fig.  77. — Case  of  minimum  deviation. 


e>  eQ. 


Accordingly,  we  see  that  the  ray  which  traverses  the  prim  sym- 
metrically in  the  plane  of  a principal  section  is  aho  ihe  ray 
which  is  least  deviated. 

It  is  easy  to  verify  this  statement  experimentally.  Thus, 
for  example,  if  a bundle  of  parallel  rays  is  edowed  to  fall  on 
an  isosceles  triangular  prism,  so  that  while  some  of  the  rays 
are  incident  on  one  of  the  equal  faces  and  are  transmitted 
through  the  prism,  the  other  rays  of  the  bundle  are  reflected 
from  the  base  of  the  prism,  as  vepiesented  in  (1)  in  Fig.  78; 
and  if  then  the  prism  is  gradually  turned  around  an  axis 
parallel  to  its  edge,  first,  into  position  (2),  which  is  the  posi- 
tion of  minimum  deviation,  and  then  past  this  position  into 
a third  position  (3).  ;t  will  be  observed  that  when  the  prism 
is  in  the  position  of  minimum  deviation  the  rays  reflected 
from  the  base  will  be  parallel  to  the  rays  which  emerge  at 
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the  second  face  of  the  prism;  which  can  only  be  the  case 
when  the  rays  cross  the  prism  symmetrically. 

In  spectroscopic  work  and  in  many  other  scientific  uses  of 

the  prism,  the  position  of  mini- 
mum deviation,  which  is  easily 
found,  is  frequently  the  most 
convenient  and  advantageous  ad- 
justment of  the  prism  for  purposes 
of  observation. 

53.  Deviation  away  from  the 
Edge  of  the  Prism. — When  a ray 
of  light  passes  through  a prism  of 
more  highly  refracting  material 
than  that  of  the  surrounding  me- 
dium (n’>n),  the  deviation  is  al- 
ways away  from  the  edge  towards 
the  thicker  part  of  he  prism. 

If  the  angles  of  che  triangle 
VBdL  (Fig.  79)  at  Bi  and  B2  are 
both  acute,  the  incident  and 
emergent  r p.yj  lie  on  the  sides  of 
the  normals  at  Bi  and  B2  away 
F,Q-  from  *he  prism-edge,  so  that  at 

prism  symmetrically  is  ray  both  ) efractions  the  ray  will  be 
of  minimum  deviation.  bpi)t  away  from  the  edge.  If 

one  of  the  angles,  say,  the  angle  at  B2,  is  a right  angle, 
the  ray  will  not  be  deviated  at  all  by  the  refraction  at 
this  point,  but  at  the  other  incidence-point  it  will  be  bent 
away  from  the  edge.  And,  finally,  if  one  of  the  angles  at  Bi 
or  B2  is  obtr.se,  lor  example,  the  angle  at  Bi  (Fig.  80),  the 
deviation  on  entering  the  prism  will,  it  is  true,  be  towards 
the  edge  of  the  prism,  but  this  deviation  will  not  be  so  great 
as  the  subsequent  deviation  away  from  the  edge  which  is 
produced  at  the  second  refraction  when  the  ray  issues  from 
the  prism,  as  may  be  easily  seen  from  the  diagram.  T'1 
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in  every  case  when  n’>n,  the  total  deviation  will  be  away 
from  the  prism-edge. 

If  n'<n,  all  these  effects  will  be  reversed. 


, 


-54.  Refraction  of  a Plane  Wave  Through  a Prism  - 

diagram  (Fig.  81)  shows  a principal  section  of  the  prism, 
and  the  straight  line  BiD  represents  the  trace  of  a plane 
wave  (supposed  to  be  perpendicular  to  the  plane  of  the 
paper  and  parallel  therefore  to  the 
edge  of  the  prism)  advancing  to- 
wards the  first  face  of  the  prism  in 
the  direction  DV  at  right  angles  to 
BiD.  If  around  the  point  Bi,  which 
lies  in  the  first  face  of  the  prism,  the 
arc  of  a circle  is  described  with  kv 

dius  BE  = -,DV,  then,  accoi ding  to 

f If 

HUYGENSS  principle  (§  5),  the  Fig.  80.— Deviation  away 
straight  line  VE  tangent  to  this  circle  from  edge  of  piW 

at  E will  represent  the  Lace  of  the  wave-front  inside  the  prism. 
Let  the  straight  line  BiE  meet  the  second  face  of  the  prism 

at  B2.  Around  V as  center  with  radius  VF=-  EB2  describe 

n 

the  arc  of  a circle;  then  the  straight  line  B2F  tangent  to  this 
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circle  at  F will  represent  the  trace  of  the  emergent  wave- 
front. 

The  disturbance  at  any  point  C will  have  emanated  from 

some  point  on  ABi,  and  the  time 
taken  by  the  light  to  go  from  Bi  to 
B2'  inside  the  prism  will  be  the 
same  as  that  required  to  go  from 
D to  F in  the  surrounding  me- 
dium (§  39) ; that  is,  the  optical 
lengths  along  these  two  routes 
are  equal.  For,  as  appears  from 

Fig.  81. — Refraction  of  plane  the  construction, 

wave  through  prism.  »(DV+ VF)  = w'.B^. 

An  excellent  and  most  instructive  mechanical  illustration 
of  the  refraction  of  a plane  wave  through  a prism  can  be  ob- 
tained by  using  the  roller  and  tilted  board  described  in  § 32 
with  a triangular  piece  of  plush  cloth  a in  3d  in  the  middle 
of  the  board  to  represent  the  prism  (set  Fig.  45) . 


II.  Analytical  hiVestigation 

m 

55.  Trigonometric  Calculation  of  the  Path  of  a Ray  in  a 
Principal  Section  of  a Pusm. — The  angles  of  incidence  and 
refraction  at  the  first  and  second  faces  of  the  prism,  denoted 
by  ai,  a.\  and  a2,  a/,  ure,  by  definition  (§  27),  the  acute  angles 
through  which  rhe  normals  to  the  refracting  surfaces  at  the 
incidence-poim  s have  to  be  turned  in  order  to  bring  them  into 
coincidence  with  the  incident  and  refracted  rays  at  the  two 
faces  01  the  prism;  thus,  in  Fig.  73,  ZNiBiA=  ai,  ZNi'BiB2 
= , Z N2B2Bi=  a2,  ZN2'B2C=  ci2\ 

Assuming  that  the  prism  is  surrounded  by  the  same  me- 
dium on  both  sides,  and  being  careful  to  note  the  sense  of 
rotation  of  each  of  the  angles,  we  obtain  by  the  law  of  re- 
fraction, taken  in  conjunction  with  the  obvious  geometrical 
relations  as  shown  in  the  figure,  the  following  system  of 


§56] 


Total  Reflection  in  Prism 


125 


equations  for  calculating  the  path  of  a ray  through  a prin- 
cipal  section  of  a prism: 

n'.sin  ai'  = n.sin  ai,  a 2=cti/— /?,  n.sin  a2'  = n'.sin  a2. 
Combining  these  formulae  so  as  to  eliminate  a/  and  a2,  we 
may  derive  the  following  convenient  -expression  for  deter- 
mining the  angle  of  emergence  (a2')  at  the  second  face  of  the 
prism  : 

ft2.  sin2ai 


sin  a2'  = sin  ai . cos /3  — sin  /8 


n 


Thus,  if  we  know  the  value  of  the  relative  index  of  refraction 
in' In)  and  the  refracting  angle  of  the  prism  (/3=Z  ZiVZ2), 
we  can  calculate  the  angle  of  emergence  ( a2')  corresponding 
to  any  given  direction  ( ai)  of  the  ray  incident  on  the  first 
face  of  the  prism. 

1 he  total  deviation  ( e ) of  a ray  refracted  through  a prism 
is  measured,  as  defined  above  (§  50),  by  Z JVG,  and  since 
this  angle  is  equal  to  the  external  angle  at  D in  the  triangle 
DBiB2,  we  have: 

e = ZB2B1D+ZDB2B1 

= Z Ni'BJD - Z NiB^+Z DB2N2  - ZB^N, 

= a,i—  oil'—  a2'-f-  a2; 

and  since  a/—  a2=/3,  we  obtain  finally  the  following  ex- 
pression for  the  angle  of  deviation: 

e=  ai  - a.2  — /?.  v 

These  formulae  contain  the  whole  theory  of  the  retraction  of 
a ray  through  a prism  in  a principal  section,  it  will  be  in- 
teresting to  discuss  analytically  some  of  the  special  cases 
which  we  have  already  studied  in  the  preceding  sections  of 
this  chapter. 

56.  Total  Reflection  at  the  Seccuu  Face  of  the  Prism. — 

If  the  angle  of  emergence  at  the  second  face  of  the  prism  is 
a right  angle,  that  is,  if  a2'=  -90°,  the  emergent  ray  B2C 
will  issue  from  the  prism  a long  the  second  face  in  the  direc- 
tion B2ZX  (Fig.  75).  Heme,  sin a2=-,. sin a2'=  - — „ and  there- 

n nn 

« fore  a2=  - A,  where  \ denotes  the  critical  angle  (§  36)  of  the 


n 

fci] 

:«i  \ 
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Tl 

media  n,  nf,  defined  by  the  relation  sinA  = — If  the  absolute 

value  of  the  angle  a2  is  greater  than  A,  the  ray  will  be  totally 
reflected  at  the  second  face  of  the  prism,  and  there  will  be  no 
emergent  ray.  This  case  may  be  discussed  in  some  detail. 

For  a prism  of  given  refracting  angle  ( /3),  there  is  a certain 
limiting  value  (1)  of  the  angle  of  incidence  ( cii)  at  the  first 
face  of  the  prism  (§  51)  for  which  we  shall  have  at  the  second 


Fig.  82. — Prism  w*th  refracting  angle  P — 2A. 


face  the  values  n2==  -A,.a2'  = -90°;  so  that  a ray  which  is 
incident  on  the  first  face  of  the  prism  at  an  angle  less  than  the 
limiting  amfc  1 will  not  pass  through  the  prism  hut  will  be 
totally  reflect*  a at  the  second  face.  Putting  a2=  — A,  we  find 
ai'=  £ - A,  and  therefore,  since  ai  = 1, 


smi=  — sin 
n 


63 -A), 


which  is  the  trigonometric  formula  for  computing  the  value 
of  the  limiting  angle  of  incidence  for  a given  prism.  It  will 
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be  worth  while  to  examine  this  formula  for  certain  particular 
values  of  the  refracting  angle  (3. 


n 


(1)  If  (3>2A,  then,  since  sinA  = , the  formula  shows  that 

rt 


sin  l will  be  greater  than  unity,  so  that  for  a prism  of  this 
form  there  is  no  angle  corresponding  to  the  limiting  angle  t. 
No  ray  can  be  transmitted  through  a prism  whose  refracting 
angle  is  more  than  twice  as  great  as  the  critical  angle  of  the  two 
media  in  question.  A prism  of  this  size  is  called  a totally 


Fig.  83. — Prism  with  refracting  angle  = A 


reflecting  prism;  if  it  is  made  of  glass  of  in  lex  1 . 5 and  sur- 
rounded by  air,  the  refracting  angle  shoJd  be  about  84°  at 


least. 

(2)  If  /3  = 2A,  we  find  that  t = 90 J;  which  is  the  case  repre- 
sented in  Fig.  82.  The  only  ray  tnat  can  get  through  this 
prism  is  the  ray  that  traverser  it  symmetrically,  entering  the 
prism  along  one  face  and  leaving  it  along  the  other. 

(3)  If  /3>  A but  <?A  (tnat  is,  if  2A>  j3>  A),  the  value  of 
the  angle  t as  determined  by  the  formula  above  will  be  com- 
prised between  90°  and  0°.  This  is  the  case  which  was  shown 
in  Fig.  73.  The  direction  of  the  limiting  incident  ray  is  be- 
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tween  Z1B1  and  N1B1;  that  is,  ZViBK  will  be  an  obtuse  I 
angle. 

(4)  If  /3  = A,  we  find  t = 0°,  and  then  the  limiting  incident 

ray  will  proceed  along  the 
normal  NiBi,  as  shown  in 
Fig.  83,  and  Z VBxK  (or 
ZYBiA)  will  be  a right 
angle. 

(5)  Finally,  if  (3  < A,  the 
limiting  angle  of  inci- 
dence (i)  will  be  negative 
in  sign;  and  therefore  in  a 
more  or  less  thin  prism  of 
this  description  the  limit- 
ing incident  ray  KBt  will 
fall  on  the  side  of  the 
normal  NiBi  towards  the 
apex  V of  the  prism,  so  that  the  angle  VB.K  will  be  an 
acute  angle  (Fig.  84). 

Any  ray  incident  on  the  first  face  of  r,h3  prism  at  Bi  and 
lying  within  the  angle  KBjZi  will  be  transmitted  through 
the  prism;  whereas  if  the  ray  fa  Is  within  the  supple- 
mentary angle  VBxK,  it  will  be  totally  reflected  at  the 
second  face. 

In  Kohlrausch’s  method  of  measuring  the  relative  index 
of  refraction  (— ),  the  prism  is  adjusted  so  that  the  incident 


ray  “grazes”  the  fPsc  face,  and  then  if  the  refracting  angle 
of  the  prism  (;3)  is  known,  and  if  the  angle  of  emergence 
(a2')  is  meacined,  the  value  of  n'\n  may  be  calculated  by 


means  of  the  formula: 

s' 

\ 


>/' 


cos  jd  -f  sin 


, (ax  = 90°). 


n ’ sin 

The  principle  of  total  reflection  is  also  employed 
prism  Tefractometers  of  Abbe  and  Pulfrich  for  measure- 
ment of  the  index  of  refraction. 
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57.  Perpendicular  Emergence  at  the  Second  Face  of  the 
Prism. — For  this  case  we  have  a2  = a2'  = 0°,  and  therefore 

a/  = ^ ai=  jS+€,  and  hence: 

n’  sin(/3  + €)  . 
n ~~  sin/3 

which  is  also  a convenient  formula  for  the  experimental  de- 
termination of  the  value  of  the  relative  index  of  refraction. 
A description  of  the  apparatus  and  the  method  of  procedure 
may  be  found  in  the  standard  treatises  on  physics. 

58.  Case  when  the  Ray  Traverses  the  Prism  Symmet- 
rically.—As  has  been  pointed  out  already  (§  52),  a special 
case  of  great  interest  occurs  when  the  ray  traverses  the  pi  ism 
symmetrically.  Under  these  circumstances,  the  general 
prism-equations  given  in  § 55  take  the  following  forms: 

/3+  €o  / _ „ _ 

> a,i  — — ct2—  2 > 


ai=  - a2  = 


n 

n 


sin 


/3+  €o 


where  €0  denotes  the  angle  of  deviation  of  this  symmetric 
ray.  The  last  of  these  formulae  is  the  basis  of  the  Fraun- 
hofer method  of  determining  the  relative  index  of  refrac- 
tion, the  angles  /3  and  €0  being  both  capable  of  eai  v measure- 
ment. 

This  last  formula  may  also  be  transforme  a into  the  fol- 
lowing form: 


tan 


0 


n.  sin 


-o 


n - n. cos 


-o 


whereby  the  refracting  angle  /3  can  be  calculated  in  terms 
of  ft,  ft'  and  eQ. 

59.  Minimum  De  nation. — The  prism  itself  is  defined  by 
its  refracting  a.nUe  (/3)  and  the  relative  index  of  refraction 
(ft'/ft).  The  tote? i deviation  (e)  of  a ray  refracted  through 
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a given  prism  depends  only  on  the  angle  of  incidence  (ai), 
according  to  the  formula:  I 

€=ai-a2'-/3; 

for  the  angle  a2'  may  be  expressed  in  terms  of  ai,  /?  and  n'fn , 
as  we  have  seen  (§  55).  Hence,  for  a given  value  of  these  | 
three  magnitudes  the  angle  e will  be  uniquely  determined.  I 
On  the  other  hand,  for  a given  value  of  the  angle  e there 
will  always  be  (wo  corresponding  values  of  the  angle  of  in- 
cidence ai;  for  it  is  obvious  from  the  principle  of  the  reversi-  I 
bility  of  the  light-path  (§  29)  that  a second  ray  incident  on  I 
the  first  face  of  the  prism  at  an  angle  equal  to  the  angle  of  I 
emergence  of  the  first  ray  will  emerge  at  the  second  face  at 
an  angle  equal  to  the  angle  of  incidence  of  the  first  ray  at  I 
the  first  face,  and  these  two  rays  will  be  equally  deviated  in 
passing  through  the  prism.  For  example,  suppose  that  the 
values  of  the  angles  of  incidence  and  emergence  in  the  case  i 
of  the  first  ray  are  ai=  7,  a2'=  7':  a second  my  incident  on 
the  first  face  of  the  prism  at  the  angle  ai-  - 7'  will  emerge  I 
at  the  second  face  at  an  angle  a2'  = — 7,  ar?d  each  of  these  rays  I 
will  suffer  precisely  the  same  deviation,  viz.,  e=  7 — 7'—  jd. 
Thus,  corresponding  to  any  given  \alue  of  the  angle  e, 
within  certain  limits,  there  will  always  be  a pair  of  rays  which  I 
are  deviated  by  this  same  an  oint.  One  pair  of  such  rays 
consists  of  the  two  identical  rays  determined  by  the  relation  I 

o 1—  y = - a2'. 

In  fact,  this  is  the  ray  which  traverses  the  prism  symmet-  I 
rically,  and  a lit  le  reflection  will  show  that  the  deviation  of  [ 
this  ray  must  be  either  a maximum  or  a minimum.  I 

But  while  tne  best  way  of  demonstrating  that  the  ray  I 
which  goes  symmetrically  through  the  prism  is  the  ray  of  mini-  I 
mum  a emotion  (§  52)  involves  the  employment  of  the  methods  I 
of  the  differential  calculus,  the  following  analytical  proof  l 
demands  of  the  student  a knowledge  of  only  elementary  I 
mathematics.  I 

The  deviation  at  the  first  face  of  the  prism  isei=  ai  — a/,  I 
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and  that  at  the  second  face  is  62=  ct2—  cl2  (§35),  and 
hence  the  total  deviation  is 

e = €1+  62  = ( cii - a/)  + ( <*2 “ cl2') ) 
or,  since  a/  - a 2=  j3,  e=  di-  a2'-  j8,  as  has  been  already 
remarked,  for  example,  in  § 55.  Assume  now  that  n'>n,  and, 
consequently,  that  the  angle  e is  positive , as  is  always  the 
case  when  the  ray  is  bent  away  from  the  edge  of  the  prism 
(§  53) ; then  it  is  evident  that  the  angle  e will  have  its  least 
value  ( eQ)  in  the  case  of  that  ray  for  which  the  function 

(ai—  0,2')  is  least.  Now  since 

n . sin  ai  = n' . sin  a/,  n.  sin  a2'  = nr . sin  a2, 
we  obtain  by  subtraction : 

n(sin  ai  — sin  d2;)  =n'(  sin  d/  — sin  d2), 
and  hence  by  an  obvious  trigonometric  transformation : 


. di—  d2r  CL  1+ d2r 

n . sm- — — . cos 


2 * 2 
which  may  be  written  as  follows: 


. di-d2'  n'  . /3 

sin  2 = w ‘ sm^‘ 


, . di-d2 

=n  . sm — ~ — .cos 


d2 


cos 


d/+  d2 


cos 


d!+d2' 


According  as  di=—  d2;,  the  deviation  €1  at  the  first  h*ce  of 

the  prism  will  (see  § 35)  be  greater  than,  equal  to,  or  iess  than, 
the  deviation  e2  at  the  second  face;  that  is,  according  as 

ai=—  d2',  we  shall  have  (di  — ai)=(a2--  &;'/>  and  hence  also 

Ct2  d2~|~  Cv/ 

2 < 2 

If  we  suppose,  first,  that  di>  - a2 , then  d/>  — a2  and 
(a2-{-  a/)>0;  and  since  the  cosine  of  a positive  angle  de- 
creases as  the  angle  increases,  it  follows  that  here  we  must 
have : 

Ci'+d2.  cti  +d2' 

cos 2 >cos — 2 * 

On  the  other  1 and,  if  we  suppose,  second,  that  di<  — a2 , then 
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i 


ai'<-a2  and  (a2+di')<0;  but  in  this  case  (a2+ai')> 


( ai+  a2'),  so  that  although  ( a2+  a/)  and  ( di-f-  a2')  are  both 


negative,  the  absolute  value  of  the  former  is  greater  than  that 
of  the  latter,  and  hence  here  also  we  find  exactly  the  same 
result  as  before. 

Thus,  whether  a 1 is  greater  or  less  than  — a2/,  the  ratio 


ai'-f*  a2 


and  only  in  the  case  when  ai  = — a2'  will  this  ratio  equal  to 


unity.  Hence,  sin  — — — has  its  least  value  when  di  = — a2', 


and  then  also  the  deviation  ( e)  is  a minimum  and  equal  to 

e0  = 2di~  1 8. 


The  same  process  of  reasoning  applied  to  the  case  when 
n'<n  leads  to  the  conclusion  that  the  angle  e will  bt-  a maxi- 
mum for  the  ray  which  traverses  such  a prism  f vmmetrically, 
for  example,  an  air-prism  surrounded  by  glaso;  but  in  this  case 
the  angle  e will  be  negative  in  sign,  and  since  a maximum  value 
of  a negative  magnitude  corresponds  to  a minimum  absolute 
value,  the  actual  deviation  of  the  ray  is  least  in  this  case  also. 

60.  Deviation  of  Ray  by  Thin  Prism. — If  the  refracting 
angle  of  the  prism  (/3)  is  small,  as  represented,  for  example, 
in  Fig.  85,  the  deviation  ( c>  will  likewise  be  a small  angle 
of  the  same  order  of  smallness;  for  if  /3  = a/  - a2  is  small,  then 
(ai  — d2')  will  be  small  also,  and  the  angle  e is  the  difference 
between  these  two  small  magnitudes.  In  fact,  the  deviation 
€ produced  by  a tbin  prism  will  not  only  always  be  small, 
but  it  will  never  be  very  different  from  its  minimum  value 
eQ.  Accordingly,  in  the  case  of  a thin  prism,  we  may  put 
e = eQ  without  much  error;  and  therefore  very  approxi- 
mately (see  § 58) : 


i 


\ 
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Consequently,  the  deviation  e,  as  calculated  by  this  formula, 
will  depend  only  on  the  prism-constants  (j3,  n’\  n)  and  not 
on  the  angle  of  incidence  ( ai).  The  smaller  the  angle  /3,  the 
more  nearly  correct  this  formula  will  be;  and  if  the  angle  /3 

. B c (3  . , c 

is  so  small  that  we  may  substitute  ^ and  — m Place  ot 
sin  ^ and  sin  respectively,  we  obtain  the  exceedingly 


e. 


Fig.  85. — Prism  with  comparatively  small  "exacting 

angle. 

useful  and  convenient  practical  re.aiion  for  the  angle  of 
deviation  of  a ray  refracted  through  a thin  prism,  viz.: 

e =(--!)/?, 

which,  however,  is  mc’-i  frequently  written : 

e =(n-l)/3, 

where  n is  emp'cyed  now  to  denote  the  relative  index  of 
refraction.  Accordingly,  in  a thin  prism  the  deviation  is  di- 
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redly  proportional  to  the  refracting  angle.  For  example,  the 
deviation  in  the  case  of  a thin  glass  prism  surrounded  by 
air  for  which  n = 1.5  is  one-half  the  refracting  angle. 

61.  Power  of  an  Ophthalmic  Prism.  Centrad  and  Prism- 
Dioptry. — An  ophthalmic  prism  is  a thin  glass  prism,  whose 
index  of  refraction  is  usually  about  1.52,  which  is  used  to 
correct  faulty  tendencies  and  weaknesses  of  the  ocular 
muscles  which  turn  the  eye  in  its  socket  about  the  center  of 
rotation  of  the  eye-ball.  In  an  ordinary  laboratory  prism 
the  two  faces  are  usually  cut  in  the  form  of  rectangles  having 
the  edge  of  the  prism  as  a common  side;  but  the  contour  of 
an  ophthalmic  prism  which  has  to  be  worn  in  front  of  the  eye 
in  a spectacle-frame  is  circular  or  elliptical  like  that  of  any 
other  eye-glass,  and  its  edge  is  the  line  drawn  tangent  to  this 
curve  at  the  thinnest  part  of  the  glass.  The  line  drawn 
perpendicular  to  this  tangent  at  the  point  of  contact  and 
lying  in  the  plane  of  one  of  the  faces  of  the  prism  is  the  so- 
called  “base-apex”  line,  which  is  a term  frequeody  employed 
by  writers  on  spectacle-optics. 

The  formula 

e = (n  - 1)  8 

obtained  in  § 69  is  peculiarly  app.icabie  to  the  weak  prisms 
used  in  spectacles.  As  long  as  the  refracting  angle  of  the 
prism  does  not  exceed,  say,  16°,  the  error  in  the  value  of  e 
as  calculated  by  this  approximate  formula  will  be  less  than 
5 per  cent. 

Formerly  it  was  customary  to  give  the  strength  or  power 
of  an  ophthalmi ; prism  in  terms  of  its  refracting  angle  (3 
expressed  in  degrees;  but  the  proper  measure  of  this  power 
is  the  deviation  produced  by  the  prism.  However,  instead 
of  measuring  this  angle  in  degrees,  Dennett  has  suggested 
that  the  deviation  of  an  ophthalmic  prism  shall  be  measured 
in  terms  of  a unit  angle  called  a centrad,  which  is  the  one- 
hondrsdth  part  of  a radian  and  equal  therefore  to  the  angle 
subtended  at  the  center  of  a circle  of  radius  one  meter  by  an 
arc  of  length  one  centimeter.  Since  7r  radians  = 180°,  the 
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Fig.  86. — Deviation  of  prism: 
tan  € = AB:  OA. 


ai  ! 
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relation  between  the  centrad  and  the  degree  is  given  as 
follows: 

1°  = ^^g(j~centrads,  . 


1°  = 1 . 745  ctrd.,  1 ctrd.  = 0 . 573°. 

Prior  to  this  suggestion,  Mr.  C.  F.  Prentice,  of  New 
York,  had  proposed  in 
1888  to  measure  the  de- 
viation of  an  ophthalmic 
prism  in  terms  of  the 
linear  or  tangential  dis- 
placement in  centime- 
ters on  a screen  placed 
at  a distance  of  one 

meter  from  the  prism.  If  the  straight  lines  OA,  OB  (Fig.  86) 
represent  the  directions  of  the  incident  and  emergent 
rays,  respectively,  then  Z AOB  will  be  the  angle  of  devi- 
ation of  the  prism ; and  if  a plane  screen  placed  at  right  angles 

AB 

to  OA  at  A is  intersected  by  OB  at  B,  then  tanZ  AOB  = ^-* 

Now  if  the  distance  OA  = 100  cm.  and  if  AB  = a cm., 
then,  according  to  Prentice’s  method,  the  ZAOB  would 
be  an  angle  of  x units  and  the  power  of  the  prism  would  be 
denoted  by  x.  Dr.  S.  M.  Burnett  suggested  that  the  name 
prism-diopter  or  prism-dioptry  be  given  to  tlr  s unit.  (The  term 
“prismoptrie”  was  proposed  by  Professor  S.  P.  Thompson.) 
The  prism-dioptry  is  the  angle  corresponding  to  a deviation  of 
one  centimeter  on  a tangent  line  at  a distance  of  one  meter, 
and,  accordingly,  when  the  angle  el  deviation  is  equal  to  the 
angle  whose  trigonometric  tangent  is  a:/ 100,  the  power  of  the 
prism  is  said  to  be  x prism- iioptries  or  a;  A,  where  the  symbol 
A stands  for  prism-dioptry.  The  chief  objection  to  be  urged 
against  this  unit  of  angular  measurement  is  that  the  angle 
subtended  at  a givra  point  O (Fig.  87)  by  equal  line-segments 
on  a line  Ay  perpendicular  to  Ox  at  A diminishes  as  the 
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segment  on  Ay  is  taken  farther  and  farther  from  A.  In 
other  words,  since  tan  — 1 x/100  is  less  than  x.tan  — 1 1/100,  x 
prism-dioptries  is  less  than  x times  one  prism-dioptry.  Or- 
dinarily, the  variability  in  the  magnitude  of  a unit  would 
constitute  an  insuperable  objection  to  it;  but  so  long  as  the 


Fig.  87. — Unequal  angles  subtended  at  O bv  ^qual  intervals  on  straight 

line  Ay  drawn  perpendicular  to  OA. 


angles  to  be  measured  are  always  small,  as  is  the  case  with 
ophthalmic  prisms,  the  prism  dioptry  may  be  regarded  as  in- 
variably equal  to  the  tar  - - 1 1/100  or  about  34'  22.6"  without 
sensible  error;  and  hence  we  may  say,  for  example,  that 
2A+3A  = 5A,  although  this  statement  is  not  quite  accu- 
rate. At  any  ra  te,  whatever  may  be  the  theoretical  objec- 
tions, this  r.rX  of  measurement  of  the  strength  of  a thin 
prism  is  so  convenient  and  satisfactory  that  it  has  been  gen- 
erally adopted  in  ophthalmic  practice. 

In  Domt  of  fact,  with  the  small  angular  magnitudes  which 
are  here  pre-supposed  (the  power  of  an  ophthalmic  prism 
seldom  exceeds  6 ctrd.),  there  is  practically  no  distinction  to 
be  made  between  the  angle  itself  and  the  tangent  of  the  angle, 
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so  that  we  may  regard  the  centrad  and  the  pnsm-dioptry  as 
identical  in  most  cases ; that  is, 

1 A = 1 ctrd.  = 0.573°. 

Accordingly,  we  obtain  the  following  relation  between  the 
power  ( p ) of  an  ophthalmic  prism  expressed  in  prism- 
dioptries  or  centrads  and  the  refracting  angle  (/3)  given  in 
degrees: 

100  7 r . 

P = “l8d'(n~1)i8  = 1'745(n“1)^ 

where  n denotes  the  relative  index  of  refraction.  If  n=  1.5, 
then  the  power  of  a prism  of  refracting  angle  /3  degrees  is 
0.873  prism-dioptries. 

However,  in  order  to  exhibit  the  actual  relations  still 
more  clearly,  the  following  table  gives  the  values  in  degrees, 
minutes  and  seconds  of  all  integral  numbers  of  prism-dioptries 
and  centrads  from  1 to  20;  and  incidentally  it  will  be  seen 
that  whereas  an  angle  of  k centrads  contains  k times  as  many 
degrees,  minutes  and  seconds  as  an  angle  of  1 centrad,  where 
k denotes  any  integer  from  1 to  20,  the  same  statement  u 
not  strictly  true  of  the  prism-dioptry. 
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Prism - 
Dioptrics 

Equivalent  in  degrees , 
minutes  and  seconds 

Centrads 

Equivalent  in  degrees , 
minutes  and  seconds 

i 

0°  34'  22.6" 

1 

0°  34'  22.7" 

• 

2 

1°  8' 44.8" 

2 

1°  8' 45.3" 

3 

1°  43'  6.1" 

3 

1°  43'  8.0" 

4 

2°  17'  26.2" 

4 

2°  17'  30.6" 

5 

2°  51'  44.7" 

5 

2°  51'  53.3" 

6 

3°  26'  1.1" 

6 

3°  26'  15.9" 

7 

4°  0'  15.0" 

7 

4°  0'  38.6" 

8 

4°  34'  26.1" 

8 

4°  35'  1.2" 

9 

5°  8' 33.9" 

9 

5°  9' 23.9" 

10 

5°  42'  38.1" 

10 

5°  43'  46 . 5" 

11 

6° 16' 38.3" 

11 

6°  13'  3.2" 

12 

6°  50'  34 . 0" 

12 

6°  52'  31.8" 

13 

7°  24'  24.9" 

13 

7°  26'  54.5" 

14 

7°  58'  10.6" 

14 

8°  1' 17.1" 

15 

00 

O 

00 

1— ‘ 

Oi 

o 

00 

15 

8°  35'  39.8" 

16 

9°  5'  25.0" 

16 

9°  10'  2.4" 

17 

9°  38'  53.0" 

17 

9°  44'  25.1" 

18 

10°  12'  14.3" 

18 

10°  18'  47.7" 

19 

10°  45'  28.7" 

19 

10°  53'  10.4" 

20 

11°  18'  35.8" 

20 

11°  27'  33.0" 

62.  London  and  Power  of  a Resultant  Prism  Equivalent 
to  Two  Thin  Prisms. — In  ascertaining  the  prismatic  cor- 
rection of  the  eye  of  a patient,  the  oculist  or  optometrist 
sometimes  finds  it  convenient  and  advantageous  to  employ 
a combination  of  two  thin  prisms  placed  one  in  front  of  the 
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other  with  their  edges  inclined  to  each  other  at  an  angle  y 
which  can  be  measured;  and  having  obtained  the  necessary 
correction  in  this  way,  he  has  to  prescribe  a single  prism  which 
will  produce  precisely  the 
same  resultant  effect  as 
the  two  superposed 
prisms  of  the  trial-case. 

In  general,  it  would  he 
exceedingly  laborious  and 
difficult  to  calculate  the 
power  of  this  resultant 
prism,  but,  fortunately, 
the  problem  in  this  case 
is  enormously  simplified 


Fig.  88,  a. — Parallelogram  law  for  find- 
ing single  prism  equivalent  to  a com- 
bination of  two  thin  prisms. 


$ *| 


by  the  fact  that  the  refracting  angles  are  so  small  that  it  is 
quite  simple  to  obtain  an  approximate  solution  which  is 
sufficiently  accurate  and  reliable  for  ordinary  practical 
purposes. 

Let  the  deviation-angles  or  powers  of  the  two  prisms,  de- 
noted by  pi  and  p2}  be  represented,  according  to  the  method 

explained  in  § 50,  by 
the  vectors  OA  OB, 
respectively  ( Y ig.  88) , 
which  ared'vw'i  parallel 
to  the  edges  of  the  prism, 
so  that  / YOB  = y.  Com- 
plete the  parallelogram 
t?  co  j x)  ii  i i , * OACB  and  draw  the  di- 

Iog.  88,  o. — Parallelogram  law  for  finding 

single  prism  equivalent  to  a combine-  FgOnal  OC.  The  Vector 

tion  Of  two  thin  prisms.  OC  will  represent  on 

the  same  scale  the  deviation-engle  or  power  p of  the  resultant 
prism,  as  we  shall  proceed  \o  show. 

If  a point  P is  taken  any  wnere  in  the  plane  of  the  parallelo- 
gram OACB,  it  may  easily  be  proved  that  the  area  of  the 
triangle  POC  is  equai  to  the  sum  or  difference  of  the  areas  of 
the  triangles  PGA  and  POB  according  as  the  point  P lies 
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outside  the  Z AOB,  as  in  Fig.  88  (a),  or  inside  this  angle,  as  in 
Fig.  88  (b) , respectively.  And,  therefore,  if  PQ,  PR  and  PS  are 
drawn  perpendicular  to  OA,  OB  and  OC,  respectively,  then 

SP . OC  = QP . OA=*=  RP . OB. 

For  simplicity,  let  us  assume  that  the  deviations  p i,  p2 
produced  by  the  two  component  prisms  are  indefinitely 
small.  Now  suppose  that  the  point  P is  turned,  first,  about 
OA  as  axis  through  a very  small  angle  pi  and  then  about  OB 
as  axis  through  the  small  angle  p2.  In  consequence  of  the 
first  rotation  it  will  move  perpendicularly  out  from  the  plane 
of  the  paper  towards  the  reader  through  a tiny  distance 
corresponding  to  the  arc  of  a circle  described  around  Q as 
center  with  radius  QP,  the  length  of  this  arc  being  equal 
to  the  product  of  the  radius  by  the  angle,  that  is,  equal  to 
QP . OA,  since  the  length  of  OA  is  made  equal  to  the  magni- 
tude of  the  angle  pi.  If  now  in  this  slightly  alter  ed  position 
the  point  P is  again  rotated,  this  time,  howev  m,  around  OB 
as  axis,  through  another  small  angular  dispH:  mnent  p2  = OB, 
either  it  will  move  a little  farther  out  from  the  plane  AOB, 
as  in  the  case  shown  in  Fig.  88  (a),  or  it  will  move  back 
away  from  the  reader,  as  in  the  orse  shown  in  Fig.  88  (6), 
by  an  additional  amount  equal  to  RP.OB.  And  as  this 
latter  displacement  will  also  be  very  nearly  at  right  angles  to 
the  plane  of  the  paper,  the  resultant  angular  displacement 
of  the  point  P may  be  rtgarded  as  equal  to  the  algebraic 
sum  of  its  two  successive  displacements  and  numerically 
equal,  therefore,  to 

QP.OA±  RP.OB, 

where  the  upper  sign  is  to  be  taken  in  case  the  point  P lies 
outside  the  angle  AOB  and  the  lower  sign  in  case  it  lies  inside 
this  angle.  In  either  case,  therefore,  the  resultant  displace- 
ment of  P will  be  equal  to  SP . OC.  But  this  product  is  equal 
to  the  linear  displacement  which  the  point  P would  have  if 
if  experienced  an  angular  displacement  represented  by  the 
vector  OC. 


N 


: 


Hence,  if  the  straight  lines  OA,  OB  drawn  parallel  to  the 
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edges  of  the  two  thin  prisms  represent  the  components  of  the 
total  deviation  of  a ray  which  traverses  both  prisms,  the 
diagonal  OC  of  the  parallelogram  OABC  will  represent  the 
resultant  or  total  deviation,  and  this  effect  will  be  produced 
by  a single  prism  of  power  p = OC  placed  with  its  edge  in- 
clined to  the  edge  of  the  prism  of  power  p i ( = OA)  at  an  angle 
0 = Z AOC.  If  the  powers  ph  p2  of  the  two  component  prisms 
are  given  in  prism-dioptries  (or  in  terms  of  any  other  suit- 
able unit,  for  example,  degree,  centrad,  etc.),  and  if  also  the 
angle  y between  the  edges  of  the  prisms  is  given  in  degrees, 
the  power  p of  the  resultant  prism  may,  therefore,  be  com- 


puted by  the  formula: 

p=  Vpi2+P22+2pi.p2.cosY  , 

and  the  angle  0 which  shows  how  the  resultant  prism  is  to 
be  placed  may  be  calculated  by  the  formula:  % 

Pi  sin  7 


tan  0 = 


P1+P2.COSY 


7}., 

In  particular,  if  7 = 90°,  then  p=  vpi2+Z?22,  tan  0 = — . 

r 1 


As  an  illustration  of  the  use  of  these  formulae,  suppose 
that  the  deviations  produced  by  the  two  prisms  separate^ 
are  3°  and  5°,  and  that  the  edges  of  the  prisms  are  inclined  to 
each  other  at  an  angle  of  60°.  Then  pi  = 3°,  P2  = 5°,  7 = 60°, 
and  hence  the  deviation  produced  by  the  two  prism*,  together 

5V3 

will  be  p = \/ 9+  25+ 15  = 7°;  and  since  tan  U = -j— the 


resultant  prism  in  this  case  is  found  to  be  a prism  of  power 
7°  placed  with  its  edge  at  an  angle  of  nearly  38°  13'  with  that 
of  the  weaker  of  the  two  component  prisms. 

A “ rotary  prism”  used  for  finding  the  necessary  prismatic 
correction  of  a patient’s  eye  is  an  instrument,  circular  in  form, 
which  consists  of  two  opUhalmic  prisms  of  equal  power 
(p1==p2)  conveniently  nm  anted  so  that  the  prisms  can  be 
rotated  about  an  axis  perpendicular  to  the  plane  of  the  in- 
strument, one  in  front  of  the  other,  the  angle  between  the 
prism-edges  being  shown  by  the  positions  of  two  marks  which 
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move  as  the  prisms  are  turned  over  a circular  arc  graduated 
in  degrees.  In  the  initial  position  when  the  two  marks  are 
at  opposite  ends  of  a diameter  of  the  circular  scale  the  base 
of  one  prism  corresponds  with  the  edge  of  the  other,  so  that 
in  this  position  the  two  prisms  are  equivalent  to  a glass 
plate  with  plane  parallel  faces  (7  = 180°,  p = p\  — 7)2  = 0). 
The  maximum  effect  is  obtained  when  the  edges  of  the  prism 
correspond  (7  = 0°,  p = Pi+P2  = 2pi)-  With  a device  of  this 
kind,  we  can  obtain,  therefore,  any  prismatic  power  from 


p = 0 to  p = 2p\. 

On  the  other  hand,  we  can  resolve  the  effect  of  a given 
prism  of  power  p into  a component  p . cos  6 in  one  direction 
and  a component  p.  sin  0 in  a direction  perpendicular  to  the 
first.  Thus,  a prism  of  power  5 centrads  with  its  edge  at  an 
angle  of  30°  to  the  horizontal  is  equivalent  to  a combination 


of  two  prisms  of  powers 


and  x centrads,  with  their 


edges  horizontal  and  vertical,  respectively. 


PROBLEMS 

1.  Show  how  to  construct  the  path  of  a ray  refracted 
' through  a prism  in  a principal  station;  and  prove  the  con- 
struction. Discuss  the  following  special  cases,  and  draw 
separate  diagrams  for  each  of  them : (a)  Incident  ray  normal 
to  first  face  of  prism,  (p  Emergent  ray  “grazes”  second 
face;  (c)  Ray  traverses  rrism  symmetrically;  ( d ) Ray  is  in- 
cident on  first  face;  on  side  of  normal  towards  the  edge  of 
the  prism. 

2.  Show  th*t  the  total  deviation  of  a ray  in  a principal 
section  of  a prism  of  more  highly  refracting  material  than 
the  surrounding  medium  is  always  away  from  the  prism- 
edge.  Discuss  each  of  the  three  possible  cases,  viz.,  When 
the  point  where  the  two  incidence-normals  intersect  falls 

inside  the  prism,  (6)  outside  the  prism,  and  (c)  on  one  of 
the  two  faces  of  the  prism.  Draw  diagram  for  each  case. 

3.  Obtain  a formula  for  calculating  the  magnitude  of  the 
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J angle  of  incidence  at  the  first  face  of  the  prism  of  the  ray 
| which  emerges  from  the  prism  along  the  second  face , and  dis- 
cuss this  formula  for  the  cases  when  the  refracting  angle  of 
I the  prism  is  (u ) greater  than  2A,  (6)  equal  to  2A,  (c)  less 
■ ] than  2 A but  greater  than  A,  (d)  equal  to  A,  and  (e)  less  than 
i A;  where  A denotes  the  so-called  critical  angle  of  the  two 
‘i  media  concerned.  Draw  diagram  for  each  case. 

4.  Show  that  the  deviation  of  a ray  which  goes  symmet- 
,|  rically  through  a prism  in  a principal  section  is  less  than 
that  of  any  other  ray. 

I 5.  Show  that  the  point  of  intersection  of  the  incidence- 
normals  to  the  two  faces  of  a prism  is  equidistant  from  the 
incident  ray  and  its  corresponding  emergent  ray. 

6.  Construct  the  path  of  a ray  refracted  through  a prism 
of  small  refracting  angle;  and  show  that  tne  angle  of  deviation 
will  also  be  a small  angle  of  the  same  order  of  smallness,  no 
matter  how  the  ray  falls  on  the  prism. 

7.  What  is  the  smallest  angle  that  a glass  prism  ,(n  = 1 .5) 
can  have  so  that  no  ray  can  be  transmitted  through  it? 
What  is  the  magnitude  of  this  angle  for  a water  prism 
(71  = 1.33)?  (Assume  in  each  case  that  the  prism  is  sur- 
rounded by  air  of  index  unity.) 

Ans.  83°  37'  14";  97°  30'  25". 

8.  What  must  be  the  refracting_  angle  of  a prism  whose 
| index  of  refraction  is  equal  to  \/ 2 in  ordc  that  rays^that 

are  incident  on  one  of  its  faces  at  angles  ’ess  than  45°  will 
be  totally  reflected  at  the  other  face?  Ans.  75°. 

refracting  angle  of  a prism  is  60°  and  the  index  of 
refraction  is  equal  to  \/2.  Show  that  the  angle  of  minimum 
deviation  is  30°,  and  draw  accurate  diagram  showing  the 
construction  of  the  path  of  this  ray  through  the  prism. 

/?10.  The  refracting  ang’e  of  a glass  prism  (n  = 1.5)  is  60°, 
and  the  angle  of  incidence  '.s  15°.  Find  the  angle  of  deviation. 
What  is  the  angle  of  minimum  deviation  for  this  prism ? 

Ans.  37°  22'  52.5";  37°  10'  50". 

11.  If  the  aug’.e  of  minimum  deviation  of  a ray  traversing 
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a principal  section  of  a prism  is  90°,  show  that  the  index  of 
refraction  cannot  be  less  than  \/2. 

(L2.J  Find  the  angle  of  minimum  deviation  in  the  case  of  a 

glass  prism  (n  = 1 . 54)  of  refracting  angle  60°. 

Ans.  40°  42'  28". 


13.  The  minimum  deviation  for  a prism  of  refracting  angle 
40°  is  found  to  be  32°  40'.  Find  the  value  of  the  index  of 
refraction.  Ans.  1.7323. 

.'14.  A glass  prism  of  refracting  angle  60°  is  adjusted  so 
that  the  ray  "grazes"  the  first  face,  and  in  this  position  the 
angle  of  emergence  is  found  to  be  29°  25'  49".  Determine 
the  index  of  refraction.  Ans.  1 . 52. 

f A5.  A prism  is  made  of  glass  of  index  1.6,  and  the  angle 
of  minimum  deviation  is  found  to  be  28°  31'  20".  Calculate 
the  refracting- angle.  Ans.  42°  39'  44". 

16.  The  refracting  angle  of  a water  prism  (n-=4)  is  30°. 
How  must  a ray  be  sent  into  this  prism  so  that  A will  emerge 
along  the  second  face? 

Ans.  Ray  must  lie  on  the  side  of  the  rormal  towards  the 
edge  of  the  prism,  and  make  with  the  normal  an  angle  of 


25°  9'  15". 

§ 

l AT-  The  angle  of  incidence  for  minimum  deviation  in  the 
case  of  a prism  of  refracting  angle  60°  is  60°.  Find  the 
index  of  refraction.  Ans.  v3. 

">/ 18.  Find  the  index  of  refraction  of  a glass  prism  for  sodium 
light  for  the  following  measurements:  Refracting  angle  of 
prism  = 45°  4';  angle  of  minimum  deviation  = 26°  40'. 

Ans.  1 . 53. 


19  The  refracting  angle  of  a prism  is  30°  and  its  index  of 
refraction  is  1.6.  Find  the  angles  of  emergence  and  deviation 
for  each  of  the  following  rays:  (a)  Ray  meets  first  face  nor- 
mally; (5)  Angle  of  incidence  at  first  face  is  equal  to  24°  28'; 

( c ) Angle  of  incidence  at  first  face  is  equal  to  53°  8';  and 
{d)  Ray  "grazes"  first  face, 

Ans.  (a)  53°  8';  23°  8';  (b)  24°  28';  18°  56';  (c)  0°;  23°  8'; 

(d)  13°  59';  46°  1'. 
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Y' 20.  Find  the  refracting  angle  of  a glass  prism  (n  = 1.52) 
for  which  the  minimum  deviation  is  15°.  Ans.  27°  44'  36". 

21.  The  refracting  angle  of  a flint  glass  prism  is  measured 
and  found  to  be  59°  56'  22.4";  and  the  angles  of  minimum 
deviation  for  rays  of  light  corresponding  to  the  Fraunhofer 
lines  D,  F and  H are  also  measured  and  found  to  have  the 
following  values:  46°  31'  4.15";  47°  35'  59.2";  and  49°  30' 
5.7",  respectively.  Calculate  the  values  of  the  indices  of 

refraction  nD,  nF,  and  nH. 

Ans.  nD  = 1 . 603528;  nF  = 1 . 614771 ; nH  = 1 . 634183. 

22.  The  refracting  angle  of  a crown  glass  prism  is  measured 
and  found  to  be  60°  2'  10.8";  and  the  angles  of  minimum 
deviation  for  rays  of  light  corresponding  to  the  Fraunhofer 
lines  D,  F and  H are  also  measured  and  found  to  have  the 
following  values:  38°  38'  14.3";  39°  10'  51.8";  and  40°  3' 
49.4",  respectively.  Calculate  the  values  of  the  indices  of 
refraction  n^,  nF,  and  ng. 

Ans.  nD  = 1.516274;  nF=  1.522437;  nH  = 1.532370. 

23.  A prism  is  to  be  made  of  crown  glass  of  index  1.526, 

and  it  is  required  to  produce  a minimum  deviation  of  17°  20'. 
To  what  angle  must  it  be  ground?  Ans.  31°  20' 

24.  A ray  of  light  falls  on  one  face  of  a prism  in  a direction 
perpendicular  to  the  opposite  face.  Assuming  that  the  re- 
fracting angle  of  the  prism  (/3)  is  an  acute  angle,  ^now  that 
the  ray  will  emerge  along  the  opposite  face  if 

cot/3  = cotA  — 1, 

where  A denotes  the  critical  angle  of  the  pi  ism-medium. 

25.  A ray  "grazes"  the  first  face  cf  a prism  and  emerges 
at  the  second  face  in  a direction  otxpendicular  to  the  first 
face:  show  that  the  refracting  angle  (j8)  is  such  that 

cot/3=  v ^-1-T> 

where  n denotes  the  index  oc  refraction  of  the  prism-medium. 

26.  The  refracting  angle  o 1 a prism  is  60°  and  the  index  of 
refraction  is  \/7/3.  What  is  the  limiting  angle  of  incidence 
of  a ray  that  will  be  transmitted  through  the  prism? 

Ans.  30°. 
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27.  Show  that  if  eQ  denotes  the  angle  of  minimum  devia- 
tion of  a prism  of  refracting  angle  /3,  the  angle  cannot  be 
greater  than  (7r—  e0)  and  the  index  of  refraction  cannot  be 

less  than  sec  % • 


28.  Show  that  the  minimum  deviation  of  a prism  of  given 
index  of  refraction  increases  with  increase  of  the  refracting 
angle  of  the  prism. 

29.  Derive  the  formula  for  the  angle  of  deviation  of  a thin 
prism,  and  show  that  the  deviation  is  approximately  con- 
stant for  all  angles  of  incidence. 

30.  Show  that  when  a thin  glass  prism  of  index  ~ is  im- 
mersed in  water  of  index  4 the  deviation  of  a ray  will  be 
only  one-fourth  of  what  it  would  be  if  the  prism  were  sur- 
rounded by  air. 

31.  The  refracting  angle  of  a prism  of  rock  salt  is  1°  30'. 

How  much  will  a ray  be  deviated  in  passing  thiough  it? 
And  what  should  be  the  refracting  angle  of  a reck  salt  prism 
which  is  to  produce  a deviation  of  48'?  (Index  of  refraction 
of  rock  salt  = 1 .54.)  Ans.  48'  36";  1°  29'. 

32.  What  must  be  the  refracting  nngie  of  a water  prism  of 

index  ^ to  produce  the  same  deviation  as  is  obtained  with 
a glass  prism  of  index  f whose  lefracting  angle  is  equal  to 
2°?  , Ans.  3°. 

A glass  prism  of  index  1.5  has  a refracting  angle  of 
2°.  What  is  the  power  A the  prism  in  prism-dioptries? 

Ans.  1 . 745  prism-dioptries. 
N 34>The  power  o»  a prism  is  2 prism-dioptries  and  n=  1.5. 
Ihd  the  refracting  angle.  Ans.  2.29°. 

^35)  A prism  of  refracting  angle  1°  25'  bends  a beam  of 
light  through  an  angle  of  1°  15'.  Calculate  the  index  of 
refraction  and  the  power  of  the  prism  in  prism-dioptries. 

^ Ans.  n = 1 . 882 ; 2 . 18  prism-dioptries. 

36jTwo  thin  prisms  are  crossed  with  their  edges  at  an  an- 
gle of  30°.  The  first  prism  produces  a deviation  of  6°  and 
the  second  a deviation  of  8°.  Find  the  deviation  produced 
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by  the  single  prism  which  is  equivalent  to  this  combination 
and  the  angle  which  the  edge  of  the  resultant  prism  must 
make  with  the  edge  of  the  first,  prism. 

Ans.  Deviation  of  resultant  prism  = 13.53°;.  angle  be- 
tween its  edge  and  that  of  the  6°-prism=  17°  11'. 

7(^Otwo  prisms,  each  of  power  5 prism-dioptries,  are 
combined  base  down  with  their  base-apex  lines  inclined  to 
the  horizontal  at  angles  of  45°  and  135  . Find  the  equivalent 

single  prism. 

Ans.  A prism  of  power  a little  more  than  7 prism-dioptries, 
base  down,  vertical  meridian  (edge  horizontal). 

38.  What  will  be  the  horizontal  effect  of  a prism  of  power 
10  placed  with  its  base-apex  line  at  an  angle  of  20°  with  the 
horizontal? 

Ans.  It  will  be  the  same  as  the  effect  of  a prism  -of  power 
nearly  9.4  in  horizontal  meridian  (edge  vertical). 

39.  The  base-apex  fine  of  a prism  of  power  4 centrads  makes 
an  angle  of  120°  with  the  vertical.  Show  that  it  is  equiva- 
lent to  a combination  of  two  prisms,  one  of  power  2 cent  rads  in 
the  vertical  meridian  (edge  horizontal)  and  the  other  of  pc  vt- 
3.46  centrads  in  the  horizontal  meridian  (edge  vertical). 

40.  Find  the  single  prism  equivalent  to  a combination  of 
two  prisms  superposed  with  their  base-apex  lines  at  right 
angles  to  each  other,  the  power  of  one  being  3 and  that  of 


the  other  4. 

Ans.  A prism  of  power  5 with  its  base  apex  line  inclined  to 
that  of  the  weaker  prism  at  an  angle  of  nearly  53°  8'. 

41.  Two  equal  prisms,  each  of  cover  3,  are  superposed 
in  meridians  inclined  to  each  othor  at  an  angle  of  120°. 

Find  the  equivalent  single  prism . 

Ans.  A prism  of  power  3 in  a meridian  halfway  between 

the  meridians  of  the  two  components. 

42. ^The  angle  between  the  base-apex  lines  of  a combina- 

tiorfof  two  unit  prisms  is  82°  50',  and  the  bisector  of  this 
angle  is  horizontal.  What  is  the  horizontal  effect  of  the 
combination'  A-ns-  1 • 5 units. 
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43.  ABODE  is  the  principal  section  of  a pentagonal  prism. 
AB  = BC,  AE  = CD,  Z ABC  = 90°,  ZEAB  = ZBCD  = 112.5°. 
A ray  of  light  RS  lying  in  the  principal  section  is  incident  on 
the  face  BC  at  the  point  S.  The  ray  enters  the  prism  at  this 
face,  and  is  reflected,  first,  from  the  face  AE,  and  then  from 
the  face  DC,  and  emerges  finally  at  a point  P in  the  face  AB 
in  the  direction  PQ.  Show  that  PQ  makes  a right  angle 
with  RS. 

44.  ABC  is  a principal  section  of  a triangular  prism, 
Z B = 2Z  A.  A ray  of  light  lying  in  the  plane  ABC  is  refracted 
into  the  prism  at  the  side  BC,  and  after  undergoing  two 
internal  reflections,  first,  from  the  side  AB  and  then  from 
the  side  CA,  emerges  into  the  surrounding  medium  at  the 
side  AB.  Show  that  the  total  deviation  of  the  ray  will  be 
equal  to  the  angle  at  B. 

45.  If  /3  denotes  the  refracting  angle  of  a prism  and  if  e de- 
notes the  deviation  (defined  as  in  §§  50,  foil.),  show  that  the 
angle  of  incidence  of  the  ray  at  the  first  face  of  the  prism 
must  be  such  that 


B 

tanai  = — — > 

where  A,  B and  C are  abbreviations  for  the  following  ex- 
pressions : 

A = sin(/3  + €)  { cos/3  - <-os( ,3  + c)  J ; 

B = sin/3  \/n2  j 2 — nvu2/3—  2cos/3cos  (/3  + e) } — sin2(/8+e); 
C=  (n2  —1)  sin2  8—  | cos/3  — cos  (j3  + e)  |2. 

In  these  expressions  n denotes  the  relative  index  of  refrac- 
tion of  the  two  media. 

46.  Show  that  the  two  values  of  a,  for  a prism  of  glass 
(n  = 1.5)  and  of  refracting  angle  60°  which  give  a deviation 
of  40°  are  63°  27'  28"  and  36°  32'  32". 


CHAPTER  VI 


REFLECTION  AND  REFRACTION  OF  PARAXIAL  RAYS  AT  A 

SPHERICAL  SURFACE 


63.  Introduction.  Definitions,  Notation,  etc. — The  center 
of  the  spherical  refracting  or  reflecting  surface  ZZ  (Fig.  89) 
will  be  designated  by  C.  The  axis  of  the  surface  with  respect 
to  a given  point  M is  the 
straight  line  joining  M 
with  C,  and  the  point  A 
where  the  straight  line 
MC  (produced  if  neces- 
sary) meets  ZZ  is  called  the 
pole  or  vertex  of  the  surface 
with  respect  to  the  point 
M.  Evidently,  the  spheri- 
cal surface  will  be  sym-  pIG  a> — Ray  incident  Oil  convex 

metrical  around  MC  as  spherical  surface  crosses  a.:is  at 
. , . , ...  point  M in  front  of  surface. 

axis,  and  the  plane  ol  the 

diagram  which  contains  the  axis  is  a meridian  seel >n  of  the 
surface. 

It  will  be  convenient  to  take  the  vertex  A as  the  origin 
of  a system  of  plane  rectangular  coordinates;  the  axis  of 
the  surface  being  chosen  as  the  x-axis  and  the  tangent  to  the 
surface  at  its  vertex,  in  the  meridian  plane  of  the  diagram, 
being  taken  as  the  y- axis.  The  ^oavtive  direction  of  the  x-axis 
is  the  direction  of  the  incident  ray  which  coincides  with  this 


line,  and  since  the  diagrams  are  all  drawn  on  the  supposition 
that  the  incident  light  grtc  jrom  left  to  right,  a point  lying  on 
the  x-axis  to  the  right  of  A will  be  on  the  positive  half  of 
the  axis.  The  positive  direction  of  the  y- axis  is  the  direction 
found  by  rotating  the  positive  half  of  the  x-axis  through  a 
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right  angle  in  a sense  opposite  to  that  of  the  motion  of  the  s 
hands  of  a clock  in  the  meridian  plane  of  the  diagiam.  Ac-  *; 
cordingly,  if  the  positive  direction  of  the  z-axis  is  along  a b 


M on  the  other  side  c f th  e surface. 

% 


horizontal  line  from  left  to  rigtit,  the  positive  direction  of  o 

the  y- axis  will  be  vertically  upwards. 

According  as  the  centei  O lies  on  the  same  side  of  the  ij 
spherical  surface  as  thed  Irom  which  the  incident  light  comes  19 
or  on  the  opposite  side,  it  is  said  to  be  concave  (Fig.  89,  c 1 
and  d)  or  convex  (Fig.  89,  a and  b),  respectively.  The  radius  1 
r of  the  spheric* i surface  is  the  abscissa  of  the  center  C,  that  t 
is,  r = AC.  It  is  the  step  from  A to  C,  and  this  is  always  a 1 
positive  step  for  a convex  surface  (Fig.  89,  a and  6)  and  a 
negative  step  for  a concave  surface  (Fig.  89,  c and  d ).  The 
re  diue  of  a convex  surface  whose  center  is  60  cm.  from  its 
vertex  is  r = -l-60  cm.,  and  the  radius  of  a concave  surface  of 
the  same  size  is  r=  — 60  cm. 
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Fig.  89,  c — Ray  incident  on  concave 
spherical  surface  crosses  axis  at  point 
M in  front  of  the  surface. 


It  will  be  assumed  in  this  chapter  that  any  ray  with  which 
re  are  concerned  lies  in  a meridian  plane  of  the  spherical 
surface;  so  that  any  straight  line  such  as  RB  which  repre- 
sents the  path  of  an  inci- 
dent ray  will  intersect  the 
axis  either  “ really”  (Fig. 

89,  a and  c)  or  “virtually” 

(Fig.  89,  b and  d ) at  some 
point  designated  here  by 
IM  (see  § 8).  The  point 
‘designated  by  R is  any 
point  on  the  incident  ray 
- RB  at  which  the  light 
arrives  before  it  gets  to 
either  M or  the  incidence- 
point  B.  The  straight  line  BC  which  joins  the  point  of 
incidence  with  the  center  of  the  surface  will  be  the  incidence- 
normal,  and  if  N designates  a point  on  this  normal  lying  in 
front  of  the  spherical  surface,  then  ZNBR=  a will  be  the 

angle  of  incidence  (§§  13  & 
27).  The  plane  of  this 
angle  is  the  plane  of  inci- 
dence, which  is  the  merid- 
ian plane  of  the  diagram. 

From  the  incidence-point 
B draw  Br»  perpendicular 
to  the  .r-axis  at  D ; the  or- 
dinate h — DB  is  called  the 

Fig.  89,  d. — Ray  incident  on  concave  Ml  ci  OCR  ^e-height  of  the  1 ay. 

spherical  surface  crosses  axis  at  point  Tht  slope  of  the  ray  is  the 
M on  the  other  side  of  the  surface.  , , . i , , • , 

acute  angle  through  which 
.„jithe  z-axis  has  to  be  turned  aicund  the  point  M in  order 
Ik  that  it  may  coincide  in  position  (but  not  necessarily  in 
[u id  direction)  with  the  rectilinear  path  of  the  ray.  If  this  angle 
jtfiH  S denoted  by  6,  then  Z AMB  = 6.  Here,  as  always  in  the 
iase  of  angular  magnitudes  (§  13),  counter-clockwise  rotation 


z 

y 

N 

al  s' 

h\ 

yr 

/ 0 I 

D 

A ''v. 

152 


Mirrors,  i'lisms  and  Lenses 


r 


is  to  be  reckoned  as  positive.  And,  finally,  the  acute  angleft 
at  the  center  C of  the  spherical  surface  subtended  by  the  l 
arc  BA  will  be  denoted  by  0.  This  angle,  sometimes  called 
the  “central  angle,”  is  defined  as  the  angle  through  which 
the  radius  CB  must  be  turned  around  C in  order  to  bring  B 
into  coincidence  with  the  vertex  A;  thus,  (f>  = Z BCA.  The 
angles  A,  6 and  <f>,  defined  as  above,  are  given  by  the  fol- 
lowing relations : I 

T 7 ' h h 


B( 


tan  d = — 


sin  (/>  = “>  a = d + 4>. 


DM’  'r  r 

These  formulse  should  be  verified  for  each  of  the  diagramsj 
Fig.  89,  (a),  ( b ),  (c),  (d). 

Moreover,  since  BM  = > and  since  (see  § 4o) 


cos  d 


DM  = DC+  CA+  AM  = r . cos  (f> — r+  AM, 


we  find: 


BM  = 


r(cos4>  — 1)H~  AM 


cos  d 


Now  in  the  special  case  when  the  incidence-point  B is  very- 
close  to  the  vertex  A of  the  spherical  surface,  the  angle  of  inj 
cidence  a will  be  exceedingly  umt  li  as  will  be  also  the  angles 
denoted  by  6 and  </>;  and  if  these  angles  expressed  in  radians; 
are  all  such  small  fractions  that  we  may  neglect  their  second) 
and  higher  powers,  so  t,/\db  in  place  of  the  sines  (oi  tangent* 
we  can  write  the  ar.gies  themselves  and  put  cos  6 = cos  (j>  = 
cos  a = 1.  Obviously,  in  such  a case  we  shall  have  BM  = AM. 
Under  these  circumstances  the  ray  RB  is  called  a paraxid 
ray,  sometimes  also  a “central”  or  1 zero  lay,  a — 6 — 4>  j 

approximately.  1 

A paraxial  ray  is  one  whose  path  lies  very  near  the  axis  <M 

the  spherical  surface  and  which  therefore  meets  this  surface  I 

a point  close  to  the  vertex  and  at  nearly  normal  incidence:  ti 

angles  denoted  by  a,  0 and  </>  being  all  so  small  that  theii  secow| 

powers  may  be  neglected. 

In  this  chapter  and  for  several  subsequent  chapters  ^ 
shall  be  concerned  entirely  with  the  procedure  of  paraxi 
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rays;  that  is,  we  shall  consider  only  such  rays  as  are  com- 
, prised  within  a very  narrow  cylindrical  region  immediately 
^ surrounding  the  axis  of  the  spherical  surface  which  is  like- 
wise the  axis  of  the  cylinder.  Accordingly,  the  only  portion 
'of  the  spherical  surface  that  will  be  utilized  for  reflection  or 
refraction  will  be  a small  zone  whose  summit  is  at  A;  so  that, 
so  far  as  paraxial  rays  are 
^concerned,  the  rest  of  the 
•; spherical  surface  may  be 
egarded  as  if  it  had  no 
optical  existence  or  at  any 
rate  as  if  it  were  opaque 
n^nd  non-reflecting.  Thus, 
for  example,  the  surface 
j might  be  painted  over 
with  lampblack  leaving 

►are  and  exposed  only  Fig.  90,  a.— Reflection  of  ray  at  con- 
i n n.  , . cave  mirror. 

he  small  effective  zone 

the  immediate  vicinity  of  the  vertex;  or  a screen  might 
►e  set  up  at  right  angles  to  the  axis  close  to  the  vertex  with 
small  circular  opening  in  it.  Even  then  a source  of  light 

lying  at  a considerable  dis- 
tance off  the  axis  \Tould 
send  rays  which  notwith- 
standing thac  they  were 
incident  rea)  the  vertex 
would  nd  be  paraxial  rays. 

64.  Reflection  of  Par- 
ax.^  Rays  at  a Spherical 
Mirror. — In  the  accom- 
panying diagrams  (Fig.  90, 

a and  b ) the  straight  line 

• 

RB  represents  the  path  of 
incident  ray  crossing  the  axis  of  a spherical  mirror  ZZ  at  the 
int  M and  incident  cn  the  mirror  at  the  point  B,  and  the 
traight  line  BS  snows  the  path  of  the  corresponding  re- 


nSN 


g.  90,  b. — Reflection  of  ray  at  con- 
vex mirror. 
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fleeted  ray  crossing  the  axis,  “ really”  (Fig.  90,  a)  or  “virtu-  I 


ally”  (Fig.  90,  b),  at  the  point  marked  M'.  By  the  law  of 


reflection  ZNBIl=  ZSBN  where  BN  is  the  incidence-normal 
and  N designates  a point  on  it  which  lies  in  front  of  the 
mirror.  Since  the  normal  bisects  the  interior  or  exterior 
angle  at  B of  the  triangle  MBM',  the  following  proportion 
may  be  written: 

CM  M'C 


BM  BM'  * 

Now  if  the  ray  RB  is  a paraxial  ray,  the  letter  A may  be  sub- 
stituted in  the  above  equation  in  place  of  B,  and  thus  * we 
obtain : 

CM  M'C 


AM  AM' ' 

Denoting  the  abscissae,  with  respect  to  the  vertex  A,  of 
the  axial  points  M,  M'  by  u,  u',  respectively,  tha'u  is,  putting 
AM  = u,  AM'  = «',  and  also,  as  stated  in  § </<,  putting  AC  = r, 
we  may  write: 

CM  = C A+ AM  = — r\-a  — u—r, 

M'C  = M'A+ AC  = - u'-f  r = -(u'-r); 
so  that,  introducing  these  synAols  in  the  equation  above, 
we  obtain: 

v -r  u'  — r 


u u 

which  may  be  put  in  the  form  (see  § 67): 

- + k = ?. 

u u r 

If,  therefore,  the  form  and  dimensions  of  the  mirror  are 
L 

known  (that  is,  if  the  value  of  r is  assigned  as  to  both  mag- 
nitude and  sign),  and  if  also  the  position  of  the  point  M 

v !i:  writing  this  proportion,  care  must  be  taken  to  see  that  the  two 
members  of  it  shall  have  the  same  sign.  For  example,  in  each  of  the 
diagrams  in  Fig.  90,  as  they  are  drawn,  the  segments  CM  and  AM 
have  the  same  direction  along  the  axis,  so  that  for  each  of  these  figu 
the  ratio  CM  : AM  is  positive.  Now  if  the  ratio  M'C  : AM'  is  to  be 
put  equal  to  this  ratio,  it  must  be  positive  also,  that  is,  the  segments 
M'C  and  AM'  in  each  diagram  must  have  the  same  direction. 


f 
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t where  the  incident  paraxial  ray  crosses  the  axis  of  the 

I spherical  mirror  is  given,  the  abscissa  u'  of  the  point  M' 

where  the  corresponding  reflected  ray  crosses  the  axis  may 

be  calculated  by  means  of  the  expression: 

, r.u 

u = . 

2 u-r 

But  the  most  noteworthy  conclusion  to  be  drawn  from  this 
formula  is  the  fact  that,  provided  the  rays  are  paraxial,  their 
actual  slopes  do  not  matter,  for  none  of  the  angular  magni- 
tudes a,  6 , or  <fi  appears  in  the  formula;  which  means  that 
all  paraxial  rays  which  cross  the  axis  at  the  point  M before 
reflection  will  cross  the  axis  after  reflection  in  the  spherical 
mirror  at  one  and  the  same  point  M'.  Thus,  a homocentric 
oundle  of  'paraxial  rays  incident  on  a spherical  mirror  remains 
homocentric  after  reflection.  If,  therefore,  M designates  the 
position  of  a luminous  point  in  front  of  the  mirror,  and  if 
the  mirror  is  screened  so  that  only  such  rays  as  proceed  close 
oto  the  axis  are  incident  on  it,  the  bundle  of  reflected  rays 
itwill  form  at  a point  M'  on  the  straight  line  MC  an  ideal 
image  of  the  luminous  point  M.  According  as  the  image- 
point  M'  lies  in  front  of  the  mirror  (Fig.  90,  a)  or  beyona  it 
ii(Fig.  90,  6),  the  image  will  be  real  or  virtual,  respectiv  ely . 
JjThus,  for  a real  image  in  a spherical  mirror,  the  value  of  u' 
las  found  by  the  formula  above  will  be  negative,  whereas 
Dior  a virtual  image  it  will  be  positive. 

It  may  be  noted  also  that  the  formula  is  symmetrical  with 
i respect  to  u and  u',  so  that  the  equation  will  not  be  altered 
\ by  interchanging  the  symbols  u and  vf . and  hence  it  follows 
.j  that  if  M'  is  the  image  of  M,  then  likewise  M may  be  regarded 
lias  the  image  of  M'.  This  is  indeed  merely  an  illustration  of 
e general  law  known  in  optics  as  the  “principle  of  the 
Reversibility  of  the  light-path’ ; (§  29).  But  the  symmetry 
„ jiof  the  equation  implies  more  than  is  involved  in  this  prin- 
jqciple;  for  it  indicates  that  in  the  case  of  reflection  object- 
*><ppace  and  image-spa  <*e  coincide  completely,  the  actual  paths 
fMtof  the  incident  : iA  reflected  rays  both  lying  in  the  space  in 
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front  of  the  mirror.  Accordingly,  an  incident  ray  and  its 
corresponding  reflected  ray  are  always  so  related  that  when 
either  is  regarded  as  object-ray  the  other  will  be  an  image-ray. 


The  Double  Ratio  of  Four  Points  on  a Straight  Line 

65.  Definition  and  Meaning  of  the  Double  Ratio.— It 

will  be  convenient  and  profitable  at  this  place  to  turn  aside 
from  the  special  problem  which  is  here  under  investigation 
in  order  to  devote  a few  paragraphs  to  a brief  explanation 
of  the  simpler  metrical  processes  of  modern  projective 
geometry,  which  are  of  great  utility  in  geometrical  optics, 
especially  when  we  are  concerned  with  imagery  by  means 
of  the  so-called  paraxial  rays. 


Fig.  91. — Line-segment  AB  divided  (a)  internally  at 
C and  externally  at  D,  and  ( b ) internally  at  C 
and  D. 

If  L designates  the  position  of  a point  on  a straight  line 
determined  by  the  uvo  points  A,  B,  the  line-segment  AB  is 
said  to  be  divided  at  L in  the  ratio  AL  : BL.  If  the  point  L 
lies  between  A and  B,  the  steps  (see  § 45)  AL  and  BL  are 
in  opposite  senses  along  the  line,  and  the  ratio  AL  : BL  will 
be  negative,  and  in  this  case  we  say  that  the  segment  AB  is 
"divided  internally”  at  L.  On  the  other  hand,  if  the  point  L 
does  not  lie  between  A and  B,  the  ratio  AL  : BL  will  be 
positive,  and  we  say  that  the  segment  AB  is  "divided  ex- 
ternally” at  L. 

Accordingly,  if  A,  B,  C,  D (Fig.  91,  a and  b)  designate  a 
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3 series  of  four  points  all  ranged  along  a straight  line  in  any 
) order  of  sequence,  the  segment  AB  will  be  divided  at  C and 
I D in  the  ratios  AC  : BC  and  AD  : BD,  respectively;  and 


t the  quotient  of  these  two  ratios  is  called  the  double  ratio  (or 


“ cross  ratio”)  of  the  four  points  A,  B,  C,  D.  This  double 


f ratio  is  denoted  symbolically  by  inclosing  the  four  letters 
I ABCD  in  parentheses;  thus,  according  to  the  above  def- 


(i  inition 

'ill 


H where  the  first  two  letters  in  the  parentheses  mark  the  end- 


q points  of  the  segment  and  the  last  two  letters  designate  the 
q points  of  division.  The  line-segment  CD  is  divided  in  the 
1 same  way  by  the  points  A and  B;  for 


same  way  by  the  points  A and  B;  for 


CA  CB  AC  AD  / a T)nTA\ 
:FTT  = = (ABCD). 


CA  CB  AC  AD 
• ■ • 


DA  * DB  BC  ’BD 


I According  as  the  two  ratios  AC  : BC  and  AD  : BD  have 
the  same  sign  or  opposite  signs,  the  value  of  the  double  ratio 
(ABCD)  will  be  positive  or  negative,  respectively.  Suppose, 
for  example,  that  the  segment  AB  is  divided  internally  at  C, 
as  represented  in  both  a and  b of  Fig.  91.  Then  the  ratio 
AC  : BC  will  be  negative.  Now  if  AB  is  divided  abc  in- 
ternally at  D,  as  in  Fig.  91,  5 the  ratio  AD  : DB  will  likewise 
be  negative.  Accordingly,  if  C and  D are  both  p nnts  of  in- 
4 ternal  division  (or  both  points  of  external  d; vision),  the 
1 double  ratio  (ABCD)  will  be  positive.  But  if  one  of  these 
points  divides  AB  internally  while  the  other  divides  it  ex- 
J ternally  (Fig.  91,  a),  the  double  ratio  'ABCD)  will  be  nega- 
i tive. 

In  order  to  form  a clear  idea  of  tne  values  which  (ABCD) 
dji  may  assume,  let  us  suppose  ihafc  the  points  designated  by 
k A,  B and  C in  Fig.  92  represent  three  stationary  points  on  a 
ft  straight  line  x , and  that  0 designates  another  fixed  point  not 
[(  on  this  line.  The  straight  line  x and  the  point  O together 
determine  a plane  which  is  the  plane  of  the  diagram.  Now 
a!  let  y designate  a second  straight  line  lying  in  this  plane  and 
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T«E  09 


To  E at  00 
>• 


To  E ®t» 


T«  E *t  ^ 


a 


passing  through  0,  and  let  the  point  of  intersection  of  the 
straight  lines  x and  y be  designated  by  Y.  And  if  the 
straight  line  y is  supposed  to  turn  around  O as  a pivot  in  a 

sense,  say,  opposite  to 
that  of  the  motion  of  the 
hands  of  a clock,  the 
point  Y will  be  a variable 
point  moving  along  the 
straight  line  x constantly 
in  the  same  sense,  namely, 
in  Fig.  92  from  left  to 

Fig.  92. — Central  projection  from  O of  the  right.  Assume,  foi  ex 
point-range  ABCDE  lying  on  the  ample,  that  the  three 

straight  lme  x.  stationary  points  A,  C,  B 

are  ranged  along  the  straight  line  x from  left  to  right  in  the 

order  named,  as  shown  in  the  figure;  and  suppose  that  the 

variable  point  Y starts  originally  at  B,  so  that  the  revolving 

line  OY  or  y coincides  initially  with  the  “ray”  marked  b in 

the  figure  and  BY  = BB  = 0,  and,  consequently,  the  ratio 

AY  : BY  = 00  , Hence,  under  these  circumstances  the  initial 

value  of  the  double  ratio  of  the  four  points  A,  B,  C,  Y will  be: 

a c1  a v 

(ABCY)=^PH  = 0. 

r> C BY 

When  the  revolving  ray  has  turned  through  ZBOD,  where 
D designates  a point  lying  on  the  straight  line  x to  .the 
right  beyond  B,  the  point  will  be  at  D outside  the  segment 
AB  and  the  double  ratio  (ABCY)  will  be  negative,  as  ex- 
plained above.  As  y continues  to  revolve  around  O,  the  point 

Y will  move  farther  and  farther  to  the  right  along  the  straight 
line  x,  until  when  y is  parallel  to  x,  and  in  the  position  of  the 
ray  roc  iked  e in  the  figure,  the  point  Y will  then  coincide 
with  the  infinitely  distant  point  E of  the  straight  line  x.  Now 
Ah!  = BE  = 00 , and  hence  AE  : BE  = 1 ; and  therefore  when 

Y is  at  E, 

fABCYi  = — . AE  _ AC 
(ABCY)  BC  . BE  BC . 


V “ N» 


• 1 » # » »•* 
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When  the  revolving  ray  y has  turned  beyond  the  position 
represented  by  the  straight  line  e,  the  point  Y which  had 
just  vanished  at  one  end  E of  the  straight  line  x now  re- 
appears from  the  other  end  E,  proceeding  along  it  still  in 
the  same  sense  from  left  to  right.  Thus,  before  the  ray  y 
has  executed  a complete  revolution,  the  point  Y will  pass 
through  A,  and  at  this  moment,  AY  = AA  = 0,  and 

AC  AY  AC  AA 

(abcy>_bc:by"bc:ba — 

and  thus  we  see  that  as  the  point  Y has  traversed  the  straight 
line  x from  B via  the  infinitely  distant  point  E to  A,  the  double 
ratio  (ABCY)  has  assumed  all  negative  values  from  0 to  — oo  . 
Finally,  as  the  ray  y completes  its  revolution  by  turning  from 
the  position  a to  its  initial  position  6,  the  point  Y moves  from 
A via  C to  B.  When  Y is  at  C,  AY  = AC,  BY  = BC,  and 

(abcy>=#sy=+1; 

so  that  in  passing  along  x from  A to  C,  (ABCY)  assumes  all 
positive  values  comprised  between  + oo  and  +1.  Between 
C and  B,  it  has  all  positive  values  less  than  unity.  Thu©, 
as  the  point  Y traverses  the  straight  line  x continuafiy  in 
the  same  sense  until  it  has  returned  to  its  starting  point, 
the  double  ratio  (ABCY)  will  assume  all  possible  values 
both  positive  and  negative. 

In  general,  since 

ACiAD_BD<BC_CA  CB  _ DB  DA 
(AtfOJJ)  BC  : BD  AD  : AC  DA  * DB  CB  ’ CA  ’ 

we  may  write: 

(ABCD)  = (BADC)  = (CD  AC)  = (DCBA). 

66.  Perspective  Ranges  of  Points. — If  A,  B,  C,  etc.,  desig- 
nate the  positions  of  the  points  of  a point-range  x (Fig.  92) 
these  points  are  said  to  bo  “ projected”  from  a point  O out- 
side of  x by  the  straight  fines  or  “rays”  OA,  OB,  OC,  etc.; 
and  if  these  rays  intersect  another  straight  line  x'  (Fig.  93) 
in  the  points  A',  TV,  O',  etc.,  the  two  point-ranges  x , x'  are 
said  to  be  in  pt.^pjetive  with  respect  to  the  point  0 as  center 
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of  'perspective.  The  points  A,  A';  B,  B';  C,  C';  etc.,  are 
called  pairs  of  corresponding  points  of  the  two  perspective 
point-ranges  x,  x'. 


Fig.  93. — The  point-ranges  ABCD  and  A'B'C'D' 
are  in  perspective  relation  with  respect  to  the 
point  O as  centre  of  perspective. 

If  A,  B,  C,  D designate  the  positions  of  any  four  points  of 
x,  hnd  if  A',  B',  C',  D'  designate  the  correspond: ng  points 
on  x',  then 

(A'B'C'D')  = (ABCD), 
as  we  shall  proceed  to  show. 


/ 


Fig.  94. — Straight  lines  x , x are  bases  of  two  point-ranges  in 
perspective,  so  that  (ABCD)  = (A'B'C'D'). 

Through  the  points  A,  B,  A'  and  B'  (Fig.  94)  draw  four 
parallel  lines  AAC,  BB,.,  A'A0'  and  B'BC'  meeting  the  ray  OC 
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: ) or  c in  the  points  Ac,  Bc,  Ac'  and  B/,  respectively;  and 
‘ tl  through  these  same  points  draw  four  other  parallel  lines 


AAd,  BBd,  A'Aa'  and  B'Bd'  meeting  the  ray  OD  or  d in  the 


Ad,  Bd,  Ad  and  Bd',  respectively.  Then,  evidently, 
AC  AAC  AD  AAd 


i points 


BC  BBC’  BD  BBd  ’ 
A'C'  A'AC'  A'D'_A'Ad' 


1 hence 


B'C'  B'B/  B'D'  B'Bd'  * 


AC  AD_  A A,  A Ad 


(ABCD^  - 


(A'B'C'D')  = 


i«  Now 


A Ac  A Ad  BBc_BBd 


d 


[ . A'AC'  A'A/  B'BC' 

and,  consequently, 

(A'B'C'D')  = (ABCD), 


as  was  to  be  proved. 

67.  The  Harmonic  Range. — The  special  case  when  fhe 
points  C and  D divide  the  line-segment  AB  internally  and 
externally  in  the  same  numerical  ratio,  so  that 


AC  ■ AD 


BC  BD 1 


) demands  attention,  particularly  because  it  is  a case  that  we 
J ! shall  meet  again  in  the  theory  of  the  rcflc  ction  of  paraxial  rays 
, at  a curved  mirror.  Under  these  circumstances,  the  value 
i of  the  double  ratio  is 


(ABCD)  -=  - 1; 


I and  then  we  say  that  the  seghwi  AB  is  divided  harmonically 
v at  C and  D,  or  also  the  segment  CD  is  divided  harmonically 
at  A and  B.  For  example,  the  perpendicular  bisectors  of 
| the  exterior  and  interior  angles  of  a triangle  divide  the  op- 
posite side  of  the  triangle  harmonically  in  the  ratio  of  the 
other  two  sides. 


* 
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Four  harmonic  points  may  be  defined  not  merely  by  the 
metrical  relation  that  their  double  ratio  is  equal  to  — 1,  but 
also  by  a geometrical  relation,  as  we  shall  now  show. 

Let  P,  Q,  R,  S (Figs.  95  and  96)  designate  the  positions  of 

four  points  lying  all  in 
one  plane,  no  three  of 
which  are  in  the  same 
straight  line.  These 
four  points  will  deter- 
mine six  straight  lines, 
viz.,  PQ,  PR,  PS,  QR, 

Fig.  95. — Complete  quadrilateral  PQRS;  QS,  and  RS,  which  are 

(ABCD)  l.  called  the  sides  of  the 

complete  quadrilateral  whose  four  vertices  are  at  the  points 
P,  Q,  R,  and  S.  Any  two  of  these  lines  which  together  con- 
tain all  the  vertices  form  a pair  of  opposite  sides  of  the 
quadrilateral.  Accordingly,  there  are  three  pans  of  opposite 
sides,  viz.,  PQ  and  RS 
which  meet  in  a point 
designated  by  A,  PS  and 
QR  which  meet  in  a 
point  designated  by  B, 
and  QS  and  PR  which 
meet  in  a point  desig- 
nated by  O.  The  three 

points  A,  B and  0 a*e  Fig-  96.— Complete  ^quadrilateral  PQRS; 

sometimes  called  the 


(ABCD)  =-l 


secondary  vertices  Ci  the  quadrilateral.  We  shall  explain  now 
what  connection  this  figure  has  with  a harmonic  range  of 
points. 

The  etcondary  vertices  A and  B are  determined  by  the 
two  pairs  of  opposite  sides  PQ,  RS  and  PS,  QR;  and  the 
po:ms  C and  D where  the  third  pair  of  opposite  sides  QS 
and  PR  meet  the  straight  line  AB  divide  the  segment  AB 
harmonically.  For,  since  A,  B,  C,  D and  P,  R,  0,  D are  in 
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perspective  relation  with  respect  to  the  point  Q as  centei  of 
perspective  (§  66),  therefore 


(ABCD)  = (PROD). 

But  P,  R,  0,  D and  B,  A,  C,  D are  also  in  perspective  to 


each  other  with  respect  to  the  point  S as  center  ot  perspective; 
consequently, 


(PROD)  = (BACD). 

It  follows  therefore  that 

(ABCD)  = (BACD). 

But  by  the  definition  of  the  double  ratio 


(BACD)  = t— - • 

(ABCD) 


Accordingly,  here  we  must  have: 


or 


(ABCD) 2 = 1. 


According  to  this  equation,  therefore,  the  double  ratio 
(ABCD)  must  be  equal  to  +1  or  -1.  But  we  saw  ahovj 
(§  65)  that  the  double  ratio  of  four  points  A,  B,  C,  D in  a 
straight  line  can  be  equal  to  -I- 1 only  in  case  one  of  the 
points  A,  B is  coincident  with  one  of  the  pair  C,  D;  which 
cannot  happen  in  case  of  the  four  points  A,  B,  C,  D of  the 

Ii  quadrilateral  PQRS.  Therefore,  we  must  have  here. 

(ABCD)  = - 1 ; 

and  hence,  by  definition,  the  points  A,  B are  harmonically 
separated  by  the  points  C,  D.  Similarly,  also,  the  points 
i P,  R are  harmonically  separated  '>y  the  points  O,  D. 

If  A,  B,  C,  D is  a harmonic  lange  of  points,  then 

!BC  DB  „ ba+acda+ab 

AC"  AD’ °l  AC  AD  ’ 

I that  is, 


AC-ABAB-AD . 
AC  AD  ’ 
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which  may  finally  be  written  in  the  form: 

1 i _ 2 

A C^A^D~A~B  ’ 


an  equation  that  is  characteristic  of  a harmonic  range  of 
four  points  A,  B,  C,  D (c/.  § 64). 

68.  Application  to  the  Case  of  the  Reflection  of  Paraxial 
Rays  at  a Spherical  Mirror. — When  paraxial  rays  are  re- 
flected at  a spherical  mirror  whose  center  is  at  C,  we  saw 
(§  64)  that  CM  : AM  = M'C  : AM',  where  M,  M'  designate 
the  positions  of  a pair  of  conjugate  points  lying  on  a central 
ray  which  crosses  the  mirror  at  the  point  marked  A (Fig.  90, 
a and  6);  and  therefore 


CM  .AM 
CM' : AM' 


= - 1 or  (CAMM')=  -1. 


Consequently,  the  four  points  C,  A,  M,  M'  are  a harmonic 
range  of  points  lying  on  the  central  ray  AC,  and  we  may  say 
that  the  pair  of  conjugate  points  M,  M'  is  harmonically 
separated  by  the  center  of  the  mirror  C ant1  die  point  A 
where  the  central  ray  meets  the  mirror.  Thus,  if  we  know 
the  positions  of  three  of  these  points,  v/e  can  construct  the 
position  of  the  fourth  point  by  the  aid  of  the  properties  of 
the  complete  quadrilateral  (§  67).  For  example,  the  image- 
point  M'  conjugate  to  a giver  point  M with  respect  to  a 
spherical  mirror  may  be  constructed  as  follows: 

Draw  a straight  line  x (Fig.  97,  a and  b ) to  represent  the 
Uxis  of  the  mirror,  and  to  ark  on  it  the  positions  of  the  three 
given  points,  A,  C and  M,  which  may  be  ranged  along  this 
line  in  any  sequence  whatever  depending  on  the  form  of 
the  mirror  and  on  whether  the  object-point  M is  real  or 
virtual.  Th’  ough  M draw  another  straight  line  in  any  con- 
venient direction,  and  mark  on  it  two  points  which  we  shall 
call  Q and  S,  and  draw  the  straight  lines  AQ  and  CS  meeting 
in  a uoint  R and  the  straight  lines  AS  and  CQ  meeting  in  a 
pom  o P.  Then  the  straight  line  PR  will  intersect  the  straight 
line  x in  the  point  M'  which  is  conjugate  to  M with  respect 
to  a spherical  mirror  whose  vertex  is  at  A and  whose  center 
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is  at  C.  It  will  be  remarked  that  in  performing  this  con- 
struction the  only  drawing  instrument  that  is  needed  is  a 
straight-edge. 


If  the  mirror  is  concave,  the  possible  sequences  of 
four  points  on  the  axis  are  M,  C,  M',  A;  M , C,  M,  A 
C,  M,  A,  M',  when  the  object-point  M is  real,  and  C 


these 
; and 

, M-, 


A,  M,  when  the  object-point  M is  virtual.  In  the  case  of  a 
convex  mirror  the  points  may  occur  in  any  one  of  the  follow- 
ing arrangements:  M,  A,  M',  C,  when  the  object-point  M 
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is  real,  and  M',  A,  M,  C;  A,  M,  C,  M'  and  A,  M',  C,  M, 


when  the  object-point  M is  virtual.  The  student  should 
satisfy  himself  as  to  the  accuracy  of  these  statements  by 
drawing  a diagram  for  each  of  these  eight  sequences  accord- 
ing to  the  directions  for  the  construction  as  given  above. 
Fig.  97,  a shows  the  case  of  a concave  mirror  with  the  points 
in  the  order  M,  C,  M',  A;  whereas  Fig.  97,  b represents 


a convex  mirror  with  a 
virtual  object-point  at  M, 
the  order  in  this  case  be- 


ing A,  M,  C,  M'. 


69.  Focal  Point  and 
F ocal  Length  of  a Spheri- 


* — / - H «)  cal  Mirror.— In  the 

r /(f  ) CK 

7 ' x special  case  when  the  ob- 

Fig.  98,  a— Focal  point  of  convex  ject-point  M coincides 


mirror  (AF  = FC) 


with  the  infimteiv  distant 


point  E of  the  rr-axis,  the  conjugate  point  M will  lie  at  a 


point  F'  (Fig.  98,  a and  b)  determined  by  the  relation: 


(CAEFO  = - 1, 

and  since  here  CE  = AE=  oo , we  must  nave: 

AF' = F'C 


This  means  that  a cyl- 
indrical bundle  of  inci- 
dent paraxial  rays  parallel  ToE 

to  the  axis  of  a spherical  

mirror  will  be  transformed 

into  a conical  bunrtie  of  TbE  — 

-< — : 

reflected  rays  with  its  — 

vertex  at  a peie  1 F'  which  ' ' N 

is  midwav  between  the  Fl<5-  98>  b~ Focal  p°int  of  concave 


mirror  (AF  = FC) 


vertex  A and  the  center  C. 


If,  on  the  other  hand,  the  image-point  M'  coincides  with 


the  in  finitely  distant  point  E,  the  conjugate  object-point  M 
will  lie  on  the  axis  at  a point  F determined  by  the  relation: 

(CAFE')  = - 1, 
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and  therefore  we  obtain  here  in  the  same  way  as  above: 

AF  = FC. 

Accordingly,  a conical  bundle  of  incident  rays  with  its 
vertex  at  a point  F midway  between  the  vertex  of  the  mirror 
and  its  center  will  be  transformed  into  a cylindrical  bundle 
of  reflected  rays  parallel  to  the  axis  of  the  mirror.  The 
letters  F and  F'  will  be  used  to  designate  the  positions  of 
the  so-called  focal  points  of  an  optical  system  which  is  sym- 
metric around  an  axis.  They  are  not  a pair  of  conjugate 
points,  as  might  naturally  be  inferred  from  the  fact  that 
they  are  designated  by  the  same  letter.  In  the  case  of  a 
spherical  mirror  these  two  points,  as  we  have  seen,  are  coin- 
cident with  each  other,  which  is  a consequence  of  the  identity 
of  object-space  and  image-space  to  which  reference  was  made 
at  the  conclusion  of  § 64.  The  focal  point  of  a concave  mirror 
lies  in  front  of  the  mirror,  as  shown  in  Fig.  98,  &•,  so  that 
paraxial  rays  parallel  to  the  axis  will  be  reflected  at  a con- 
cave mirror  to  a real  focus  at  F;  whereas  in  the  case  of  a 
convex  mirror  the  focal  point  F lies  behind  the  mirror  (vir- 
tual focus),  as  shown  in  Fig.  98,  a. 

The  focal  length  f of  a spherical  mirror  may  be  defined  as 
the  abscissa  of  the  vertex  A with  respect  to  the  foc  ii  point 
F as  origin;  that  is,  /=FA.  Hence,  according  as  ihe  mirror 
is  concave  or  convex , the  focal  length  will  he  positive  or  negative , 
respectively . It  may  be  remarked  that  Jigns  of  f and 
r are  always  opposite,  the  relation  between  ihese  magnitudes 
being  given  by  the  following  formula: 

r r 

/=  --  or  - *J. 

Hence,  also,  the  abscissa-relation  obtained  in  § 64  may  be 
written  in  terms  of  / instead  it  r as  follows: 

1 1 1 1 A 

—I— ,+3  = 0; 

" u f 


V 


where,  however,  it  must  be  borne  in  mind  that,  whereas  the 
abscissae  u , u'  a*e  measured  from  the  vertex  A as  origin, 
the  focal  length  J is  measured  from  the  focal  point  F. 
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If  the  abscissae,  with  respect  to  the  focal  point  F,  of  the 
pair  of  conjugate  axial  points  M,  M'  are  denoted  by  x,  x', 
that  is,  if  FM  = rr,  then,  since 

AM  = AF+FM,  AM'  = AF+FM', 
the  connection  between  the  u’s  and  the  x's  is  given  by  the 
following  equations: 

u = x — f , u'  = x'  - f; 

and  substituting  these  values  in  the  formula  above  and 
clearing  of  fractions,  we  derive  the  so-called  Newtonian 
formula,  viz.: 

x.x’=f ; 

which  is  an  exceedingly  simple  and  convenient  form  of  the 
abscissa-relation  between  a pair  of  conjugate  axial  points. 
The  right-hand  side  of  this  equation  is  essentially  positive, 
and  hence  the  abscissae  x,  x'  must  always  have  like  signs. 
Consequently,  in  a spherical  mirror  the  conjugate  axial  points 
M,  M'  lie  always  both  on  the  same  side  of  the  focal  point  F. 

70.  Graphical  Method  of  exhibiting  the  Imagery  by 
Paraxial  Rays. — The  points  M,  M'  in  Fig.  09,  a and  b desig- 


F:a.  99,  a. — For  paraxial  rays  the  reflecting  (or 
refracting)  surface  must  be  represented  in  diagram 
by  the  straight  line  Ay , not  by  the  curved  line  AZ. 


na+e  vhe  positions  on  the  axis  of  a spherical  mirror  of  a pair 
of  conjugate  points  constructed  according  to  the  method 
explained  in  § 68.  On  the  reflecting  sphere  ZZ  take  a point 
D,  and  draw  the  straight  lines  MD,  M'D  meeting  the  tan- 


k 4 
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gent  Ay  in  the  plane  of  these  lines  in  the  points  B,  G,  re- 
■ spectively.  Also,  draw  the  straight  line  M B.  Now  if  the 
point  D were  very  close  to  the  vertex  A of  the  mirror , then 
) the  straight  line  MD  would  represent  the  path  of  an  incident 


' 


Fio.  99,  b. — For  paraxial  rays  the  reflecting  (or 
refracting)  surface  must  be  represented  in  diagram 
by  the  straight  line  Ay,  not  by  the  curved  line  AZ. 

paraxial  ray  crossing  the  axis  at  M,  and  the  path  of  the 
corresponding  reflected  ray  would  be  along  the  straight 
DM'.  But  under  these  circumstances,  the  three  points 
designated  here  by  the  letters  D,  B,  G would  all  be  so  near 
together  that  even  when  we  cannot  regard  D as  absolutely 
coincident  with  A,  we  may  consider  D,  B aim  G as  all  coin- 
cident with  one  another.  Therefore,  when  the  ray  is  paraxial, 
we  may,  and,  in  fact,  in  the  diagram  w<  must,  regard  the 
straight  line  BM'  as  showing  the  path  of  the  reflected  ray. 
It  is  quite  essential  that  this  point  which  is  seldom  cleaily 
explained  should  be  rightly  apprehended  by  the  student.  In 
diagrams  showing  the  imagery  by  means  of  paraxial  rays 
the  duty  of  the  straight  hr.es  that  are  drawn  is  not  primarily 
to  represent  the  actual  oaths  of  the  rays  themselves  but  to 
locate  by  their  intersections  the  correct  positions  of  the  pairs 
of  corresponding  points  in  the  object-space  and  image-space. 
In  the  consecution  of  such  diagrams,  a practical  difficulty 


# 
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is  encountered  due  to  the  fact  that,  whereas  in  reality  par- 
axial rays  are  comprised  within  the  very  narrow  cylindrical 
region  immediately  surrounding  the  axis  of  the  spherical 
surface  (§  63),  it  is  obviously  quite  impossible  to  show  them 
this  way  in  the  figure,  because  it  would  be  necessary  to  take 
the  dimensions  of  the  drawing  at  right  angles  to  the  axis 
so  small  that  magnitudes  of  the  second  order  of  smallness 
would  no  longer  be  perceptible  at  all;  thus,  for  example,  the 
points  B,  D,  G in  Fig.  99  would  have  to  be  shown  as  one 
point.  On  the  other  hand,  if  the  lines  in  the  diagram  are 
not  all  drawn  close  to  the  axis,  the  relations  which  have  been 
found  above  will  cease  to  be  applicable,  so  that,  for  instance, 
the  rays  shown  in  such  a drawing  would  not  intersect  in  the 
places  demanded  by  the  formulae. 

Accordingly,  in  order  to  overcome  this  difficulty,  a method 
of  constructing  these  figures  has  been  very  generally  adopted, 
which,  although  it  is  confessedly  in  the  nat'i?  (fa  com- 
promise, has  been  found  to  be  on  the  whole  quire  satisfactory, 
and  wherein  at  any  rate  the  geometrical  relations  are  in 
agreement  with  the  algebraic  conditions,  which  is  the  essen- 
tial requirement.  In  this  plan,  while  the  dimensions  parallel 
to  the  axis  remain  absolutely  unaltered,  the  dimensions  at 
right  angles  to  the  axis  are  all  prodigiously  magnified  in  the 
same  proportion.  Thus,  for  example,  if  the  incidence-height 
A = DB  (Fig.  89)  is  a smah  magnitude  of  the  order,  say,  of 
one-thousandth  of  the  unit  of  length,  it  will  be  shown  in 
the  figure  magnified  a thousand  times;  whereas  another  or- 
dinate whose  heigl  t was  only  one  one-millionth  of  the  unit 
of  length  and  which,  therefore,  would  be  of  the  second  order 
of  smallness  as  compared  with  h,  would  appear  even  in  the 
magnified  diagram  as  a magnitude  of  the  first  order  of  small- 
ness. arid  if  the  ordinate  denoted  by  h,  although  in  reality 
infinitely  small,  is  represented  in  the  drawing  by  a line  of 
finite  length,  an  ordinate  of  the  second  order  of  smallness 
as  compared  with  h will  be  entirely  unapparent  in  the 
magnified  diagram. 
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Of  course,  as  already  intimated,  one  effect  of  this  lateral 
enlargement  will  be  to  misrepresent  to  some  extent  the  rela- 
tions of  the  lines  and  angles  in  the  figure.  For  instance,  the 
circle  in  which  the  spherical  mirror  (or  refracting  surface) 
is  cut  by  the  plane  of  a meridian  section  will  thereby  be 
transformed  into  an  infinitely  elongated  ellipse  with  its 
major  axis  perpendicular  to  the  axis  of  the  spherical  surface, 
and  this  ellipse  will  appear  in  the  diagram  as  a straight  line 
Ay  tangent  to  the  circle  at  A.  The  minor  axis  of  the  ellipse 
remains  unchanged  and  equal  to  the  diameter  2 r of  the  circle, 
and  moreover  the  center  of  the  ellipse  remains  at  the  center  C 
of  the  circle.  But  the  most  apparent  change  will  be  in  the 
angular  magnitudes  which  will  be  completely  altered  and 
distorted.  For  example,  every  straight  line  drawn  through 
the  center  C really  meets  the  circle  ZZ  (Fig.  89)  normally, 
but  in  the  distorted  figure  the  axis  of  symmetry  will  be  the 
only  one  of  such  lines  which  will  be  perpendicular  to  the 
straight  line  Ay  which  takes  the  place  of  the  circular  arc  ZZ. 
Angles  which  in  reality  are  equal  will  appear  unequal,  and 
vice  versa.  However — and  after  all  this  is  the  really  essential 
matter — the  absolute  dimensions  of  the  abscissce  and  the  rela- 
tive dimensions  of  the  ordinates  will  not  be  changed  at  all , and 
therefore  lines  which  are  really  straight  will  ej-pear  as 
straight  lines  in  the  figure,  and  straight  lines  which  are 
parallel  will  be  shown  as  such.  The  abscissa  of  the  point  of 
intersection  of  a pair  of  straight  lines  in  the  vi rawing  will  be 
the  true  abscissa  of  this  point. 

In  such  a diagram,  therefore,  any  ray,  no  matter  what 
slope  it  may  have  nor  how  far  it  rr  ay  be  from  the  axis,  is  to 
be  considered  as  a paraxial  ray.  The  meridian  section  of 
the  spherical  reflecting  or  reflecting  surface  must  be  repre- 
sented in  the  figure  by  the  straight  line  Ay  (?/- axis),  and  the 
position  of  the  center  C with  respect  to  the  vertex  A will 
show  whether  the  suit'ase  is  convex  or  concave. 

71.  Extra- Axial  Conjugate  Points. — If  we  suppose  that  the 
axis  of  the  spLerwal  mirror  is  rotated  about  the  center  C 


t 
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through  a small  angle  ACU,  so  that  the  vertex  A moves 
along  the  mirror  to  a neighboring  point  U,  the  conjugate 
axial  points  M,  M'  will  describe  also  small  arcs  MQ,  M'Q' 
of  concentric  circles;  and,  evidently,  the  points  Q,  Q'  will  be 


Fig.  100. — Concave  mirror:  Object  is  a sm^i!  line  MQ  perpendicular  to 

axis;  its  image  M'Q'  is  T.ea!  u^d  inverted. 


harmonically  separated  (§§67,  68)  by  the  points  C,  U,  so  that 
(CUQQ')  = (CAMM')  = - L Thus,  we  see  how  the  point  Q' 
is  the  image-point  conjugate  to  the  extra-axial  object-point  Q. 
In  the  diagram  (Fig.  10U)  the  circular  arcs  AU,  MQ  and 
M'Q'  will  appear  as  straight  lines  perpendicular  to  the  axis,  as 
explained  in  § 70.  We  derive,  therefore,  without  difficulty 
the  following  conclusions: 

(1)  The  linage,  in  a spherical  mirror,  of  a plane  object  per- 
pendicular to  the  axis  is  likewise  a plane  perpendicular  to  the 
axis;  (2)  A straight  line  passing  through  the  center  of  the 
spherical  mirror  intersects  a pair  of  such  conjugate  planes  in  a 
pair  of  conjugate  points;  and  (3)  To  a homocentric  bundle  of 
incident  paraxial  rays  proceeding  from  a point  Q in  a plane 
perpendicular  to  the  axis  of  a spherical  mirror  there  cone- 
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sponds  a homocentric  bundle  of  reflected  rays  with  its  vertex  Q' 
lying  in  the  conjugate  image-plane. 

In  order  to  construct  the  image-point  Q'  of  the  extra-axial 
object-point  Q,  we  have  merely  to  find  the  point  of  inter- 
section after  reflection  at  the  spherical  mirror  of  any  two 


Vie 


Fig.  101,  a. — Lateral  magnification  and  construction  of  image  i.\ 

concave  mirror. 


rays  emanating  originally  from  Q.  The  diagrams  v'Fig.  101, 
a and  £>),  which  are  drawn  according  to  the  method  explained 
in  § 70,  exhibit  this  construction  for  the  cases  when  the  mirror 
is  concave  and  convex.  Of  the  incident  rays  proceeding 
from  Q,  it  is  convenient  to  select  for  thfe  rarpose  two  of  the 
following  three,  namely:  the  ray  QC  which  proceeding  to- 
wards the  center  C meets  the  spherical  mirror  normally  at 
U,  whence  it  is  reflected  back  along  the  same  path;  the  ray 
QV  which  proceeding  parallel  to  the  axis  and  meeting  the 
mirror  in  the  point  designated  by  V is  reflected  at  V along 
the  straight  line  joining  Y with  the  focal  point  F;  and  the 
ray  QW  which  being  directed  towards  the  focal  point  F is 
reflected  at  W in  a direction  parallel  to  the  axis.  The  point 
where  these  i effected  rays  intersect  will  be  the  image- 
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point  Q'.  Moreover,  having  located  the  position  of  Q',  we 
can  draw  QM,  Q'M'  perpendicular  to  the  axis  at  M,  M',  re- 
spectively; and  then  M'Q'  will  be  the  image  of  the  small 
object-line  MQ.  In  Fig.  101,  a the  image  M'Q'  is  real  and 
inverted,  whereas  in  Fig.  101,  b it  is  virtual  and  erect. 


Fig.  101,  b. — Lateral  magnification  and  construction  of  image  in  convex 

mirror. 

Whether  the  image  is  real  or  virtual  and  erect  or  inverted 
will  depend  both  on  the  pos'tion  of  the  object  and  on  the 
form  of  the  mirror. 

If  the  object-point  Q is  supposed  to  move,  say,  from  left 
to  right  along  the  straight  line  QV  drawn  parallel  to  the 
axis  of  the  minor  the  corresponding  image-point  Q'  will 
traverse  the  straight  line  VF  continuously  in  the  same 
direction.  Thus,  in  the  diagrams  (Fig.  102,  a & b)  the 
numerals  j.  2,  3,  etc.,  ranged  in  order  from  left  to  right  along 
a straight  line  parallel  to  the  axis  of  the  mirror,  show  a 
number  of  successive  positions  of  the  object-point,  while  the 
primed  numbers  1',  2',  3',  etc.,  lying  along  the  straight  line 
7F,  show  the  corresponding  positions  of  the  image-point. 
The  straight  lines  11',  22',  33',  etc.,  all  meet  at  the  center 
C of  the  mirror. 
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f'lG.  102,  a and  Ima-cTy  in  (o)  concave  mirror,  (b)  convex 

mirror. 
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72.  The  Lateral  Magnification. — If  the  ordinates  of  the 
pair  of  extra-axial  conjugate  points  Q,  Q'  are  denoted  by 
y,  y' , respectivel}',  that  is,  if  in  Fig.  101,  a and  b,  MQ  = ?/, 
M'Q'  = y',  the  ratio  y'jy  is  called  the  lateral  magnification  at 
the  axial  point  M.  This  ratio  will  be  denoted  by  y;  thus, 
y — y'/y.  The  sign  of  this  function  y indicates  whether  the 
image  is  erect  or  inverted.  The  lateral  magnification  may 
have  any  value  positive  or  negative  depending  only  on  the 
position  of  the  object. 

In  the  similar  triangles  MCQ,  M'CQ' 

M'Q'  : MQ  = M'C  : MC; 

and  since 

M'C  = r - w',  MC  = r-  w, 

where  w = AM,  w'  = AM',  r = AC;  and  since  according  to  the 
abscissa-formula  (§  64) 


r — u'  u' 


r—u  u 

we  derive  the  following  formula  for  the  lateral  magnification 
in  the  case  of  a spherical  mirror: 


y a 

v=—= 

y u 


Also,  from  the  figure  we  see  that 

M'Q'  _ AW  FA  _ M'Q'  _ FM' . 


y 


MQ  MQ  FM  AV  FA’ 
and  since  FM  = x,  FM'=a/,  and  FA=/,  we  derive  also  an- 
other formula  for  t*ie  lateral  magnification,  as  follows: 

y * f ’ 

This  expression  shows  that  the  lateral  magnification  is  in- 
versely proportional  to  the  distance  of  the  object  from  the 
focal  plane. 

73.  Field  of  View  of  a Spherical  Mirror. — When  the 
image  of  a luminous  object  is  viewed  in  a spherical  mirror, 
the  axis  of  the  mirror  is  determined  by  the  straight  line  O'C 
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(Fig.  103,  a and  b)  joining  the  center  O'  of  the  pupil  of  the 
observer’s  eye  with  the  center  C of  the  mirror;  and,  on  the 
assumption  that  the  image  is  formed  by  the  reflection  of 
paraxial  rays,  the  actual  portion  of  the  mirror  that  is  utilized 


consists  of  a small  circular  zone  immediately  surrounding 
the  vertex  A where  the  axis  meets  the  reflecting  surface.  Ac- 
cording to  the  method  of  drawing  these  diagrams  which  was 
described  in  § 70,  the  line-segment  GFL  which  is  perpendicu- 
lar to  the  axis  at  A and  which  k bisected  at  A will  represent 
a meridian  section  of  this  zone  in  the  plane  of  the  figure,  so 
that  the  points  designated  by  G,  H are  opposite  extremities 
of  a diameter  of  the  effective  portion  of  the  mirror. 

All  the  reflected  rays  that  enter  the  eye  at  O'  must  neces- 
sarily lie  within  tL*  conical  region  determined  by  revolving 
the  isosceles  ua^ugle  O'GH  around  the  axis  of  the  mirror. 
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The  outermost  rays  that  can  possibly  be  reflected  into  the  eye 
at  O'  will  be  the  rays  that  are  reflected  along  the  straight 
lines  HO'  and  GO'.  In  order  to  see  a real  image  in  a concave 
mirror  (Fig.  103,  6),  the  eye  must  be  placed  in  front  of  the 


Fig.  103,  b. — Field  of  view  for  eye  in  front  of  concave  mirror. 


mirror  at  a distance  greater  than  the  lengtu  of  the  radius. 
The  incident  rays  corresponding  to  the  extreme  reflected 
rays  will  intersect  in  a point  O which  is  conjugate  to  O'; 
and  hence  the  field  of  view  (§  9)  within  which  all  object-points 
must  lie  in  order  that  their  images  in  the  mirror  may  be 
visible  to  an  eye  at  O'  will  be  limited  by  the  surface  of  a 
right  circular  cone  generated  by  the  revolution  of  the  isosceles 
triangle  OHG  around  the  ;.xis  of  the  mirror.  Thus,  exactly 
as  in  the  case  of  the  corresponding  problem  in  connection 
with  the  field  of  view  of  a plane  mirror  (§  16),  the  contour  of 
the  effective  portion  of  the  spherical  mirror  acts  also  as  a 
field-stop  for  the  imagery  produced  by  paraxial  rays. 

Through  0 draw  B'J'  at  right  angles  to  the  axis  of  the 
mirror  and  mark  the  points  B',  J'  at  equal  distances  from 
O'  on  opposite  sides  of  the  axis.  Then  B'J'  may  be  supposed 
to  represent  the  diameter  in  the  plane  of  the  diagram  of  the 
iris  opening  of  the  pupil  of  the  observer’s  eye.  Construct 
by  the  method  described  in  § 71,  the  object-line  BJ  whose 
image  in  the  mirror  is  B'J'.  Evidently,  any  ray  which  aftet 
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reflection  enters  the  pupil  of  the  eye  between  B'  and  J'  must 
before  reflection  have  passed,  really  or  virtually,  through 
the  conjugate  point  on  the  straight  line  between  B and  J. 
In  fact,  the  circle  described  around  O as  center  in  the  trans- 
versal plane  perpendicular  to  the  axis  at  O with  radius  OB 
will  act  like  a material  stop  to  limit  the  apertures  of  the 
bundles  of  incident  rays.  It  is  the  so-called  entrance-pupil 
of  the  system,  while  the  pupil  of  the  eye  plays  the  part  of 
the  exit-pupil  (see  § 16).  Thus,  for  example,  if  S designates 
the  position  of  a luminous  point  lying  anywhere  within  the 
field  of  view,  the  eye  at  O'  will  see  the  image  of  S at  S'  by 
means  of  a bundle  of  rays  which  are  drawn  from  S to  all  points 
of  the  entrance-pupil  and  which  after  reflection  at  the 
mirror  are  comprised  within  the  cone  which  has  its  vertex 
at  S'  and  the  exit-pupil  as  base.  The  entrance-pupil  BJ  is 
the  aperture-stop  of  the  system  (§11). 

74.  Refraction  of  Paraxial  Rays  at  a Spherical  Surface. — 
In  the  accompanying  diagrams  Fig.  104,  a and  b,  the  straight 
line  RB  represents  an  incident  ray  meeting  the  spherical 
refracting  surface  ZZ  at  B,  while  the  straight  line  BS  sbov/s 


Fig.  104,  a. — Convex  spherical  refracting  surface  ( n'>n ). 


the  path  of  the  corresponding  refracted  ray.  If  the  position 
of  the  point  M whcro  the  incident  ray  crosses  the  axis  is 
given,  the  problem  Is  to  determine  the  position  of  the  point 
M'  where  the  refracted  ray  meets  the  axis.  The  angles  of 
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incidence  and  refraction  are  ZNBR=a,  ZN'BS=a',  and 
by  the  law  of  refraction: 


n'.sina/  = n.sina, 

where  n,  n'  denote  the  indices  of  refraction  of  the  first  and 


second  media,  respectively.  In  the  triangles  MBC,  M'BC, 
we  have: 


x 


Z 


Fig.  104,  b. — Concave  spherical  rel’ac^ing  surface  (n  > n) . 


where  4>  = Z BCA.  Dividing  one  of  these  equations  by  the 
other,  we  obtain: 


CM  BM  n 


Now  if  the  ray  PB  is  a paraxial  ray,  the  incidence-point  B 
will  be  so  near  the  vertex  A of  the  spherical  refracting  surface 
that  A may  be  written  in  place  of  B,  according  to  the  def- 
inition cf  a paraxial  ray  as  given  in  § 63.  Therefore,  in  the 
case  cf  the  refraction  of  paraxial  rays  at  a spherical  surface 
the  four  points  C,  A,  M,  M'  on  the  axis  are  connected  by 
the  following  relation: 


CM  AM  n ' 


CM' 'AM'  n 
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which  may  be  written  (§  65) : 

7)! 

(CAMM')  = — ; 

n 

that  is,  the  double  ratio  of  the  four  axial  'points  C,  A,  M,  M' 
is  constant  and  equal  to  the  relative  index  of  refraction  from 
the  first  medium  to  the  second. 

Thus,  for  a given  spherical  surface  (that  is,  for  known 
positions  of  the  points  A and  C),  separating  a pair  of  media 
of  known  relative  index  of  refraction  ( n'/n ),  the  point  M' 

Ion  the  axis  corresponding  to  a given  position  of  the  axial 
point  M has  a perfectly  definite  position,  entirely  independent 
of  the  actual  slope  of  the  incident  paraxial  ray  RB;  whence 
it  may  be  inferred  that  M'  is  the  image  of  M,  so  that  to  a 
homocentric  bundle  of  incident  paraxial  rays  with  its  vertex 
lying  on  the  axis  of  the  spherical  refracting  surface  there  corre- 
sponds also  a homocentric  bundle  of  refracted  rays  with  its 
vertex  on  the  axis. 

In  Fig.  104,  a the  image  at  M'  is  real,  whereas  in  Fig.  104,  b 
it  is  virtual.  Since  the  relative  index  of  refraction  is  never 


less  than  zero,  the  value  of  the  double  ratio  (CAMM')  in 


the  case  of  refraction  at  a spherical  surface  is  necessaniy 
positive;  consequently,  the  pair  of  conjugate  points  i\l,  M' 
is  not  “separated”  (§  65)  by  the  pair  of  points  A,  C,  as  was 
found  to  be  the  case  in  reflection  at  a spherical  mirror  (§  68). 
Thus,  if  M,  M'  designate  the  positions  of  a oa:r  of  conjugate 
axial  points  with  respect  to  a spherical  refracting  surface,  it 
is  always  possible  to  pass  from  M to  i 4'  along  the  axis  one 
way  or  the  other  without  going  through  either  of  the  points 
A or  C,  although  in  order  to  do  this  it  may  sometimes  be 
necessary  to  pass  through  the  m finitely  distant  point  of  the 


axis  (see  § 65).  Accordingly,  depending  only  on  the  form 
of  the  surface  and  on  whether  n is  greater  or  less  than  n', 
there  will  be  found  to  bo  sixteen  possible  orders  of  arrange- 
ment of  these  four  ooints,  viz. : 

A,  C,  M,  M',  a,  C,  M',  M;  A,  M,  M',  C;  A,  M',  M,  C; 
M,  A,  C,  M',  jVT,  A,  C,  M;  M,  M',  A,  C;  M',  M,  A,  C; 
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together  with  the  eight  other  arrangements  obtained  by  re-  [ 
versing  the  order  of  the  letters  in  each  of  these  combinations;  I 
in  other  words,  exactly  the  series  of  combinations  that  are  1 

not  possible  in  the  case  of  a spherical  mirror  where  the  pair  : 

of  conjugate  axial  points  M,  M'  is  harmonically  separated  | 
by  the  pair  of  points  A,  C,  so  that  (CAMM')=  — 1 (§  68).  | 

The  student  should  draw  a diagram  similar  to  Fig.  104  for  i 

each  of  the  possible  arrangements  of  the  four  points  above 
mentioned.  Fig.  104,  a shows  the  case  M,  A,  C,  M'  and 
Fig.  104,  b shows  the  case  M,  M',  C,  A.  I 

Moreover,  if  (CAMM')=w'/n,  then  also  (CAM'M)=  | 

njn',  as  follows  from  the  definition  of  the  double  ratio  (§  65).  I 

Consequently,  if  a paraxial  ray  is  refracted  at  a point  B of 
a spherical  surface  from  medium  n to  medium  n'  along  the  | 

broken  line  RBS,  a ray  directed  from  S to  B will  be  refracted  I 

from  medium  n'  to  medium  n in  the  direction  BR’  which  is  | 
in  accordance  with  the  general  principle  of  tht.  reversibility 
of  the  light-path  (§  29).  If  therefore  M'  is  the  image  of  M j 
when  the  light  is  refracted  across  the  spherical  surface  in  a I 
given  sense,  then  also  M will  be  the  image  of  M'  when  the  | 
refraction  takes  place  in  the  reverse  sense. 

75.  Reflection  Considered  ac  a Special  Case  of  Refrac- 
tion.— It  was  implied  above  that  if  it  were  possible  for  the 
ratio  n'/n  to  have  not  only  positive  values  but  also  the  unique 
negative  value  —1,  the  single  formula  (CAMM')=n'/n  I 

would  express  the  relation  between  a pair  of  conjugate  axial  I 

points  M,  M'  both  °or  a spherical  refracting  surface  and  I 

for  a spherical  ndnor.  The  question  naturally  arises,  there-  I 

fore,  Is  there  a general  rule  of  this  kind  applicable  also  to  I 
other  problems  in  optics  that  are  not  necessarily  concerned 
with  paraxial  rays  or  particular  conditions?  Returning  to  I 
fundamental  principles  and  recalling  the  laws  of  reflection  | 

and  refraction,  we  observe  that  while  the  angles  of  incidence  I 

and  refraction  always  have  like  signs,  the  angles  of  incidence  I 

and  reflection,  on  the  contrary,  have  opposite  signs.  In  I 
order,  therefore,  that  the  refraction-formula  n' . sina'  = n . sin  a 


Construction  of  Conjugate  Axial  Points 


183 


may  include  also  the  law  of  reflection  as  well,  the  values 
of  n and  nf  in  the  latter  case  must  be  such  that  a'  = — a 
is  a solution  of  the  equation  in  question;  and  obviously  this 
solution  can  be  obtained  only  by  putting 

, n' 

n = — n,  or  — = — 1. 
n 

Accordingly,  the  rule  discovered  above  to  be  true  in  a special 
case  is  found  to  be  entirely  general,  so  that,  at  least  from  a 
purely  mathematical  point  of  view,  the  reflection  of  light 
may  be  regarded  as  a particular  case  of  refraction  back  again 
into  the  medium  of  the  incident  light,  provided  we  assign  to 
this  medium  two  equal  and  opposite  values  of  the  absolute 
index  of  refraction.  The  convenience  of  this  artifice  is  ap- 
parent, since  it  makes  it  quite  unnecessary  to  investigate  sep- 
arately and  independently  each  special  problem  of  reflection 
and  refraction;  for  when,  in  any  given  case  the  relation  be- 
tween an  incident  ray  and  the  corresponding  refracted  ray 
has  been  ascertained,  it  will  be  necessary  merely  to  impose 
the  condition  n'=  —n  in  order  to  derive  immediately  the 
analogous  relation  between  the  incident  ray  and  the  corre- 
sponding reflected  ray.  Thus,  for  example,  any  formula 
hereafter  to  be  derived  concerning  the  refraction  of  paraxial 
rays  at  a spherical  surface  may  be  converted  into  die  corre- 
sponding formula  for  the  case  of  a spherical  mirror  by 
putting  n'=  —n. 

76.  Construction  of  the  Point  M'  Conjugate  to  the  Axial 
Point  M. — In  order  to  construct  the  point  M'  conjugate  to 
the  axial  point  M with  respect  to  a.  spherical  refracting  sur- 
face, we  may  proceed  as  follows: 

Through  the  vertex  A (Fig.  \0 C a,  b,  c and  d ) and  the  center 
C draw  a pair  of  parallel  slight  lines  (preferably  but  not 
necessarily)  at  right  angles  to  the  axis;  and  on  the  line  going 
through  C take  two  Domes  0 and  O'  such  that 

CO:  CO'  = n':  n. 


Join  the  given  axial  point  M by  a straight  line  with  the  point 
i 0,  and  let  B designate  the  point  where  this  straight  line, 
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Fig.  105. — Spherical  refracting  surface:  Construction  of  image-point  M' 
conjugate  to  axial  object-point  M;  construction  of  focal  points  F,  F'. 

(a)  Convex  surface,  n'>n;  order  MACM'. 

(b)  Concave  surface,  n'>n;  order  MM'CA. 

(c)  Convex  surface,  n'<n;  order  MM'AC. 

( d ) Concave  surface,  n'<n;  order  MCAM'. 
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produced  if  necessary,  meets  the  line  drawn  through  A 
parallel  to  CO;  then  the  required  point  M'  will  be  at  the 
place  where  the  straight  line  BO',  produced  if  necessary, 
intersects  the  axis. 

The  straight  line  Ay  drawn  perpendicular  to  the  axis  at  A 
will  be  tangent  to  the  spherical  surface  at  its  vertex;  and  this 
line  will  represent  the  spherical  surface  in  the  diagram,  since 
we  are  concerned  here  only  with  paraxial  rays  (§  70).  Thus, 
to  the  incident  ray  RB  crossing  the  axis  at  M and  incident 
on  the  surface  at  B,  there  will  correspond  the  refracted  ray 
BS  crossing  the  axis  at  M'. 

The  proof  of  the  construction  consists  in  showing  that 

the  double  ratio  (CAMM')  is  equal  to  — , in  accordance  with 

n 

the  relation  which,  as  we  saw  above  (§  74),  connects  the  two 
conjugate  points  M,  M'. 

In  the  pair  of  similar  triangles  CMO,  AMB, 

CM:  AM  = CO:  AB; 

and  in  the  pair  of  similar  t riangles  CM 'O',  AM'B, 

AM':  CM'  = AB:  CO'. 

Multiplying  these  two  proportions,  we  obtain : 

CM  AM'  CO 


or 


CM'  * AM  CO' ' 


CM  AM  _n* 
CM'  * AM'  n 


and  hence 


(CAMM')  = - . 

n 

The  diagrams  illustrate  four  cases,  viz.,  the  cases  when 
the  points  A,  C,  M,  M'  are  ranged  along  the  axis  from  left 
to  right  in  the  orders  MACM',  MM'CA,  MM'AC  and 
MCAM'.  In  the  diagrams  Fig.  105,  a and  b , the  second 
medium  is  represented  as  more  highly  refracting  than  the 
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first  (n'>n),  whereas  in  the  two  other  diagrams  Fig.  105, 
c and  d,  the  opposite  case  is  shown  (n'<n);  in  a and  c the 
surface  is  convex,  and  in  b and  d it  is  concave. 

77.  The  Focal  Points  (F,  F')  of  a Spherical  Refracting 
Surface. — The  object-point  F which  is  conjugate  to  the  in- 
finitely distant  image-point  E and  the  image-point  F'  which 
is  conjugate  to  the  infinitely  distant  object-point  E of  the 
axis  are  the  so-called  focal  points  of  the  spherical  refracting 
surface.  A conical  bundle  of  incident  paraxial  rays  with  its 
vertex  at  the  primary  focal  point  F will  be  converted  into  a 
cylindrical  bundle  of  refracted  rays  all  parallel  to  the  axis 
and  meeting  therefore  in  the  infinitely  distant  point  E of 
the  axis;  and,  similarly,  a cylindrical  bundle  of  paraxial  rays 
proceeding  from  the  infinitely  distant  point  E of  the  axis 
will  be  transformed  into  a conical  bundle  of  refracted  rays 
with  its  vertex  at  the  secondary  focal  point  F'. 

According  to  the  method  explained  in  § 76,  the  focal  point 
F may  be  constructed  by  drawing  the  straight  line  O'H 
(Fig.  105,  a,  b,  c and  d)  through  O'  parallel  to  the  axis  meeting 
the  straight  line  AB  in  the  point  designated  by  H;  and  then 
the  straight  line  OH  will  intersect  the  axis  in  the  primary  focal 
point  F.  Similarly,  if  the  straight  line  OK  is  drawn  through 
O parallel  to  the  axis  meeting  AB  in  a point  K,  the  point  of 
intersection  of  the  straight  line  KO'  with  the  axis  will  de- 
termine  the  position  of  the  secondary  focal  point  F'.  In 
brief,  the  diagonals  of  the  parallelogram  OO'HK  meet  the 
axis  in  the  focal  points  F,  F'.  The  spherical  refracting  surface 
is  said  to  be  convergent  or  divergent  according  as  the  focal 
point  F'  is  real  or  virtual,  respectively.  Thus,  in  the  dia- 
grams Fig.  ib5,  a and  d,  incident  rays  parallel  to  the  axis  are 
brought  to  a real  focus  at  F',  so  that  the  surface  is  convergent 
for  taen  of  these  cases;  whereas  in  the  diagrams  Fig.  105, 
b and  c,  incident  rays  parallel  to  the  axis  are  refracted  as  if 
they  proceeded  from  a virtual  focus  at  F'. 

Moreover,  certain  characteristic  metric  relations  may  be 
derived  immediately  from  the  diagrams  Fig.  105,  a,  b,  c,  and  d. 
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For  example,  in  the  two  pairs  of  similar  triangles  FAH,  HO'O 
ffiei u and  F'CO',  O'HK,  we  obtain  the  proportions: 

FA : HO'  = AH : O'O,  CF' : HO'  = CO' : HK, 

Apii  and  since  CO'  = AH,  HK  = 0'0,  we  find: 

FA  = CF'; 

and  hence  also: 

F'A  = CF. 

Accordingly,  concerning  the  positions  of  the  focal  points  of 
a spherical  refracting  surface  we  have  the  following  rule: 

The  focal  points  of  a spherical  refracting  surface  lie  on  the 
axis  at  such  places  that  the  step  from  one  of  them  to  the  center 
is  identical  with  the  step  from  the  vertex  to  the  other  focal  point. 

This  statement  should  be  verified  for  each  of  the  diagrams. 
Not  only  will  the  center  C be  seen  to  be  at  the  same  distance 
from  the  primary  focal  point  as  the  secondary  focal  point  is 
from  the  vertex  A,  but  the  direction  from  F to  C will  always 
be  the  same  as  that  from  A to  F'. 

This  relation  may  also  be  expressed  in  a different  way; 
for,  since 

FA  = CF'  = CA+AF', 
we  have  the  following  equation : 

FA+F'A  = CA;  or  AC  = AF+AF'; 
it  j|  which  may  be  put  in  words  by  saying  that  the  step  from  the 
vertex  to  the  center  of  a spherical  refracting  surface.  is  equal  to 
the  sum  of  the  steps  from  the  vertex  to  the  two  fowl  points. 

And,  finally,  since  in  the  pair  of  similar  triangles  FAH, 
J FCO,  we  have: 

FC : FA  = CO : AH  = CO : CO' = n' : n, 
and  since  FC=  — CF  = — F'A,  we  obtain  also  another  useful 
and  important  relation,  viz. : 

F'A_  _n' 

i lib.  ■ F A n 9 

.^.;l  and,  consequently:  The  *uo  focal  points  F,  F'  of  a spherical 

refracting  surface  lie  on  opposite  sides  of  the  vertex  A,  and  at 
| distances  from  it  v:h*rh  are  in  the  ratio  of  n to  nf.  If,  there- 
fore, we  are  giv  ?n  uie  positions  of  one  of  the  two  focal  points, 
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Fig  106,  a,  6,  c and  d. — Focal  points  of  spherical  refracting  surface  sep- 
arating air,  of  index  1,  and  glass,  of  index  1.5. 

(a)  Refraction  from  air  to  glass  at  convex  surface. 

(o)  concave 

(c)  “ “ glass  to  air  “ convex  “ 

(d)  “ “ concave  “ 
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F or  F',  as  well  as  the  positions  of  the  points  A,  C which  de- 
termine the  size  and  form  of  the  spherical  surface,  we  have 
all  the  data  necessary  to  enable  us  to  locate  the  point  M' 
conjugate  to  a given  axial  object-point  M.  For  we  can 
locate  the  position  of  the  other  focal  point  and  thus  determine 
the  value  of  the  ratio  n' : n. 

Whether  the  secondary  focal  point  will  lie  on  one  side  or 
the  other  of  the  spherical  refracting  surface,  that  is,  whether 
the  surface  will  be  convergent  or  divergent,  will  depend  on 
each  of  two  things,  viz.:  (1)  Whether  the  surface  is  convex 
or  concave,  and  (2)  Whether  n'  is  greater  or  less  than  n.  For 
example,  if  the  rays  are  refracted  from  air  to  glass  (n'/n  — 
3/2),  according  to  the  above  relations  we  find  that  AF  = 2 CA, 
AF'  = 3 AC ; so  that  starting  at  the  vertex  A and  taking  the 
step  CA  twice  we  can  locate  the  primary  focal  point  F;  and 
returning  to  the  vertex  A and  taking  the  step  AC  three 
times,  we  arrive  at  the  secondary  focal  point  F'.  The  dia- 
grams Fig.  106,  a and  b,  show  the  positions  of  the  focal  points 
for  refraction  from  air  to  glass  for  a convex  surface  and  for 
a concave  surface.  In  this  case  the  convex  surface  is  con- 
vergent  and  the  concave  surface  is  divergent.  On  the  othe: 
hand,  when  the  light  is  refracted  from  glass  to  air  (n/n  = 
2/3),  we  find  AF  = 3 AC,  AF'  = 2 CA  (Fig.  106,  c and  a),  and 
in  this  case  the  concave  surface  is  convergent  and  fhe  convex 
surface  is  divergent. 

In  conclusion,  it  may  be  added  that  the  constructions  and 
rules  which  have  been  given  above  for  the  case  of  a spherical 
refracting  surface  are  entirely  applicable  also  to  a spherical 
mirror.  In  fact,  here  we  have  an  excellent  illustration  of 
the  method  of  treating  reflection  as  a special  case  of  refrac- 
tion, which  was  explained  in  S 75.  For  if  we  take  n'=  -n, 
the  two  points  0,  O'  (Fig.  i07,  a and  b)  will  lie  on  a straight 
line  passing  through  the  center  C of  the  mirror  at  equal  dis- 
tances from  C in  opposite  directions.  The  point  M'  con- 
jugate to  the  axia.  object-point  M and  the  focal  points  F, 
F'  will  be  found  precisely  according  to  the  directions  for 
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Fig.  107,  a and  b. — Redaction  at  spherical  mirror:  Con- 
struction of  ima£ e-point  M'  conjugate  to  axial  object- 
point  M;  consi/i  action  of  focal  point. 

(a)  concave  mirror,  (6)  convex  mirror. 

drawing  the  d’ag’ams  of  Fig.  105.  Obviously,  the  focal 
points  of  a spherical  mirror  will  coincide  with  each  other 
at  a point  midway  between  the  vertex  and  center  (§  69). 

78.  Abscissa-Equation  referred  to  the  Vertex  of  the 
Spherical  Refracting  Surface  as  Origin. — If  the  vertex  A of 
the  spherical  refracting  surface  is  taken  as  the  origin  (§  63) 
fiom  which  distances  or  steps  along  the  axis  are  reckoned, 
and  if  the  symbols  r,  u and  u'  are  employed  as  in  the  case 
of  a spherical  mirror  (§  64)  to  denote  the  abscissae  of  the 
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center  C and  the  pair  of  conjugate  axial  points  M,  M',  that 
is,  if  AC  = r,  AM  = u,  AM'  = u',  then 

CM  = CA+ AM  = u-r,  CM'  = CA+ AM'  = u'~  r; 


71 

and  since  the  formula  (CAMM')  = — may  evidently  be 

n 


v written  as  follows: 


, CM'  CM 
n . — — . = n . — — : , 
AM'  AM 


v we  obtain : 


u — r 


n 


= n . 


u—r 


u 


u 


1 

i 


Dividing  both  sides  by  r,  we  derive  the  so-called  invariant 
relation  in  the  case  of  refraction  of  paraxial  rays  at  a spherical 
surface,  in  the  following  form: 


KiQ 


\r  u 1 \r  u, 

Usually,  however,  this  equation  is  written  as  follows: 

n'  n . n'  — n 

> i ) 

u u r 

which  is  to  be  regarded  as  one  of  the  fundamental  formulae  of 
geometrical  optics.  If  the  two  constants  r and  n'/ n are  known, 
the  abscissa  u'  corresponding  to  any  given  valat  of  u may 
easily  be  determined.  Putting  n'  = — n (§  75),  we  obtain  the 
abscissa-formula  for  reflection  of  paraxial  vavs  at  a spherical 
mirror  (§64);  and  if  we  put  r=  oo , we  derive  the  formula 
n'  n 


I _ = _ for  the  refraction  of  paraxial  rays  at  a plane  surface 
i u'  u 

r { (§41).  It  is  because  this  lirwai  equation  connecting  the 
abscissae  of  a pair  of  conjug<?ie  axial  points  includes  these 
other  cases  also  that  some  writers  have  proposed  that  the 
formula  above  should  be  called  the  characteristic  equation  of 
paraxial  imagery. 

79.  The  Focal  l engths  f,  f'  of  a Spherical  Refracting 
Surface. — The  sl°ps  from  the  focal  points  F and  F'  to  the  vertex 


p'M 

1 


t»fls 
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A are  called  the  focal  lengths  of  the  spherical  refracting  surface; 
the  primary  focal  length,  denoted  hy  f,  is  the  abscissa  of  A with 
respect  to  F (/=FA),  and  the  secondary  focal  length,  denoted 
by  /',  is  the  abscissa  of  A with  respect  to  F'(/'  = F'A). 

Since  FA+F'A  = CA  (§  77),  and  since  CA=  - r,  the  focal 
lengths  and  the  radius  of  the  surface  are  connected  by  the 
following  relation: 

/+/'+r=0, 


and  hence  if  two  of  these  magnitudes  are  known,  the  value 
of  the  third  may  always  be  determined  from  the  fact  that  their 
algebraic  sum  is  equal  to  zero.  For  example,  starting  at  any 
point  on  the  axis  and  taking  in  succession  in  any  order  the 
three  steps  denoted  by  f,  f and  r,  one  will  find  himself  at 
the  end  of  the  last  step  back  again  at  the  starting  point. 

Moreover,  the  focal  lengths  are  connected  with  the  indices 
of  refraction  by  the  following  relation  (§  77) : 


¥ 


7=  - — or  n.f'+n' .f=  0: 

/ n 


and,  hence,  the  focal  lengths  of  a zph°rical  refracting  surface 
are  opposite  in  sign  and  in  the  sam?  numerical  ratio  as  that  of 
the  indices  of  refraction.  This  formula,  as  we  shall  see  (§  122), 
represents  a general  law  of  fundamental  importance  in  geo- 
metrical optics. 

Expressions  for  the  focal  lengths  in  terms  of  the  radius 
r and  the  relative  index  of  refraction  ( n ' : n)  may  be  derived 
immediately  from  ohe  pair  of  simultaneous  equations  above 
by  solving  them  for  / and  /'.  The  same  expressions  may 
likewise  be  easily  obtained  by  substituting  in  succession  in 
the  abscissa-formula  (§  78)  the  two  pairs  of  corresponding 
values,  viz.,  u— —f,  u'=  cc  and  u=  oo , u'  — — /'.  And, 
finahy,  they  may  also  be  obtained  geometrically  from  one  of 
iht  diagrams  of  Fig.  107  by  observing  that,  since  by  con- 
struction CO  : CO'  = n':  n,  it  follows  that 


CO':  0'0  = n:  (n'~ n),  CO:  0'0  = n':  (n'  — n). 
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Now  from  the  two  pairs  of  similar  triangles  FAH,  HO'O  and 
F'AK,  O'HK  we  obtain  the  two  proportions: 

I?  a . xrrv  _ a tt  • rvn  i?'  \ • n'PT  = A K • TTTC  • 


and  since 


FA=/,  HO'  = AC  = r,  AH  = CO',  F'A=/',  AK  = CO,  and 
HK  = 0'0, 

we  have,  finally : 


which  are  exceedingly  useful  forms  of  the  expressions  for  the 


focal  lengths. 
Since 


n nr  — n nf 


the  abscissa-relation  connecting  u and  u ' may  be  expressed 
in  terms  of  one  of  the  focal  lengths  instead  of  in  terms  of  the 
radius  r,  for  example,  in  terms  of  the  focal  length/,  as  follows: 

kn'  _n_ j_n 

u'  u /" 

t I 80.  Extra-Axial  Conjugate  Points;  Conjugate  Planes  of  a 
ijv » Spherical  Refracting  Surface. — If  the  axis  AC  of  a spherical 
t refracting  surface  is  revolved  in  a meridian  plane  through 
1 a very  small  angle  about  an  axis  perpendiemnr  to  this  plane 
i at  the  center  C,  so  that  the  vertex  of  the  surface  is  displaced 
i|ti  i i a little  to  one  side  of  its  former  position  A to  a point  U on 
!U;  It  the  surface,  the  pair  of  conjugate  points  M,  M'  will  likewise 
ui  r undergo  slight  displacements  into  the  new  positions  Q,  Q ; 
hs  I and,  evidently,  the  same  relation  will  connect  the  four  points 
lit  i'.  C,  U,  Q,  Q'  on  the  central  line  UC  as  exists  between  the  four 
til  points  C,  A,  M,  M'  on  the  axis  AC,  and  accordingly  (§  76) 
)>'  we  may  write: 


(CUQQ')  = ^ ; 
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and  hence  it  is  obvious  that  the  points  Q,  Q'  are  a pair  of 
extra-axial  conjugate  points  with  respect  to  the  spherical 
refracting  surface.  Thus,  if  the  points  belonging  to  an  ob- 
ject are  all  congregated  in  the  immediate  vicinity  of  the  axis 
on  an  element  of  a spherical  surface  which  is  concentric  with 
the  refracting  sphere,  the  corresponding  image-points  will 
all  be  assembled  on  an  element  of  another  concentric  spherical 
surface,  and  any  straight  line  going  through  C will  determine 
by  its  intersections  with  this  pair  of  concentric  surfaces  two 
conjugate  points  Q,  Q'.  In  order  that  the  rays  concerned 
may  all  be  incident  near  the  vertex  A,  it  is  necessary 
to  assume  that  ZUCA  is  very  small,  which  means  that 
the  little  elements  of  the  surfaces  described  around  C may 
in  fact  be  regarded  as  plane  surfaces  perpendicular  to  the 
axis  AC.  Accordingly,  the  imagery  produced  by  the  re- 
fraction of  paraxial  rays  at  a spherical  surface  m%y  be  de- 
scribed by  the  following  statements: 

(1)  The  image  of  a plane  object  perpendicular  to  the  axis 
of  a spherical  refracting  surface  is  similar  to  the  object,  and 
will  lie  likewise  in  a plane  perpendicular  to  the  axis;  (2)  A 
straight  line  drawn  through  the  cen  er  C will  intersect  a pair  of 
conjugate  planes  in  a pair  of  conjugate  points  Q,  Q';  and  (3) 
Incident  rays  which  inter esct  in  Q will  be  transformed  into 
refracted  rays  which  intersec f in  Q'. 

Diagrams  showing  the  refraction  of  paraxial  rays  at  a 
spherical  surface  shorn n be  drawn  therefore  according  to  the 
plan  explained  in  § 70,  as  has  been  already  stated.  The 
spherical  refracting  surface  must  be  represented  in  the  figure 
by  the  plane  tangent  to  the  surface  at  its  vertex  A,  whose 
trace  in  +he  meridian  plane  of  the  drawing  is  the  straight 
line  Ay  which  is  taken  as  the  y-axis  of  the  system  of  rect- 
anguim  coordinates  whose  origin  is  at  A (§  63). 

8\.  Construction  of  the  Point  Q'  which  with  Respect  to  a 
Spherical  Refracting  Surface  is  Conjugate  to  the  Extra- 
axial  Point  Q. — The  point  Q'  conjugate  to  the  extra-axial 
point  Q is  easily  constructed.  Having  first  located  the  focal 
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oi|  points  F,  F'  (§  77),  we  draw  through  Q (Figs.  108  and  109)  a 
al  straight  line  parallel  to  the  x-axis  meeting  the  y- axis  in  the 
Ml  point  designated  by  Y ; then  the  point  of  intersection  of  the 

e 


Fig.  108. — Spherical  refracting  surface:  Lateral  magnification  and 
construction  of  image.  Convex  surface,  n'>n. 

■ straight  lines  VFr  and  QC  will  be  the  required  point  Q . 
I A third  line  may  also  be  drawn  through  Q,  viz.,  the  straight 
ill  line  QF  meeting  the  y-axis  in  the  point  marked  W;  and  if  a 


im 


i i lulu 


!iU 


are 


Fig.  109. — Spherical  refract1  ng  surface:  Lateral  magnification  and 
construction  of  ii^bge.  Convex  surface,  n' <71. 


straight  line  is  drawn  through  W parallel  to  the  x-axis,  it 

^ I will  likewise  pass  through  Q'. 

If  M,  M'  designate  the  feet  of  the  perpendiculars  let  fall 
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from  Q,  Q'  respectively,  on  the  z-axis,  then  M'Q'  will  be 
the  image  of  the  small  object-line  MQ.  In  Fig.  108,  which 
represents  the  case  of  a convex  refracting  surface,  the  image 
is  real  and  inverted,  whereas  in  Fig.  109  the  surface  is 
concave  and  the  image  is  virtual  and  erect.  Both  diagrams 
are  drawn  for  the  case  when  n'>n. 

If  the  object-point  Q coincides  with  the  point  marked  V, 
the  image-point  Q'  will  also  be  at  V,  and  image  and  object 
will  be  congruent.  The  pair  of  conjugate  planes  of  an  optical 
system  for  which  this  is  the  case  are  called  the  principal 
planes  (see  § 119);  and  hence  the  principal  planes  of  a spher- 
ical refracting  surface  coincide  with  each  other  and  are  identical 
with  the  tangent-plane  at  the  vertex. 

82.  Lateral  Magnification  for  case  of  Spherical  Refract- 
ing Surface. — The  ratio  M'Q':  MQ  (Figs.  108  and  109)  is  the 
so-called  lateral  magnification  of  the  spherical  refracting  sur- 
face with  respect  to  the  pair  of  conjugate  axial  points  M,  M'. 
Since 

M'Q' : MQ  = CM' : CM, 

and  since  (§  74) 

CM  '_n  AM' 

CM  ~n'’  AM’ 

we  find: 


M'Q'  n AM' 

MQ~  nf  ’ AM  * 

If  y,  yf  denote  the  heights  of  object  and  image,  that  is,  if 
y = MQ,  ?/'  = M'Q',  and  if  we  put  the  lateral  magnification 
equal  to  y,  as  in  § 72,  then,  evidently: 


y'  n u' 

y=-  = — • — , 

y n u 

where  u = AM,  w'  = AM'.  The  lateral  magnification  depends, 
to  ere  fore,  on  the  position  of  the  object*  and  the  image  is 
erect  or  inverted  according  as  this  ratio  is  positive  or  nega- 
tive. 
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83.  The  Focal  Planes  of  a Spherical  Refracting  Surface. 

— The  focal  planes  are  the  pair  of  planes  which  are  perpendic- 
ular to  the  axis  at  the  focal  points  F,  F'.  “The  infinitely 
distant  plane  of  space,”  which,  according  to  the  notions  of 
the  modern  geometry,  is  to  be  regarded  as  the  locus  of  the 
infinitely  distant  points  (§  65)  of  space,  is  the  image-plane 
conjugate  to  the  primary  focal  plane , which  is  the  plane 
perpendicular  to  the  axis  at  F.  On  the  other  hand,  re- 
garded as  belonging  to  the  object-space,  the  infinitely  dis- 
tant plane  is  imaged  by  the  secondary  focal  plane  perpendicu- 
lar to  the  axis  at  F'. 

The  rays  proceeding  from  an  infinitely  distant  object-point 
I (Fig.  110)  constitute  a cylindrical  bundle  of  parallel  in- 


cident rays.  Since  I lies  in  the  infinite '.y  distant  plane  of 
space,  its  image  V will  be  formed  in  the  secondary  focal 
plane,  and  the  position  of  I'  in  this  plane  may  be  located  by 
drawing  through  the  center  C of  the  spherical  refracting 
surface  a straight  line  parallel  to  the  system  of  parallel 
rays  which  meet  in  the  infinitely  distant  point  I.  Thus,  foi 
example,  the  image  oi  a star  which  may  be  regarded  as  a 
point  infinitely  fa*-  away  will  be  formed  in  the  secondary 
focal  plane;  and  it  the  apparent  place  of  the  star  in  the  firma- 
ment is  in  the  direction  Cl,  the  star’s  image  will  be  at  the 
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point  I'  where  the  straight  line  Cl  meets  the  secondary  focal 
plane. 


Similarly,  if  J designates  the  position  of  an  object-point 


lying  in  the  primary  focal  plane,  its  image  J'  will  be  the  in- 
finitely distant  point  of  the  straight  line  JC.  Thus,  to  a 


homocentric  bundle  of  incident  'paraxial  rays  with  its  vertex  in 


the  primary  focal  plane,  there  corresponds  a cylindrical  bundle 
of  refracted  rays;  and  to  a cylindrical  bundle  of  incident  paraxial 
rays  there  corresponds  a homocentric  bundle  of  refracted  rays 
with  its  vertex  in  the  secondary  focal  plane. 

The  directions  of  the  infinitely  distant  points  I and  J'  are 
given  by  assigning  the  values  of  the  slope-angles 

e = Z FCI  = Z F'CI',  0'  = ZFCJ  = ZF'CJ'; 

and  the  points  I'  and  J conjugate  to  them  will  lie  in  the  sec- 
ondary and  primary  focal  planes  on  straight  lines  passing 
through  the  center  C and  inclined  to  the  axis  at  tiie  angles 
6 and  O',  respectively.  The  angle  6,  which  :*«  the  measure 
of  the  angular  distance  from  the  axis  of  the  infinitely  distant 
object-point  I,  determines  the  apparent  size  of  an  object 
in  the  infinitely  distant  plane  of  the  object-space;  and,  sim- 
ilarly, the  angle  6'  is  the  measure  of  die  apparent  size  of  the 
infinitely  distant  image  of  the  object  FJ. 

Draw  the  straight  lines  JG  and  I'K  paralled  to  the  optical 
axis  and  meeting  the  y-a x’sj  in  the  points  designated  by  G 
and  K,  respectively;  then  the  straight  lines  FK  and  CP  will 
be  parallel  to  each  ciher,  and  the  same  will  be  true  with 
respect  to  the  straignt  lines  GF'  and  JC.  Hence, 

ZAFK=  6,  ZAF'G=  O';  and  since  AK  = F'I'  and  AG  = FJ, 
we  find: 


’ F'A 


Putt  ng  FA—/  and  F'A—/'  (§79),  we  obtain  the  following 
expressions  for  the  focal  lengths: 


lan  £7  ran  v 
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m 

is 


!fi!i 


Til 

ri; 


and  since  the  tangents  of  the  small  angles  6,  0'  are  indis- 
tinguishable from  the  angles  themselves  (see  § 63),  we  obtain 
new  definitions  of  the  focal  lengths,  as  follows: 

The  primary  focal  length  is  the  ratio  of  the  height  of  the  image , 
in  the  secondary  focal  plane,  of  an  infinitely  distant  object  to 
the  apparent  size  of  the  object ; and  the  secondary  focal  length 
is  the  ratio  of  the  height  of  an  object  in  the  primary  focal  plane 
to  the  apparent  size  of  the  infinitely  distant  image. 

The  ratio  of  the  apparent  size  of  the  infinitely  distant 
image  to  the  height  of  an  object  in  the  primary  focal  plane 
is  a measure  of  the  magnifying  power  of  the  optical  system 
(see  § 158),  and  in  this  sense  we  may  say  that  the  magnifying 
power  of  a spherical  refracting  surface  is  equal  to  the  reciprocal 

of  the  secondary  focal  length. 

84.  Construction  of  Paraxial  Ray  Refracted  at  a Spherical 
Surface —The  refracted  ray  corresponding  to  a paraxial  ray 
IB  (Fig.  110)  incident  on  a spherical  refracting  surface  at 
the  point  B may  easily  be  constructed,  for  example,  in  one 
of  the  following  ways: 

(a)  Through  the  primary  focal  point  draw  the  straight 
line  FK  parallel  to  IB  meeting  the  y-axis  in  the  point  K ; ai  a 
through  K draw  a straight  line  parallel  to  the  x-axis  meeting 
the  secondary  focal  plane  in  the  point  F;  the  pat*i  of  the 
refracted  ray  will  lie  along  the  straight  line  BI'. 

(i b ) Through  the  center  C draw  a straight  Ihm  01'  parallel 
to  the  given  incident  ray  meeting  the  secondary  focal  plane 
in  the  point  I';  the  path  of  the  corre spending  refracted  ray 

will  be  along  the  straight  line  BI'. 

(c)  Let  J designate  the  point  where  the  given  incident 

ray  crosses  the  primary  focal  plane,  and  draw  the  stiaight 
line  JG  parallel  to  the  r*  ay  is  meeting  the  y- axis  in  the 
point  designated  by  G;  tnen  the  path  of  the  required 
refracted  ray  will  lie  along  the  straight  line  BI'  drawn 
through  the  incidence-point  B parallel  to  the  straight  line 
GF',  where  F'  designates  the  position  of  the  secondary  focal 

point. 
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( d ) Finally,  the  required  refracted  ray  will  be  along  the 
straight  line  BF  drawn  parallel  to  the  straight  line  JC. 

85.  The  Image-Equations  in  the  case  of  Refraction  of 
Paraxial  Rays  at  a Spherical  Surface. — The  rectangular  co- 
ordinates of  the  image-point  Q'  may  easily  be  expressed  in 
terms  of  the  coordinates  of  the  object-point  Q.  But  the 
forms  of  these  expressions  will  depend  partly  on  the  particu- 
lar pair  of  constants  (ft'/: n,  r and  /,  /')  which  define  the  sur- 
face and  partly  on  the  system  of  axes  to  which  the  coordinates 
are  referred.  The  axis  of  the  spherical  surface  will  always 
represent  the  axis  of  abscissae  (x-axis) , and  the  y-axis  will 
be  at  right  angles  to  it;  but  the  origin  may  be  taken  at  any 
place  along  the  x-axis.  If  the  vertex  A is  taken  as  the  origin 
(§  63),  the  coordinates  of  Q,  Q'  will  be  (u,  y ) and  (ft',  y'); 
that  is,  m=AM,  m'  = AM',  i/  = MQ,  ?/'  = M'Q';  and  since 
(§§  78  and  82) 


ft'  n , n'  — n 


u'  u r ’ y 
we  obtain  by  solving  for  w'  and  y'; 

, n'ru 


y n'u 


— — y—  — 

{n'—n)  u+nr’  y ( 


(V-  -ft)  u+nr  ‘ 


In  terms  of  the  same  coordinates,  but  with  a different 
pair  of  constants,  viz.,  /,  instead  of  ft':  n,  r,  the  image- 
equations  may  be  put  also  in  other  forms,  as  follows: 

It  will  be  recalled  that  in  § 79  the  abscissa-formula  was 
written : 


ft  ft  , ft 


and  since  (§  7£h  n'jn /'//,  n and  ft'  may  be  eliminated 

and  the  image  equations  will  become : 


ft  ft  y f+u  f't  f'u ’ 


• r V | V * 

which  are  also  frequently  employed.  These  formulae  may 
<?  iso  be  easily  derived  from  the  geometrical  relations  in 
Figs.  108  and  109,  since  we  have  the  proportions: 


FM : AM  = VA : VW  = AF' : AM'. 
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Instead  of  a single  system  of  rectangular  coordinates,  we 
may  have  two  systems,  one  for  the  object-space  and  the 
other  for  the  image-space.  For  example,  if  the  focal  points 
F,  F'  are  selected  as  the  origins  of  two  such  systems,  and 


if  the  abscissae  of  the  pair  of  conjugate  axial  points  M,  M' 


are  denoted  by  x , x',  that  is,  if  i=FM,  x'  = F'M',  then,  since 
u=  AM  = AF+  FM  = z u'  = AM'  = AF'+ F'M'  = x'  -/', 


the  abscissae,  u , u'  may  be  eliminated  from  the  equations 
above,  and  the  image-equations  will  be  obtained  finally  in 
their  simplest  forms,  as  follows: 


V * /'* 

These  relations  may  be  derived  directly  from  the  two  pairs 
of  similar  triangles  FMQ,  FAW  and  F'M'Q',  F'AV  in 
Figs.  108  and  109.  The  abscissa-relation 


is  the  so-called  Newtonian  formula  (see  §69).  If  the  x’s  are 
plotted  as  abscissae  and  the  xns  as  ordinates,  this  equation 
will  represent  a rectangular  hyperbola. 

86.  The  so-called.  Smith-Helmholtz  Formula. — In  Fig. ! 1 1 
if  M'Q ' = y'  represents  the  image  in  a spherical  refracting 


y 


B 


y 


A 


M 


/ 


y 


surface  Ay  of  a small  object-line  MQ  = y perpendicular  to 
the  axis  at  M\  arid  if  B designates  the  incidence-point  of  a 


• • * • 


^11  f 


* » M in 


' * ‘ ■ - 
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paraxial  ray  which  crosses  the  axis  before  and  after  refrac- 
tion at  M and  M',  respectively,  then  in  the  triangle  MBM' 

sin  6:  sin  0'  = BM':  BM, 

where  6 = Z AMB,  6>'  = ZAM'B  denote  the  slopes  of  the 
incident  ray  MB  and  the  corresponding  refracted  ray  BM'. 
Since  the  ray  is  paraxial,  we  may  put  6 = sin  6,  6' = sin  O' 
and  also  BM  = AM  = w,  BM'  = AM'  = w'  (§  63).  Hence, 


But  (§  82) 


6 u' 

-X7 =— , or  u'.  0 =u.  6. 
d u 


n'.y'_n.y 


u 


u 


and,  therefore,  by  multiplying  these  two  equations  so  as  to 
eliminate  u and  u , we  obtain  the  important  invariant- 
relation  in  the  case  of  refraction  of  paraxial  rays  at  a 
spherical  surface,  viz.: 

n'.y'.  6'  = n.y.  6. 

This  formula  states  that  the  function  o it.  lined  by  the  con- 
tinued product  of  the  three  factors  n.  y,  6 has  the  same  value 
after  refraction  at  a spherical  surface  as  it  had  before  re- 
fraction. It  is  a special  case  of  ^ general  law  which  is  found 
to  apply  to  a centered  system  of  spherical  refracting  sur- 
faces (§  118)  and  which  is  usually  known  as  Lagrange’s  law; 
but  undoubtedly  Robert  Smith  who  announced  the  law  for 
the  case  of  a system  of  finn  lenses  as  early  as  1738  is  entitled 
to  the  credit  of  it.  The  importance  of  the  relation  was 
recognized  by  Helmholtz  (182 1-1894),  and  the  form  in  which 
it  is  written  above  is  due  to  him.  On  the  whole  it  seems 
proper  to  adopt  the  suggestion  of  P.  Culmann  and  to  refer 
to  this  equation  as  the  Smith-Helmholtz  formula. 
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1.  If  A designates  the  vertex  and  C the  center  of  a sphei- 
ical  mirror,  and  if  M,  M/  designate  the  points  wheie  a 
paraxial  ray  crosses  the  straight  line  AG  befoie  and  after 
reflection,  respectively,  show  that 


where  r — AC,  u=  AM,  vf  — AMh 

2.  The  radius  of  a concave  mirror  is  30  cm.  Paraxial  rays 
proceed  from  a point  60  cm.  in  front  of  it;  find  where  they 

are  focused  after  reflection. 

Ans.  At  a point  20  cm.  in  front  of  the  mirror. 

3.  The  radius  of  a concave  mirror  is  60  cm.  A luminous 
point  is  placed  in  front  of  the  mirror  at  a distance  of  (ci)  120 
cm.,  ( b ) 60  cm.,  (c)  30  cm.,  and  (d)  20  cm.  Find  the  position 
of  the  image-point  for  each  of  these  positions  of  the  object. 

Ans.  (a)  40  cm.  in  front  of  mirror;  ( b ) 60  cm.  in  front  of 
mirror;  (c)  at  infinity;  and  (d)  60  cm.  behind  miiioi. 

4.  A candle  is  placed  in  front  of  a concave  spherical  miv- 
ror,  whose  radius  is  1 foot,  at  a distance  of  5 inches  fio  n 

the  mirror.  Where  will  the  image  be  formed? 

Ans.  30  inches  behind  the  mirror. 

5.  An  object  is  24  inches  in  front  of  a conca\  ' mirror  of 
radius  1 foot;  where  will  its  image  be  formed?  P the  object 
is  displaced  through  a small  distance  z,  Enough  what  dis- 


tance will  the  image  move? 

• Ans.  Image  is  8 inches  in  front  of  mirror;  distance  through 

which  image  moves  will  be  2z/(z- 18).  <*>'-  "•*  - ?* 

6.  An  object  is  placed  1 foot  from  a concave  mirror  of 
radius  4 feet.  If  the  object  is  moved  1 inch  nearer  the  mirror, 
what  will  be  the  corresponding  displacement  of  the  image? 

Ans.  The  ima;  e n.oves  3.7  inches  nearer  the  mirror. 
\ 7.  An  object-point  is  10  cm.  in  front  of  a convex  mirror  of 

radius  60  cm.  Fmd  the  position  of  the  image-point. 

Ans.  7.5  cm.  behind  the  mirror. 
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8.  Given  the  positions  on  the  axis  of  a spherical  mirror 
of  the  vertex  A,  the  center  C and  an  object-point  M;  show 
how  to  construct  the  position  of  the  image-point  M'.  There 
are  eight  possible  arrangements  of  these  four  points;  draw 
a diagram  for  each  one  of  them. 

9.  If  x,  x'  denote  the  abscissae,  with  respect  to  the  focal 
point  F as  origin,  of  a pair  of  conjugate  points  on  the  axis 
of  a spherical  mirror,  show  that 

r j*  9 

X.X  =/', 

where  / denotes  the  focal  length  of  the  mirror.  How  are 
object  and  image  situated  with  respect  to  the  focal  plane? 

10.  An  object  is  placed  at  a distance  of  60  cm.  in  front  of 
a spherical  mirror,  and  the  image  is  found  to  be  on  the  same 
side  of  the  mirror  at  a distance  of  20  cm.  What  is  the  focal 
length  of  the  mirror,  and  is  it  concave  or  convex? 

Ans.  Concave  mirror  of  focal  length  15  cm. 

11.  How  far  from  a concave  mirror  of  focal  length  18 
inches  must  an  object  be  placed  in  order  \,hat  the  image 
shall  be  magnified  three  times? 

Ans.  1 ft.  or  2 ft.  from  the  mirror ; according  as  image  is 
erect  or  inverted.  , 

12.  A candle-flame  one  inch  high  is  18  inches  in  front  of 
a concave  mirror  of  focal  length  15  inches.  Find  the  position 
and  size  of  the  image. 

Ans.  The  image  will  he  real  and  inverted,  90  inches  from 
the  mirror,  and  5 inchts  long. 

13.  A small  object  is  placed  at  right  angles  to  the  axis  of 
a spherical  minor;  show  how  to  construct  the  image,  and 
derive  the  magnification-formula: 


y u 

14.  A luminous  point  moves  from  left  to  right  along  a 
straight  line  parallel  to  the  axis  of  a spherical  mirror.  Show 
bv  diagrams  for  both  concave  and  convex  mirrors  how  the 
conjugate  image-point  moves. 

15.  The  center  of  a spherical  mirror  is  at  C,  and  the 
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straight  line  QQ'  joining  a pair  of  conjugate  points  meets 
the  mirror  in  a point  U.  If  P designates  the  position  of  a 
point  which  is  not  on  the  straight  line  QQ  , and  if  a straight 
line  is  drawn  cutting  the  straight  lines  PU,  PQ,  PC  and  PQ 
in  the  points  V,  R,  Z and  R',  respectively;  show  that  R,  R' 
are  a pair  of  conjugate  points  with  respect  to  another  spher- 
ical mirror  whose  center  is  at  Z and  whose  radius  is  equal  to 

VZ. 

16.  Show  by  geometrical  construction  that  the  focal  point 
of  a spherical  mirror  lies  midway  between  the  center  and  the 

vertex. 

17.  An  object  is  placed  5 inches  from  a spherical  mirror  of 
focal  length  6 inches.  Assuming  that  the  object  is  leal, 
where  will  the  image  be  formed,  and  what  will  be  the  mag- 
nification? Draw  diagrams  for  both  convex  and  concave 

mirrors. 

Ans.  For  concave  mirror,  image  is  30  in.  behind  the  mirror, 
magnification  =+6;  for  convex  mirror,  image  is  2r8T  inches  . 

behind  the  mirror,  magnification  =+xr- 

18.  How  far  from  a concave  mirror  must  a real  object  be 
placed  in  order  that  the  image  shall  be  (a)  real  and  fon 

' times  the  size  of  the  object,  (6)  virtual  and  four  times  the 
size  of  the  object,  and  (c)  real  and  one-fourth  the  size  of  the 
object?  Draw  diagrams  showing  the  construction  for  each 

of  these  three  cases. 

Ans.  Distance  of  mirror  from  the  object  is  equal  to  (a) 
5//4,  (b)  3//4,  and  (c)  5/,  where  / dene  tes  the  focal  length. 

19.  What  kind  of  image  is  produced  in  a concave  mirror 
by  a virtual  object?  Illustrate  and  explain  by  means  of  a 

diagram. 

Ans.  Image  is  real  and  erect  and  smaller  than  object. 

\ A 20.  Determine  the  position  and  magnification  of  the  image 
of  a virtual  object  lying  midway  between  the  vertex  and 
focal  point  of  a convex  mirror.  Draw  diagram  showing 

construction. 

Ans.  The  "tmex  of  the  mirror  will  be  midway  between  the 
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axial  point  of  the  image  and  the  focal  point  of  the  mirror,  and 
the  image  will  be  real  and  erect  and  twice  as  large  as  object. 

21.  Show  that  when  an  object  is  placed  midway  between 
the  focal  point  and  the  vertex  of  a concave  mirror  the  image 
will  be  virtual  and  erect  and  twice  as  large  as  the  object. 

22.  An  object  3 inches  high  is  placed  10  inches  in  front  of 

convex  mirror  of  30  inches  focal  length.  Find  the  position 
and  size  of  the  image. 

Ans.  Virtual,  image  7.5  inches  from  the  mirror  and  2^4 
inches  high. 

23.  An  object  is  placed  in  front  of  a concave  mirror  at  a 
'distance  of  one  foot.  If  the  image  is  real  and  three  times  as 
laige  as  the  object,  what  is  the  focal  length  of  the  mirror? 

Ans.  9 inches. 

24.  The  radius  of  a concave  mirror  is  23  cm.  An  object, 
2 cm.  high,  is  placed  in  front  of  the  mirror  at  e distance  of 
one  meter.  Find  the  position  and  size  of  the  image. 

Ans.  A leal  image,  0.26  cm.  high,  13  cm.  bom  the  mirror. 

25.  Find  the  position  and  size  of  the  image  of  a disk  3 
inches  in  diameter  placed  at  right  angles  to  the  axis  of  a 
spherical  mirror  of  radius  6 feet,  when  the  distance  from  the 
object  to  the  mirror  is  (a)  1 ft.,  (5)  3 ft.,  and  (c)  9 ft. 

Ans.  For  a concave  mirror:  (<)  Virtual  image,  4.5  inches 

in  diameter,  18  inches  from  mirror;  (6)  Image  at  infinity; 

(c)  Real  inverted  image.  1 5 mches  in  diameter,  4.5  feet  from 
the  mirror. 

26.  Assuming  that  the  apparent  diameter  of  the  sun  is 
30',  calculate  the  approximate  diameter  of  the  sun’s  image 
in  a concave  miiror  of  focal  length  1 foot. 

Ans.  A little  more  than  one-tenth  of  an  inch. 

27.  A gas-flame  is  8 ft.  from  a wall,  and  it  is  required  to 
throw  on  the  wall  a real  image  of  the  flame  which  shall  be  mag- 
nified three  times.  Determine  the  position  and  focal  length 
o.  a concave  mirror  which  would  give  the  required  image. 

Ans.  The  mirror  must  have  a focal  length  of  3 ft.  and  must 
be  placed  at  a distance  of  4 ft.  from  the  object. 
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28.  It  is  desired  to  throw  on  a wall  an  image  of  an  object 
magnified  12  times,  the  distance  of  the  object  from  the 
wall  being  11  feet.  Find  the  focal  length  of  a concave 
mirror  which  will  do  this,  and  state  where  it  must  be 
placed. 

Ans.  The  focal  length  of  the  mirror  must  be  y|  ft.,  and 
it  must  be  placed  1 ft.  from  the  object. 

29.  Assuming  that  the  eye  is  placed  on  the  axis  of  a sphei- 
ical  mirror,  and  that  the  rays  are  paraxial,  explain  how  the 
field  of  view  is  determined.  Draw  accurate  diagrams  for 
concave  and  convex  mirrors. 

30.  A man  holds,  halfway  between  his  eye  and  a convex  , 
mirror  3 feet  from  his  eye,  two  fine  parallel  wires,  so  that 
they  are  seen  directly  and  also  by  reflection  in  the  mirror. 
Show  that  if  the  apparent  distance  between  the  wires  as 
seen  directly  is  5 times  that  as  seen  by  reflection,  the  radius 
of  the  mirror  is  3 feet. 

31.  A scale  etched  on  a thin  sheet  of  transparent  glass  is 
placed  between  the  eye  of  an  observer  and  a convex  mirror 
of  focal  length  one  foot.  When  the  distance  between  the 
eye  and  the  scale  is  three  feet,  one  of  the  scale  divisions 
appears  to  cover  three  divisions  of  the  image  in  the  mirror. 

Find  the  position  of  the  mirror.  , 

Ans.  The  mirror  is  one  foot  ftom  the  scale. 

32.  A scale  etched  on  a thin  sheet  of  transparent  glass  is 
interposed  between  the  eye  of  an  obsei  etr  and  a convex 
mirror  of  focal  length  /.  When  the  dktai  ce  of  the  scale  from 
the  eye  is  b feet,  one  division  of  the  scale  appears  to  cover 
m divisions  of  its  image  in  the  neiror.  If  now  the  scale  is 
displaced  through  a distance  n.  m the  direction  of  the  axis 
of  the  mirror,  it  is  found  +uat  one  division  of  the  scale  ap- 
pears to  cover  k divisions  in  the  mirror,  hind  an  expression 
for  / in  terms  of  m,  k , b and  c. 

Ans. 

(k — m)  ( b—c ) be  

f=  ~ Jb(k  - m)  - (k  - 1 ) c J { b (k  - m)  - (fc'+  l)c] 
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33.  A concave  and  a convex  mirror,  each  of  radius  20  cm., 
are  placed  opposite  to  each  other  and  40  cm.  apart  on  the 
same  axis.  An  object  3 cm.  high  is  placed  midway  between 
them.  Find  the  position  and  size  of  the  image  formed  by 
reflection,  first,  at  the  convex,  and  then  at  the  concave  mirror. 
Draw  accurate  diagram,  and  trace  the  path  of  a ray  from 
a point  in  the  object  to  the  corresponding  point  in  the  image. 

Ans.  The  image  is  12 1 1 cm.  from  the  concave  mirror, 
real  and  inverted,  and  A cm.  high. 

34.  Same  pioblem  as  No.  33,  except  that  in  this  case  the 
image  is  formed  by  rays  which  have  been  reflected  first  from 
the  concave  mirror  and  then  from  the  convex  mirror. 

Ans.  The  image  is  6^-  cm.  behind  the  convex  mirror, 
virtual  and  inverted,  and  1 cm.  high. 

35.  Two  concave  mirrors,  of  focal  lengths  20  and  40  cm., 
are  turned  towards  each  other,  the  distance  between  their 
vertices  being  one  meter.  An  object  1 cm.  Ugh  is  placed 
between  the  mirrors  at  a distance  of  10  cm.  from  the  mirror 
whose  focal  length  is  20  cm.  Find  the  position  and  size  of 
the  image  produced  by  rays  which  am  reflected  first  from 
the  neaiei  mirror  and  then  from  the  farther  mirror. 

Ans.  A real  inverted  image,  1 cm.  long,  at  a distance  of 
60  cm.  from  the  mirror  that  is  farther  from  the  object. 

36.  The  distance  between  the  vertices  Ax  and  A2  of  two 
spherical  mirrors  which  face  each  other  is  denoted  by  d, 
that  is,  d = A2Ai.  Ti;e  focal  points  of  the  mirrors  are  at  Fi 
and  F2,  and  the  focal  lengths  are  = FxAi  and  /2  = F2A2. 
An  object  is  placed  between  the  mirrors  at  a distance  ux 
from  Ai.  Rays  proceeding  from  the  object  are  reflected, 
fiist,  from  the  mirror  Ai  and  then  from  the  mirror  A2;  show 
that  R:e  distance  of  the  final  image  from  the  mirror  A2  is 

(/i~f-^i)  d}  /2- 

(/l+^i)  (/2+d)—  fi.Ui 

and  that  the  magnification  is 

/ 1-/2 

(/1+W1)  (/2+d)  ~f\.U\  ' 
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37.  If  the  rays  fall  first  on  the  mirror  A2  and  then  on  Ah 
these  letters  having  exactly  the  same  meanings  as  in  No.  36, 
then  the  distance  of  the  image  from  mirror  Ai  will  be 

fi  { (/  2~t~d)  (ui+d)+/2d  i 
(/i ~d)  /2+Oo+d)  (fi—f2—d)’ 
and  the  magnification  will  be 

/l-  h 

(fi—d)  /2+CMi+d)  (/1— /2-dj 

38.  If  the  mirror  Ai  in  Nos.  36  and  37  is  a plane  mirror, 
show  that  when  the  light  is  reflected  from  the  plane  mirror 
first  the  distance  of  the  image  from  the  curved  mirror  is 

(mi— d)  h 

fr\-d— Ui 

and  that  the  magnification  is 

h 

f2Jrd—u\ 

and  that  when  the  light  is  reflected  from  the  curved  mirror 
first,  the  distance  of  the  image  from  the  plane  mirror  is 

(/2~t~d)  {u\-\-d)-\-fzd 
/2+^1+d  * 

and  that  the  magnification  is 

h 

/2+^1+d 

If  both  the  mirrors  are  plane,  the  magnification  will  be 
unity,  and  the  image  after  two  reflections,  nrst  at  Ai  and 
then  at  A2,  will  be  formed  at  a distance  of  (ui—d)  from 
A2;  whereas  if  the  light  falls  first  on  mirror  A2,  the  distance 
of  the  image  from  the  other  mirror  will  be  (ui+2d). 

39.  If  M,  M'  are  a pair  of  conjugate  points  on  the  axis 
of  a spherical  refracting  surface  which  divides  two  media 
of  indices  n and  n',  show  that 

y\! 

(CAMM0=— , 

n 

where  A and  C designate  the  vertex  and  the  center  of  the 
spherical  surface 

40.  Show  Low  to  construct  the  position  of  the  point  M' 
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conjugate  to  a given  point  M on  the  axis  of  a spherical  re- 
fracting surface;  and  draw  diagrams  for  all  the  possible  ar- 
rangements of  the  four  points  A,  C,  M,  M'.  Prove  the  con- 
struction, and  derive  the  formula  n'/u' = n/u-\-(n'—ri)/r, 

where  to,  to'  denote  the  indices  of  refraction,  and  w=Am' 
u'  = AM',  r = AC. 

41.  Show  how  the  formula  in  No.  40  includes  as  special 
cases  the  case  of  refraction  of  paraxial  rays  at  a plane  sur- 
face and  the  case  of  reflection  at  a spherical  mirror. 

42.  From  the  formula  in  No.  40  derive  expressions  for 

the  focal  lengths  /,  /'  of  a spherical  refracting  surface,  and 
show  that 

/H-/'+r  = 0,  to./'+to'./=  0. 

43.  Does  the  construction  found  in  No.  40  apply  to  the 
case  of  a spherical  mirror?  Explain  with  diagrams. 

44.  Apply  the  construction  employed  in  No.  40  to  de- 
termine  the  positions  of  the  focal  points  F,  F f oi  a spherical 
refracting  surface,  and  show  that 

FA  = CF',  F,A  = CF,  F'A:  7 V = —to':  to. 

45.  Where  are  the  focal  points  of  a plane  refracting  sur- 
face? Explain  clearly. 

46.  Explain  how  the  results  of  No.  44  are  applicable  to 
a spherical  mirror. 

47.  Air  and  glass  are  s^l-i rated  by  a spherical  refracting 
surface  of  radius  r = AC.  Find  the  positions  of  the  focal 
points  F,  F'  for  the  cases  when  the  refraction  is  from  air  to 
glass  and  from  giasc  oo  air  and  when  the  surface  is  convex 
and  concave;  illustrating  your  answers  by  four  accurately 
drawn  diagrams.  (Take  indices  of  refraction  of  air  and 
glass  equ?1  to  l and  1.5,  respectively.) 

48.  x'lom  the  figures  used  in  No.  44  for  constructing  the 
position^  of  the  focal  points  F,  F',  derive  the  formulae  for 
tht,  focal  lengths  which  were  obtained  in  No.  42. 

49.  Light  falling  on  a concave  surface  separating  water 
(to  =1.33)  from  glass  (to' = 1.55)  is  convergent  towards  a 
point  10  cm.  beyond  the  vertex.  The  radius  of  the  surface 
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is  20  cm.  Find  the  point  where  the  refracted  rays  cross  the 
axis. 

Ans.  12.7  cm.  beyond  the  vertex  of  the  sphere  in  the  glass 
medium. 

50.  Light  is  refracted  from  air  to  glass  ( n'\  n = 3:  2)  at  a 
spherical  surface.  If  the  vertex  of  the  bundle  of  incident 
rays  is  in  the  glass  and  20  cm.  from  the  vertex  of  the  re- 
fracting surface,  and  if  the  refracted  rays  are  converged  to 
a point  in  the  glass  and  5 cm.  from  the  vertex,  determine 
the  form  and  size  of  the  surface. 

\ Ans.  Convex  surface  of  radius  2 cm. 

51.  A small  air-bubble  in  a glass  sphere,  4 inches  in  di- 
ameter, viewed  so  that  the  speck  and  the  center  of  the  sphere 
are  in  line  with  the  eye,  appears  to  be  one  inch  from  the 
point  of  the  surface  nearest  the  eye.  What  is  its  actual  dis- 
tance, assuming  that  the  index  of  refraction  of  glass  is  1.5? 

Ans.  1:2  inches. 

/ 52.  The  radius  of  a concave  refracting  surface  is  20  cm. 

A virtual  image  of  a real  object  is  formed  at  a distance  oi 
40  cm.  from  the  vertex,  and  the  distance  from  the  object, 
to  the  image  is  60  cm.  The  first  medium  is  air  (n  = 1).  Fbid 
the  index  of  refraction  of  the  second  medium. 

Ans.  n'  = 1.6. 

53.  Light  diverging  from  a point  M in  air  ic  converged 

by  a spherical  refracting  surface  to  a ponrt  M in  glass  of 
index  1.5.  The  distance  MM' = 18  cm.  and  the  point  M 
is  twice  as  far  from  the  surface  as  the  roint  M'.  Find  the 
radius  of  the  surface.  .Ans.  1.5  cm. 

54.  Find  the  positions  of  the  focal  points  F,  F'  of  a con- 
cave spherical  refracting  surface  separating  air  from  a me- 
dium of  index  1.6,  having  found  that  the  image  of  a luminous 
point  30  cm.  in  front  of  the  surface  is  midway  between  the 

luminous  point  and  the  surface. 

Ans.  IF  = + 13.64  cm.;  AF'  = -21.82  cm. 

55.  A convergent  bundle  of  rays  is  incident  on  a spherical 
refracting  surface  of  radius  10  cm.  The  relative  index  of 
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refraction  from  the  first  medium  to  the  second  medium  is 
equal  to  2 (n':  n = 2:l).  If  the  incident  rays  cross  the  axis 
at  M and  the  refracted  rays  at  M',  and  if  M'M  = +60  cm., 
determine  the  positions  of  the  points  M,  M'. 

Ans.  If  the  surface  is  convex,  AM  = +77.72  cm.,  AM' 
= + 17.72  cm.  If  the  surface  is  concave,  then  either  AM  = 
+30  cm.,  AM' =—30  cm.  or  AM  = +20  cm.,  AM'=  —40  cm. 

56.  A beam  of  parallel  rays  passing  through  water  (n  = 

1.3)  is  refracted  at  a concave  surface  into  glass  (n'  = 1.5). 
If  the  radius  of  the  surface  is  20  cm.,  where  will  the  light  be 
focused?  Ans.  Virtual  focus,  150  cm.  from  the  surface. 

57.  A small  air-bubble  is  imbedded  in  a glass  sphere  at 
a distance  of  5.98  cm.  from  the  nearest  point  of  the  surface. 
What  will  be  the  apparent  depth  of  the  bubble,  viewed  from 
this  side  of  the  sphere,  if  the  radius  of  the  sphere  is  7.03  cm., 
and  the  index  of  refraction  from  air  to  glass  is  1.42? 

Ans.  5.63  cm. 

58.  Assuming  that  the  cornea  of  the  eve  is  a spherical 

refracting  surface  of  radius  8 mm.  separating  the  outside  air 
from  the  aqueous  humor  (of  index  I),  find  the  distance 
of  the  pupil  of  the  eye  from  the  vertex  of  the  cornea,  if  its 
apparent  distance  is  found  to  be  3.04  -lpm.  Also,  if  the  ap- 
parent diameter  of  the  pupil  is  4.5  mm.,  what  is  its  real 
diameter?  Ans.  3.6  mm.;  4 mm. 

59.  Construct  the  hr  age  M'Q'  of  a small  object  MQ  per- 
pendicular at  M to  the  axis  of  a spherical  refracting  surface, 
and  derive  the  magnification-formula  in  terms  of  the  dis- 
tances of  M and  M'  from  the  vertex  of  the  surface.  Draw 
two  diagrams,  one  for  convex,  and  one  for  concave  surface. 

60.  Derm  c the  image-equations  of  a spherical  refracting 
surface  referred  to  the  focal  points  as  origins. 

61.  Derive  the  image  equations  of  a spherical  refracting 
surface  in  the  forms 

//«+/'/«'+ 1 = o,  y’jy  -//(/+»)  = (/'+«')//'• 

62.  Show  that  there  are  two  positions  on  the  axis  of  a 
spherical  refracting  surface  where  image  and  object  coincide. 
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63.  Locate  the  two  pairs  of  conjugate  planes  of  a spheri- 
cal refracting  surface  for  which  image  and  object  have  the 
same  size. 

64.  A real  object,  1 cm.  high,  is  placed  12  cm.  from  a con- 
vex spherical  refracting  surface,  of  radius  30  cm.,  which 
separates  air  (n  = l)  from  glass  (n'  = 1.5).  Find  the  position 
and  size  of  the  image. 

Ans.  Image  is  virtual  and  erect,  1.25  cm.  high,  22.5  cm. 
from  vertex. 

\/  65.  In  the  preceding  example,  suppose  that  the  object 

is  a virtual  object  at  the  same  distance  from  the  spherical 
refracting  surface.  Find  the  position  and  size  of  the  image 
in  this  case. 

Ans.  Image  is  real  and  erect,  I cm.  high,  and  15  cm. 
from  vertex. 

| 66.  Solve  Nos.  64  and  65  for  the  case  when  the  surface 

is  concave;  and  draw  diagrams  showing  construction  of  the 
image  in  all  four  cases. 

67.  Solve  No.  64  on  the  supposition  that  the  first  medium 
is  glass  and  the  second  medium  air. 

Ans.  Image  will  be  virtual  and  erect,  yy  cm.  high,  and 
\2T°-  cm.  from  vertex. 

68.  (a)  The  human  eye  from  which  the  crystalline  lens 
has  been  removed  (so-called  “aphakic  eye”)  may  be  re- 
garded as  consisting  of  a single  spherical  refracting  surface, 
namely,  the  anterior  surface  of  the  corner, . If  the  radius 
of  this  surface  is  taken  as  8 mm.,  and  if  the  index  of  refrac- 
tion of  the  eye-medium  (both  the  aqueous  and  vitreous 
humors)  is  put  equal  to  i,  whao  vill  be  the  focal  lengths 
of  the  aphakic  eye?  ( b ) Assuming  that  the  length  of  the 
eye-ball  of  an  aphakic  eye  :s  22  mm.,  where  will  an  object 
have  to  be  placed  to  be  imaged  distinctly  on  the  retina  at 
the  back  of  the  ey^? 

Ans.  (a)  /=+24  mm.,  /'=—  32  mm.;  (b)  u = +52.8  mm., 
which  means  that  the  object  must  be  virtual  and  lie  behind 
the  eye. 
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69.  Listing’s  “reduced  eye”  is  composed  of  a single 
convex  spherical  refracting  surface  of  radius  5.2  mm.  sep- 
arating air  (n=l)  from  the  vitreous  humor  (w'  = 1.332). 
Calculate  the  focal  lengths. 

Ans.  / = + 15.66  mm.,  /'  = — 20.86  mm. 

70.  In  Donder’s  “reduced  eye”  the  focal  lengths  are 

assumed  to  be  +15  and  —20  mm.  Calculate  the  radius  of 
the  equivalent  spherical  refracting  surface  and  the  index  of 
refraction  of  the  vitreous  humor  for  these  values  of  the  focal 
lengths.  Ans.  r = +5  mm.;  n'  = f. 

71.  The  angular  distance  of  a star  from  the  axis  of  a 
spherical  refracting  surface  which  separates  air  (n=l)  from 
glass  (n'  = 1.5)  is  10°.  The  surface  is  convex  and  of  radius 
10  cm.  Find  the  position  of  the  star’s  image. 

Ans.  A real  image  will  be  formed  in  the  secondary  focal 
plane  about  3.5  cm.  from  the  axis. 

72.  What  is  the  size  of  the  image  on  the  retina  of  List- 

ing’s “reduced  eye”  (No.  69)  if  the  apparent  size  of  the 
distant  object  is  5°?  Ans.  1.36  mm. 

73.  A hemispherical  lens,  the  curved  surface  of  which  has 
a radius  of  3 inches,  is  made  of  glass  of  index  1.5.  Show 
that  rays  of  light  proceeding  from  a point  on  its  axis  4 inches 
in  front  of  its  plane  surface  will  emerge  parallel  to  the  axis. 

74.  A paraxial  ray  paralmi  to  the  axis  of  a solid  refracting 
sphere  of  index  n'  is  refi acted  into  the  sphere  at  first  towards 
a point  X on  the  axis,  and  after  the  second  refraction  crosses 
the  axis  at  a point  F\  If  the  first  and  last  media  are  the 
same  and  of  index  n,  show  that  the  point  F'  lies  midway  be- 
tween the  second  vertex  of  the  sphere  and  the  point  X. 

75.  A small  object  of  height  y is  placed  at  the  center  of 
a spherical  refracting  surface  in  a plane  at  right  angles  to 
the  ans.  Determine  the  position  and  size  of  the  image. 

She  v how  the  Smith-Helmholtz  formula  (§  86)  is  appli- 
caole  to  a part  of  this  problem. 

Ans.  Image  is  in  same  plane  as  object,  erect,  and  of  size 
y'  = n.yln'.  I 
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76.  A plane  object  is  placed  parallel  to  a plane  refracting 
surface.  Show  that  its  image  formed  by  paraxial  rays  is 
erect  and  of  same  size  as  object.  Is  the  Smith-Helmholtz 
formula  (§  86)  applicable  to  a plane  refracting  surface?  Is 
it  applicable  to  a spherical  mirror?  Explain  clearly. 

77.  In  a convex  spherical  refracting  surface  of  radius 
0.75,  which  separates  air  (n  = 1)  from  water  (ft/  = 4)>  the 
image  is  real,  inverted  and  one-third  the  size  of  the  object. 
Find  the  positions  of  object  and  image.  If  a ray  pro- 
ceeding from  the  axial  point  of  the  object  is  inclined  to  the 
axis  at  an  angle  of  3°,  what  will  be  the  slope  of  the  correspond- 
ing refracted  ray? 

Ans.  Object  is  in  air  and  image  is  in  water,  their  distances 
from  the  surface  being  9 and  4,  respectively;  slope  of  re- 
fracted ray  is  —6.75°. 

78.  In  a spherical  refracting  surface 

a = 0-jr<p,  <z  = d'-\-(p, 

where  a,  a'  denote  the  angles  of  incidence  and  refraction, 
6,  6 ' denote  the  inclinations  of  the  ray  to  the  axis  before 
and  after  refraction,  and  <p  denotes  the  so-called  cenua! 
angle  (ZBCA).  For  a paraxial  ray  the  law  of  ref  action 
may  be  written 

n'.  a'  = n.  a. 

From  these  formulae  deduce  the  abscissa-relab’oc  m the  form 

n'  n . n'—n 
/ I • 
u u r 

79.  The  curved  surface  of  a glass  hemisphere  is  silvered. 
Rays  coming  from  a luminous  pch:f  at  a distance  u from 
the  plane  surface  are  refracted  in+u  the  glass,  reflected  from 
the  concave  spherical  surface,  and  refracted  at  the  plane 
surface  back  into  the  air.  if  r denotes  the  radius  of  the 
spherical  surface  and  >;  ihe  index  of  refraction  of  the  glass, 
show  that 
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where  u'  denotes  the  distance  of  the  image  from  the  plane 
surface. 

80.  A plane  object  of  height  one  inch  is  placed  at  right 
angles  to  the  axis  of  a spherical  mirror.  The  slope  of  the  re- 
flected ray  corresponding  to  an  incident  paraxial  ray  which 
emanates  from  the  axial  point  of  the  object  at  a slope  of  +5° 
is  +10°.  Is  the  image  erect  or  inverted,  and  what  is  its  size? 

Ans.  Inverted  image,  one-half  inch  high. 

81.  A paraxial  ray  crosses  the  axis  of  a spherical  refracting 
surface  before  and  after  refraction  at  points  whose  distances 
from  the  center  of  the  surface  are  denoted  by  z and  z\  re- 
spectively. If  n,  n'  denote  the  indices  of  refraction  of  the  two 
media  and  if  / denotes  the  focal  length,  show  that 

n n'  n 
z'-~z+f 

82.  In  a spherical  refracting  surface  separa!  mg  two  media 
of  indices  n,  n',  show  that 

AF  : CF  = CF'  : AF'  - n : n', 

where  A,  C,  F and  F'  designate  the  positions  of  the  vertex, 
center  and  focal  points,  respectively . 

83.  M,  M'  designate  the  positions  of  5,  pair  of  conjugate 
points  on  the  axis  of  a spheiical  refracting  surface  whose 
center,  vertex  and  first  focal  point  are  designated  by  C,  A 
and  F,  respectively:  show  that 

M F : MA  = MC  : MM'. 


im' 


n 


CHAPTER  VII 

REFRACTION  OF  PARAXIAL  RAYS  THROUGH  AN  INFINITELY 

THIN  LENS 

87.  Forms  of  Lenses. — In  optics  the  word  lens  is  used 
to  denote  a portion  of  a transparent  substance,  usually 
isotropic,  comprised  between  two  smooth  polished  surfaces, 
one  of  which  may  be  plane.  These  surfaces  are  called  the 
faces  of  the  lens.  The  curved  faces  are  generally  spherical, 
and  this  may  always  be  considered  as  implied  unless  the 
contrary  is  expressly  stated.  Lenses  with  spherical  faces 
are  sometimes  called  “ spherical  lenses  ” to  distinguish  them 
from  cylindrical,  sphero-cylindrical  and  other  forms  of 
lenses  which  are  also  quite  common,  especially  in  modern 
spectacle  glasses.  A plane  face  may  be  regarded  as  a spher- 
ical or  cylindrical  surface  of  infinite  radius. 

The  axis  of  a lens  is  the  straight  line  which  is  normil  to 
both  faces,  and,  consequently,  a ray  whose  path  lies  along 
the  axis  (the  so-called  axial  ray)  will  pass  through  the  lens 
without  being  deflected  from  this  line.  The  axis  or  a spher- 
ical lens  is  the  straight  line  joining  the  center©  Oi,  C2  of 
the  two  spherical  faces,  and  since  a lens  of  this  kind  is  sym- 
metric around  the  axis,  it  may  be  represented  in  a plane 
figure  by  a meridian  section  showing  the  arcs  of  the  two 
great  circles  in  which  this  plane  intersects  the  spherical 
faces.  Depending  on  the  lengths  of  the  radii  in  comparison 
with  the  length  of  the  line-segment  CiC2,  these  arcs  inter- 
sect in  two  points  equidistant  from  the  axis  or  else  they  do 
not  intersect  each  other  au  ail. 

(a)  If  they  intersect,  then  CiC2  is  less  than  the  arith- 
metical sum  but  greater  than  the  arithmetical  difference 
of  the  radii,  £nd  che  lens  may  be  a double  convex  lens 
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Fig.  112,  a. — Double  convex  lens. 
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Fig.  112,  6. — Plano-convex  lens. 
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Fig.  112,  c. — Convex  meniscus. 

I # 

1 (Fig.  112,  a)  or  a convex  meniscus  (Fig.  112,  c).  A particular 
I case  of  a double  convex  lens  is  a plano-convex  lens  (Fig.  112,  b). 

(b)  If  they  do  not  intersect,  then  either  one  circle  lies 
t wholly  outside  the  other,  the  distance  between  the  centers 
I being,  therefore,  greater  than  the  arithmetical  sum  of  the 
| radii,  so  that  the  lens  is  a double  concave  lens  (Fig.  llo,  a), 
k or,  in  case  one  of  the  surfaces  is  plane,  a plano-concave  lens 
I (Fig.  113,  6);  or  else  one  circle  lies  wholly  inside  Lhe  other, 
i so  that  the  distance  between  the  centers  is  less  than  the 
u arithmetical  difference  of  the  radii,  and  then  the  lens  has 

I!  the  form  of  a concave  meniscus  (Fig.  113,  c). 

! The  first  face  of  a lens  is  the  side  turned  towards  the  in- 
I cident  light.  The  points  where  the  ^xls  meets  the  two  faces 
& are  called  the  vertices , and  the  distance  from  the  vertex  Ai  of 
I the  first  face  to  the  vertex  A 2 01  the  second  face,  which  is 
>1  denoted  by  d,  is  called  the  thickness  of  the  lens;  thus,  d = 

IAiA2.  Since  the  direction  which  the  light  takes  in  going 
across  the  lens  from  <\)  to  A2  is  the  positive  direction  along 
\the  axis  (see  § 63),  bee  thickness  d is  essentially  a positive 
1 magnitude. 
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Fig.  113,  a. — Double  concave  lens. 


Fig.  113,  c. — Concave  meniscus. 
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The  radii  of  the  surfaces,  denoted  by  rh  r2,  are  the  ab- 

Iscissse  of  the  centers  Ci,  C2  with  respect  to  the  vertices 
Ai,  A2,  respectively;  thus,  ri  = AiCi,  r2  = A2C2. 

Certain  special  forms  of  spherical  lenses  may  be  mentioned 
here,  viz. : 

(a)  Symmetric  Lenses , which  are  double  convex  or  double 
I concave  lenses  whose  surfaces  have  equal  but  opposite 
curvatures  (ri+r2  = 0).  A particular  case  of  double  convex 
symmetric  lens  is  one  whose  two  faces  are  portions  of  the 
same  spherical  surface;  a lens  of  this  kind  being  sometimes 
called  a solid  sphere  (d  = ri  — r2  = 2ri) . 

( b )  Concentric  Lenses , whose  two  faces  have  the  same 
center  of  curvature  (CiC2  = 0).  A concentric  lens  may  be 


c 


a double  convex  lens  characterized  by  the  relation  d = ri— r2, 
of  which  a “solid  sphere7,  is  a special  case;  or  it  may  have 
the  form  of  a concave  meniscus  for  which  either  ri>r2>0 
and  d = r\  — r2  (Fig  - 14)  or  ri<r2<0  and  d = r2- r\. 

(c)  Lenses  cj  >J?,o  Curvature , in  which  the  axial  thickness 
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Fig.  115. — Lens  of  zero  curvature  (n  = T2) 


of  the  lens  is  equal  to  the  distance  between  the  centers  ( d = 
AiA2  = CiC2).  This  lens  is  a convex  meniscus  characterized 
by  the  condition  that  r\—  r2  = 0 (Fig.  115). 

Lenses  may  also  be  convenient1  y classified  in  two  main 
groups,  viz.,  convex  lenses  aim  concave  lenses,  depending  on 
the  relative  thickness  of  the  lens  along  the  axis  as  compared 
with  its  thickness  at  the  <vlges.  The  thickness  of  a convex 
lens  is  greater  along  the  axis  than  it  is  out  towards  the  edge, 
whereas  a concave  lens  is  thinnest  in  the  middle.  Each  of 
these  two  main  Divisions  includes  three  special  forms  which 
have  already  been  mentioned.  Thus,  the  three  types  of  con- 
vex lenses  arc.  the  double  convex,  the  plano-convex  and  the 
convex  ca  ‘ crescent-shaped”  meniscus,  as  shown  in  Fig.  112; 
and  similarly,  the  types  of  concave  lenses  are  the  double 
concave,  plano-concave  and  the  concave  or  “canoe-shaped” 
meniscus  (Fig.  113). 

A convex  glass  lens  of  moderate  thickness  held  in  air  with 
its  axis  towards  the  sun  has  the  property  of  a burning  glass 
and  converges  the  rays  to  a real  focus  on  the  other  side  of 
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the  lens.  A convex  lens  is  called  therefore  also  a convergent 
lens  or  a positive  lens.  On  the  other  hand,  under  the  same 
circumstances,  a concave  lens  will  render  a beam  of  sun- 
light divergent,  and,  accordingly,  a concave  lens  is  calle 
also  a divergent  lens  or  a negative  lens.  The  explanation  of 
the  terms  “positive”  and  “negative”  as  applied  to  lenses 
will  be  apparent  when  we  come  to  speak  of  the  positions  of 
the  focal  points  of  a lens  (§  90). 

Finally,  if  the  curvatures  of  the  two  faces  of  the  lens  are 


opposite  in  sign,  the  lens  is  double  convex  or.  double  con- 
cave; if  the  curvatures  have  the  same  sign,  the  lens  is  a 
meniscus;  and  if  the  curvature  of  one  face  is  zero,  the  lens 
is  plano-convex  or  plano-concave. 

88.  The  Optical  Center  O of  a Lens  surrounded  by  the 


same  medium  on  both  sides. — When  a ray  of  light  emerges 
at  the  second  face  of  a lens  into  the  surrounding  medium 
in  the  same  direction  as  it  had  when  it  met  the  first  face, 
the  path  of  the  ray  inside  the  lens  lies  along  a straight  line 
which  crosses  the  axis  at  a remarkable  point  O called  the 
optical  center  of  the  lens,  which  is  indeed  the  (internal  o:* 
external)  “center  of  similitude”  of  the  two  circles  whoso 
arcs  are  the  traces  of  the  spherical  faces  of  the  lens  n:  the 


meridian  plane  which  contains  the  ray. 

In  order  to  prove  this,  draw  a pair  of  parallel  rad:i  CiBi  and 
C2B2  (Fig.  116),  and  suppose  that  a ray  enters  the  lens  at 
Bi  and  leaves  it  at  B2,  so  that  the  straight  line  B1B2  repre- 
sents the  path  of  the  ray  through  the  lens.  If  the  straight 
line  RBi  represents  the  path  of  the  incident  ray,  a straight 
line  B2S  drawn  through  B2  para1  it'  to  RBi  will  represent 
the  path  of  the  emergent  ray ; because,  since  the  tangents 
to  the  circular  arcs  at  Bi,  B?  are  parallel  to  each  other,  the 
lens  behaves  towards  this  ray  which  enters  it  at  Bi  exactly 
like  a slab  of  the  same  material  with  plane  parallel  sides 
(§  44) . Consequently,  the  position  of  the  point  0 where 
the  straight  line  BXB2,  produced  if  necessary,  crosses  the 
axis  of  the  lees  is  seen  to  be  entirely  dependent  on  the 
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geometrical  form  of  the  lens.  In  oariieular,  the  position 
of  this  point  will  not  depend  on  the  direction  of  the  inci- 
dent ray,  as  will  be  shown  by  the  following  investigation. 
From  the  similar  triangles  CCitb  and  OC2B2,  we  derive 
the  proportion : 


OCi:  OC2=B.  'Ji:  B2C2  = A1C1:  A2C2.  ' 


Accordingly,  we  may  wv;+c : 

OaH-AiC1  = AiCi 
OA2+A2C2  A2C2 


and,  consequently: 


AiO  ri 


A20  r2  * 

Now  A20  = A2Ai+Ai0  = Ai0—  d;  so  that  we  obtain  finally: 

n 


AiO  = 


ri-r2 


d. 


The  function  on  the  right-hand  side  of  this  equation  depends 
only  on  the  form  of  the  lens,  so  that  the  position  of  the 
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! point  0 with  respect  to  the  vertex  of  the  first  face  of  the 
lens  may  be  found  immediately  as  soon  as  we  know  the 
magnitudes  denoted  by  r\,  r2  and  d. 


Fig.  117. — Optical  center  of  lens  with  one  plane  face  is  at  the  vertex 

of  curved  face. 


If  the  lens  is  double  convex  or  double  concave,  the  optical 
center  0 will  lie  inside  the  lens  between  the  vertices  Ai  and 


Fig.  118. — Optical  center  of  meniscus  lies  outside  lens. 

A2;  if  one  face  of  die  lens  is  plane  (Fig.  117),  the  optical 
f i r i center  will  coincide  with  the  vertex  of  the  curved  face:  and, 


f'f 
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finally,  if  the  lens  is  a meniscus  (Fig.  118),  the  optical  center 
will  lie  outside  the  lens  entirely. 

In  general,  the  positions  of  the  points  designated  in  the 
diagrams  by  the  letters  N,  N'  will  vary  for  different  ray-  I 
paths  Bi  B2  within  the  lens;  but  if  the  rays  are  paraxial, 
the  positions  of  N,  N'  are  fixed.  In  fact,  if  the  ray  RBx  B2  S 
is  a paraxial  ray,  the  points  N,  N'  are  the  so-called  nodal 
points  of  the  lens  (see  § 119). 

89.  The  Abscissa-Formula  of  a Thin  Lens,  referred  to  I 
the  axial  point  of  the  lens  as  origin. — Ordinarily,  the  axial 
thickness  of  a lens  is  much  smaller  than  either  of  the  radii 
of  curvature,  so  that  in  many  lens-problems  this  dimension 
is  negligible  in  comparison  with  the  other  linear  dimensions 
that  are  involved.  Moreover,  the  lens-formulae  are  greatly 
simplified  by  ignoring  the  thickness  of  the  lens.  However, 
in  using  these  formulae  one  must  be  duly  cautious  about 
taking  too  literally  results  that  are  strictly  applicable  only 
to  an  infinitely  thin  lens,  whose  vertices  are  regarded  as 
coincident,  that  is,  Ai  A2  = d = 0.  The  approximate  formulae 
that  are  obtained  for  lenses  of  zero  ahickness  are  often  of 
very  great  practical  utility,  especially  in  the  preliminary 
design  of  an  optical  instrument  composed,  it  may  be,  of 
several  lenses  whose  thicknesses  are  by  no  means  negligible. 

The  optical  center  O or  an  infinitely  thin  lens  coincides 
with  the  two  vertices  Ai,  A2,  and  hereafter  these  three  co- 
incident  points  in  wfiich  the  axis  meets  an  infinitely  thin  lens 
will  be  designated  b^'  the  simple  letter  A.  An  infinitely  thin 
lens  is  represented  in  a diagram  by  the  segment  of  a straight 
line  which  is  b;sected  at  right  angles  by  the  axis  of  the  lens; 
the  actua1  lorm  of  the  lens  being  indicated  by  assigning  the 
posit1  c ns  of  the  centers  Ci,  C2  of  the  two  faces.  In  order  to 
tell  at  a glance  the  character  of  a lens,  the  form  of  it  at  the 
edges  may  be  indicated,  as  shown  in  Fig.  119.  Fig.  119, a 
is  a conventional  representation  of  an  infinitely  thin  con- 
vex lens,  and  Fig.  119,  b is  a similar  diagram  for  an- infinitely 
thin  concave  lens. 
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Let  us  assume  that  the  lens  is  surrounded  by  the  same 
medium  on  both  sides;  and  let  n denote  the  index  of  refrac- 


4 


B 


S 


R 


Fig.  119,  a. — Infinitely  thin  convex  lens;  M,  M'  conjugate  points  on  axis. 

tion  of  this  medium,  while  n!  denotes  the  index  of  refraction 
of  the  lens-substance  itself. 

The  broken  line  RBS  (Fig.  119)  represents  the  path  of 
a paraxial  ray  which  enters  and  leaves  the  infinitely  thin 


X 


n jugate  points 


where  the  ray 
rough  the  lens 
The  straight 


228 


Mirrors,  Prisms  and  Lenses  [§  89 


line  BMi'  which  intersects  the  axis  at  the  point  marked  ML 
shows  the  path  the  ray  takes  after  being  refracted  at  the  first 
face  of  the  lens.  Obviously,  the  points  M,  ML  are  a pair  of 
conjugate  axial  points  with  respect  to  the  first  surface  of  the 
lens,  and,  similarly,  the  points  ML,  Mr  are  a pair  of  con- 
jugate axial  points  with  respect  to  the  second  surface  of 
the  lens,  and,  therefore,  M,  M'  are  a pair  of  conjugate  axial 
points  with  respect  to  the  lens  as  a whole,  so  that  M'  will 
be  the  image  in  the  lens  of  an  axial  object-point  M.  The 
abscissae  of  these  points  with  respect  to  the  axial  point  A 
as  origin  will  be  denoted  by  u,  u';  thus,  m=AM,  u'  = AM'. 

Also,  put  Wi'  = AMi'.  The  radii  of  curvature  of  the  two 
faces  are  n = ACi,  r2  = AC2. 

Accordingly,  in  order  to  obtain  the  formulae  connecting 
u and  u',  we  have  merely  to  apply  the  fundamental  equa- 
tion  (§  78)  for  the  refraction  of  paraxial  rays  at  a spherical 
sui  face  to  each  face  of  the  lens  in  succession,  bearing  in 
mind  that  the  first  refraction  is  from  medium  n to  medium 
ft',  while  the  second  refraction  is  from  medium  n'  to  me- 
dium n.  Thus,  we  obtain : 


n 


n n — n 


n n 


n —n 


U\  u r i u u\  r2 

Eliminating  uf  by  adding  these  equations,  and  dividing 
through  by  n,  we  derive  Tm  abscissa-formula  for  the  refrac- 
tion of  paraxial  rays  through  an  infinitely  thin  lens,  in  the 
following  form : 


The  expression  on  the  right-hand  side  of  this  equation,  in- 
volving only  the  lens-constants  n,  r2  and  n'/n,  has  for  a 
giver  *ens  a perfectly  definite  value,  which  may  be  com- 
puted once  for  all.  And  so  if  we  put 

l_n'—  n/l  1\ 

• 7 n \n  r2/  ’ 

where  the  magnitude  denoted  by  / is  a constant  of  the  lens 
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(which  we  shall  afterwards  see  is  the  focal  length  of  the 
lens),  the  formula  above  may  be  written: 

u u f’ 

which  is  the  form  of  the  lens-formula  that  is  perhaps  most 
common.  For  a given  value  of  u we  find  u'  =f.u/  (f~\~u). 

Incidentally,  it  may  be  observed  that  the  equation  above 
is  symmetrical  with  respect  to  u and  -v! ; that  is,  the  equa- 
tion will  remain  unaltered  if — u is  written  in  place  of  u'  and 
— u ' in  place  of  u.  Accordingly,  if  the  positions  of  a pair  of 
conjugate  points  on  the  axis  are  designated  by  M,  M' 


i 

jSr 


#1 


Fig.  120. — Infinitely  thin  lens:  AP  = M'A  — BM,  AP'  — Ma 

(Fig.  120),  the  pair  of  axial  points  designated  by  P,  P'  will 
likewise  be  conjugate,  provided  AP  = M'A  and  AP'  = MA;  so 
that  the  thin  lens  at  A bisects  the  two  segments  PM'  and 
P'M.  Another  and  more  striking  v ay  of  exhibiting  this 
characteristic  property  of  an  infimtely  thin  lens  consists 
in  saying,  that  if  M'  is  the  image  of  an  axial  object-point 
at  M,  and  if  then  the  lens  is  shifted  from  its  first  position 
at  A to  a point  B such  thru,  MB  = AM',  the  object-point  M 
will  again  be  imaged  at  M'. 

90.  The  Focal  Pohns  of  an  Infinitely  Thin  Lens.— If 

the  object-point  M at  the  infinitely  distant  point  on  the 
axis  of  the  lens,  Hs  image  will  be  formed  at  a point  F'  whose 
position  on  the  a. as  may  be  found  by  putting  u=  oo , w'  = AF' 
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in  the  formula  l/u'~  l/w=  l/f;  thus,  we  find  AF'=/.  Sim- 
ilarly, the  object-point  F conjugate  to  the  infinitely  dis- 
tant point  of  the  axis  is  found  by  substituting  in  the  same 
equation  the  pair  of  values  u = AF,  u'  = o° , whence  we  ob- 
tain AF  = —/.  These  points  F,  F'  are  the  'primary  and  sec- 
ondary focal  points,  respectively,  and,  accordingly,  it  is 
evident  that  the  focal  points  of  an  infinitely  thin  lens  are  equi- 
distant from  the  lens  and  on  opposite  sides  of  it. 

The  character  of  the  imagery  in  the  case  of  an  infinitely 
thin  lens  is  completely  determined  as  soon  as  we  know  the 
positions  of  the  two  focal  points  F,  F';  and  since  the  point  A 
where  the  axis  meets  the  lens  lies  midway  between  F and 
Fr,  it  is  obvious  that  the  natural  division  of  lenses  is  into 
two  classes  depending  on  the  order  in  which  the  three  points 
above  mentioned  are  ranged  along  the  axis. 

(1)  If  the  primary  focal  point  is  in  front  of  the  lens  (Fig. 
121,  a),  that  is,  if  the  order  of  the  points  named  in  the  se- 


jITig.  121,  a. — Focal  points  (F,  F')  ,of  infinitely  thin  lens 
(FA  = AF'=/).  In  a positive  (or  convex  or  conver- 
gent) lens  the  first  focal  point  (F)  lies  on  same  side 
of  lens  as  incident  light  (real  focus). 

quence  in  which  they  are  reached  by  light  traversing  the 
axis  of  the  lens  is  F,  A,  F',  then  incident  rays  parallel  to 
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the  axis  will  be  converged  to  a real  focus  at  F'  on  the  other 
side  of  the  lens,  and  the  lens  is  a convergent  lens  (§  87).  It 
is  also  called  a 'positive  lens,  because  the  lens-constant  (or 
primary  focal  length)  /= FA  = AFr  is  measured  along  the 
axis  in  the  positive  sense.  If  it  is  assumed  that  n >n  (as, 
for  example,  in  the  case  of  a glass  lens  in  air),  the  sign  of 
this  constant  /,  according  to  the  formula  above  which  de- 
fines 1//,  will  be  the  same  as  that  of  the  term  (1/ri — l/r2), 
which  is  the  algebraic  expression  of  the  difference  of  curva- 
tures (§  99)  between  the  two  faces  of  the  lens.  If  the  lens 
is  double  convex,  plano-convex  or  a crescent-shaped  me- 
niscus— that  is,  in  all  forms  of  lenses  that  are  thickei  in 
the  middle  than  out  towards  the  edges— the  difference  of 
curvatures  (l/ri — l/r2)  will  be  found  to  be  positive.  And 
hence,  as  already  stated  (§  87),  thin  lenses  of  this  descrip- 
tion are  convergent  if  n'>n. 

(2)  If  the  secondary  focal  point  is  in  front  of  the  lens  (Fig. 
121,  h),  that  is,  if  the  points  F',  A,  F are  ranged  along  the 


Fig.  121,  b. — Focai  points  (F,F')  of  infinitely  thin 
lens  (F.\-'  ^F '=/).  In  a negative  (or  concave  or 
diver.5tnt)  lens  the  first  focal  point  (F)  lies  on 
the  ol  her  side  of  the  lens  from  the  incident  light 
(virtual  focus). 
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axis  in  the  order  named,  incident  parallel  rays  will  be  made 
to  diverge  from  a virtual  focus  at  F',  and  in  this  case  the 
lens  is  said  to  be  a divergent  or  negative  lens,  since  now  the 
lens-constant  /=FA=AF'  is  measured  along  the  axis  in 
the  negative  sense.  For  lenses  which  are  thinner  in  the 
middle  than  at  the  edges,  that  is,  for  double  concave,  plano- 
concave and  canoe-shaped  meniscus  lenses  the  difference  of 
curvatures  (1/ri—  l/r2)  will  be  found  to  be  negative;  and 
hence  for  such  lenses  the  constant  / will  be  negative  if  n'>  n. 

A case  of  rather  more  theoretical  than  practical  interest  is 
afforded  by  an  infinitely  thin  concentric  lens  (§  87)  for  which 
r2  = ri,  and  which  is  therefore  uniformly  thick  in  a direc- 
tion parallel  to  the  axis,  so  that  according  to  the  above 
classification  it  should  be  neither  convergent  nor  divergent. 
In  fact,  the  value  of  the  lens-constant  / for  this  lens  is  in- 
finity, and  hence  u'  = u,  so  that  object-point  M and  image- 
point  M'  are  coincident  always.  A bundle  or  parallel  rays 
traversing  an  infinitely  thin  concentric  lens  will  emerge 
from  the  lens  just  as  though  the  lens  had  not  been  inter- 
posed in  the  path  of  the  rays. 

91.  Construction  of  the  Point  M'  Conjugate  to  the  Axial 
Point  M with  respect  to  an  Infinitely  Thin  Lens. — The 

planes  which  are  perpendiculai  to  the  axis  of  the  lens  at  the 
focal  points  F,  F'  are  called  the  primary  and  secondary  f ocal 
planes,  respectively. 

The  point  M'  cor* Jugate  to  a point  M on  the  axis  of  an 
infinitely  thin  lens  surrounded  by  the  same  medium  on  both 
sides  may  be  constructed  as  follows: 

Through  t»ic  given  point  M (Fig.  122,  a and  h)  draw  a 
straight  hue  MB  meeting  the  lens  at  B,  and  through  the 
axial  point  (A)  of  the  lens  draw  a straight  line  AI'  parallel 
to  MB  and  meeting  the  secondary  focal  plane  in  the  point 
I';  Mien  the  point  where  the  straight  line  BI',  produced  if 
necessary,  crosses  the  axis  will  be  the  required  point  M' 
conjugate  to  M. 

The  point  M'  may  also  be  constructed  in  another  way, 
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f 3 as  follows:  Let  J designate  the  point  where  the  straight 
I line  MB  crosses  the  primary  focal  plane,  and  through  B 
o draw  a straight  line  parallel  to  the  straight  line  JA,  which 
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Fia.  122,  a and  b. — Infinitely  thin  lens:  Construction  of  point 
M'  conjugate  to  axial  object-poin  t M.  (a)  Convex, 
(6)  Concave  lens. 


will  intersect  the  axis  of  the  lens  in  the  required  point  M'. 
Fig.  122,  a shows  the  construction  in  the  case  of  a convex 
lens  and  Fig.  122,  b shows  it  foi  a concave  lens. 

The  proof  is  obvious.  From  the  two  pairs  of  similar 
triangles  MAB,  AFT'  iLd  MM'B,  AM'I',  we  obtain  the 
proportions: 

MA  _MB_MM' 

AF'“AI'  AM'  ' 
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and  if  we  introduce  the  symbols  w = AM,  w'  = AM',  /=AF', 
we  get: 

—u  u'—u 

- • 

r } y 

f u | 

which  is  the  same  as  the  abscissa-relation  found  in  § 89. 

92.  Extra-Axial  Conjugate  Points  Q,  Q';  Conjugate 
Planes. — Since  the  axial  point  A of  an  infinitely  thin  lens 
is  also  the  optical  center  of  the  lens  (§  89),  a straight  line 
drawn  through  A will  represent  the  path  of  a ray  both  be- 
fore and  after  passing  through  the  lens  at  this  point.  If 
the  axis  of  the  lens  is  rotated  in  a meridian  plane  through 


Fig.  123. — Infinitely  tYJu  lens:  Image-point  Q'  conjugate  to  extra-axial 

object-point  Q. 


a very  small  angle  FAJ  (Fig.  123)  around  the  point  A as 
vertex,  the  local  points  F,  F'  will  describe  the  small  arcs 
FJ,  F'3  and  the  straight  line  JF  will  represent  the  path  of 
a paraxial  ray  traversing  the  lens  at  A.  The  points  Q,  Q' 
at  the  ends  of  the  arcs  MQ,  M'Q'  traced  out  in  this  angular 
movement  of  the  axis  by  a pair  of  conjugate  axial  points 
M,  M'  will  evidently  occupy  the  same  relation  to  each 
other  on  the  straight  line  JI'  as  M,  M'  have  to  each  other 
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c on  the  straight  line  FF',  and  therefore  Q,  Q'  are  a pair  of 
H extra-axial  conjugate  points. 

Accordingly,  if  the  points  of  an  object  lie  in  the  vicinity 


c of  the  axis  on  an  element  of  a spherical  surface  described 


i ll  around  the  vertex  A of  the  infinitely  thin  lens  as  center, 
dthe  corresponding  points  oi  the  image  will  be  assembled 
• don  a concentric  spherical  surface;  and  since,  within  the 
■region  of  paraxial  rays,  these  spherical  elements  may  be 
■regarded  as  plane,  it  follows  that  a small  plane  object  at 
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right  angles  to  the  axis  will  be  reproduced  by  a similar 
plane  image  also  at  right  angles  to  the  axis. 

Conjugate  planes  are  pairs  of  parallel  planes  perpendicular 
to  the  axis  of  the  lens;  and  any  straight  line  drawn  through 
the  center  of  an  infinitely  thin  lens  will  pierce  a pair  of  conju- 
gate planes  in  a pair  of  conjugate  points. 

In  particular,  the  planes  conjugate  to  the  focal  planes 
are  the  infinitely  distant  planes  of  the  image-space  and 
object-space,  according  as  the  infinitely  distant  plane  is 
regarded  as  belonging  to  one  or  the  other  of  these 
regions. 

The  construction  of  the  point  Q'  conjugate  to  an  extra- 
axial  object-point  Q (Fig.  124,  a and  h),  with  respect  to 
an  infinitely  thin  lens,  is  made  by  a method  precisely  sim- 
ilar to  that  employed  in  the  corresponding  problem  in  the 
cases  both  of  a spherical  mirror  (§  71)  and  of  a spherical 
refracting  surface  (§81);  the  only  difference  in  this  case 
being  that  the  center  of  the  lens  takes  the  place  of  the  center 
of  the  spherical  surface  and  that  the  local  points  of  the 
lens  are  at  equal  distances  on  oppose  sides  of  it. 

93.  Lateral  Magnification  in  cas  e of  Infinitely  Thin  Lens. 
— The  lateral  magnification  le  the  case  of  an  infinitely  thin 
lens,  defined,  as  in  §§  72  and  82,  as  the  ratio  of  the  height 
of  the  image  (y'  = M'Q')  to  the  height  of  the  object  (y  = MQ), 
may  be  obtained  from  the  diagram  (Fig.  124)  and  is  evi- 
dently given  by  the  following  formula: 


I 


I 

! 

•> 
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so  that  the  linear  dimensions  of  object  and  image  are  in  the 
same  v atio  as  their  distances  from  the  thin  lens.  Moreover, 
it  appears  that  the  image  is  erect  or  inverted  according  as 
object  and  image  lie  on  the  same  side  or  on  opposite  sides  of 
the  lens. 

Another  expression  for  the  lateral  magnification  may 
be  derived  by  considering  the  two  pairs  of  similar  right 
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triangles  FMQ,  FA  W and  F'M'Q',  F'AV,  from  which  we 
obtain  the  proportions: 

AYV_  FA  M'Q'_  F'M'  _ 

MQ~  FM’  AV  FAT’ 

and  since 

AW=M'Q'=2/',  AV=MQ  = ?/,  FA  = AF'=/, 

we  find: 

i, 

y x f 

I where  x = FM,  a/  = F'M'  denote  the  abscissae  of  M,  M' 
with  respect  to  the  focal  points  F,  F',  respectively,  as  ori- 
1 gins.  Accordingly,  the  lateral  magnification  varies  inversely 
as  the  distance  of  the  object  from  the  'primary  focal  plane , and 
directly  as  the  distance  of  the  image  from  the  secondary  focal 
plane. 

94.  Character  of  the  Imagery  in  a Thin  Lens. — The 

Newtonian  form  of  the  abscissa-relation  ( cf . § 85)  for  an 
infinitely  thin  lens  surrounded  by  air  is : 

x.x'  = — /2, 

| which  shows  that  object  and  image  lie  on  opposite  sides  of 
Iffil  the  focal  planes;  so  that  if  M is  a point  on  the  axis  to  the 
-up  right  of  the  primary  focal  point  F,  the  conjugate  point  M' 
will  be  found  on  the  axis  at  the  left  of  the  secondary  focal 
point  F',  and  vice  versa . 

The  character  of  the  imagery  produced  by  tr  e refraction 
| of  paraxial  rays  through  an  infinitely  thin  lens  is  exhibited 
i in  the  diagrams  Fig.  125,  a and  b.  T'ie  numerals  1,  2,  3, 
I etc.,  mark  the  successive  positions  of  an  object-point  which 
8 is  supposed  to  traverse  a straight  line  parallel  to  the  axis 

I (so-called  “object-ray”)  from  an  infinite  distance  in  front 

, ■ 

| of  the  lens  to  an  infinite  distance  on  the  other  side  of  it. 
(I  Until  it  reaches  the  lens  ai  the  point  marked  V the  object 
'n'g  is  real,  thereafter  it  is  v>t  aal.  The  corresponding  numerals 
v with  primes,  viz.,  1',  2',  3',  etc.,  ranged  along  the  straight 
line  VF'  (called  the  “image-ray”)  mark  the  successive 


•m  positions  of 


image-point,  which,  starting,  from  the 
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secondary  focal  point  F',  moves  along  this  line  always  in 
the  same  direction  out  to  infinity  and  back  again  to  its 
starting  point.  The  straight  lines  IP,  22',  33',  etc.,  con- 
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h.o.  x25,  a and  b. — Character  of  imagery  in  infinitely  thin  lens. 

(a)  Convex,  (6)  Concave  lens. 


necting  corresponding  positions  of  object-point  and  image- 
point  form  a pencil  of  rays  all  passing  through  the  optical 
center  A of  the  lens,  which  is  the  center  of  perspective  of 
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object-space  and  image-space.  At  the  point  V object  and 
image  coincide  with  each  other  in  the  lens  itself,  and  here 
object  and  image  are  congruent.  The  so-called  principal 
planes  (§119)  of  an  infinitely  thin  lens  coincide  with  each 
other  in  the  plane  perpendicular  to  the  axis  of  the  lens  at  its 
optical  center  A.  The  fact  that  object-point  and  image- 
point  coincide  with  each  other  at  V is  expressed  geometri- 
cally by  saying  the  y-axis  is  the  base  of  a range  of  self  conju- 
gate points. 

In  a convex  lens  (Fig.  125,  a)  the  image  of  a real  object 
is  seen  to  be  real  and  inverted  as  long  as  the  object  lies  in 
front  of  the  lens  beyond  the  primary  focal  plane;  whereas 
the  image  is  virtual  and  erect  if  the  object  is  placed  between 
the  primary  focal  plane  and  the  lens.  The  image  of  a vir- 
tual object  in  a convex  lens  is  formed  between  the  lens  and 
the  secondary  focal  plane  and  is  real  and  erect. 

In  a concave  lens  (Fig.  125,  b)  the  image  of  a real  object 
lies  between  the  lens  and  the  secondary  focal  plane,  and  it 
is  virtual  and  erect.  If  the  object  is  virtual,  its  image  in  a 
concave  lens  will  be  real  and  erect  if  the  object  lies  between 
the  lens  and  the  primary  focal  plane,  but  it  will  be  virtual 
and  inverted  if  the  object  lies  beyond  the  primary  focal 
plane. 

If  z = MM'  denotes  the  distance  between  a mir  of  con- 
jugate axial  points  M,  M',  then  u'  = u-\-z,  where  w = AM, 
u' = AM'.  Substituting  this  value  of  u in  the  formula 
l/u'—  l/u=  1//,  we  obtain  a quadratic  in  u,  which  implies, 
therefore,  that  for  a given  value  of  the  interval  z between 
object  and  image,  there  are  always  two  positions  of  the 
object-point  M with  respect  to  tee  lens  (§  89).  But  under 
some  circumstances  the  assigned  value  of  the  interval  z 
may  be  such  that  the  roots  of  the  quadratic  prove  to  be 
imaginary,  and  then  it  will  be  quite  impossible  with  the 
given  lens  to  produce  an  image  at  the  given  distance  z from 
the  object.  For  example,  if  the  object  lies  in  front  of  a 
convex  lens  (/>  O')  at  a distance  greater  than  the  focal  length, 
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then  u< 0 and  z>  0.  Put  a=MA=- u,  so  that  the  magni- 
tudes denoted  by  /,  z and  a are  all  positive.  Eliminating 
u'  from  the  abscissa-formula,  we  obtain  a quadratic  in  a 
whose  roots  are  given  by  the  following  expression: 

Z±\/z(2-4/). 

2 

which  will  be  imaginary  if  (z—  4/)<  0.  Hence,  the  distance 
(z)  between  a real  object  and  its  real  image  in  a convex  lens 
cannot  be  less  than  four  times  the  focal  length  f. 

95.  The  Focal  Lengths  f,  f'  of  an  Infinitely  Thin  Lens. — 

The  focal  lengths  of  a thin  lens  are  defined  exactly  in  the 
same  way  as  the  focal  lengths  of  a spherical  refracting  sur- 


Fig.  120. — Focal  planes  a’”*  focal  lengths  of  infinitely  thin  lens 

(J—  v/A = — f>  = AF') . 


face  (§  83).  Thus,  the  pi'imary  focal  length  of  a lens  is  the 
ratio  of  the  height  of  the  image,  in  the  secondary  focal  plane, 
to  the  apparent  <dze  of  the  infinitely  distant  object.  In  Fig.  126 
FT'  is  the  height  of  the  image  of  the  infinitely  distant  ob- 
ject El  winch  is  seen  under  the  angle  0 = ZEFI  = ZAFK, 
and  t he  primary  focal  length  is,  therefore,  FT  '/tan  6 = 
AK/tan  0 = FA=/;  and  hence,  as  already  observed,  the 
primary  focal  length  is  identical  with  the  lens-constant 
denoted  by/,  which,  as  we  have  seen  (§  90),  is  the  abscissa 
of  the  axial  point  A of  a thin  lens  with  respect  to  its  primary 
focal  point  F.  Similarly,  the  secondary  focal  length  (/')  is 
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the  ratio  of  the  height  of  an  object  in  the  'primary  focal  plane  of 
. the  lens  to  the  apparent  size  of  its  infinitely  distant  image. 
For  example,  in  the  diagram  the  image  of  the  object  FJ 
lying  in  the  primary  focal  plane  is  E'J',  which  lying  in  the 
infinitely  distant  plane  of  the  image-space,  subtends  the 
angle  0'  = ZEF'J'  = ZAF'H;  and  hence  /'  = FJ/tan  6 ' = 
AH/tan  0'  = F'A;  so  that  the  secondary  focal  length  may 
also  be  defined  as  the  abscissa  of  the  axial  point  A of  an  in- 
finitely thin  lens  with  respect  to  the  secondary  focal  point  F'. 
And  since  F'A=-AF'=-FA,  evidently: 

1 f = -/• 

Accordingly,  the  focal  lengths  (/,  /')  of  a lens  surrounded  by 
the  same  medium  on  both  sides  are  equal  in  magnitude  and 
opposite  in  sign. 

If  the  lens  is  reversed  by  turning  it  through  180°  about 
an  axis  perpendicular  to  the  axis  of  the  lens,  that  is,  if  the 
light  is  made  to  traverse  the  lens  in  a sense  exactly  opposite 
to  that  which  it  had  at  first,  the  focal  lengths  /,  fr  will  not 
| be  altered.  This  is  evident  from  the  fact  that  the  expres- 
sion for  the  focal  length/,  viz., 

I J J (n'-n)  (r2-riY 

M remains  the  same  when  — ri,  —r2  are  substituted  in  place  of 
I fi,  r2,  respectively.  Thus,  the  character  of  the  cns  (§  90) 
I and  its  action  are  not  changed  by  presenting  ‘he  opposite 
face  to  the  incident  rays. 

The  focal  length  of  an  infinitely  thin  symmetric  lens 

n.r 


1 


I (§87),  for  which  n = — r2  = r (say)  is  f—  anc*  ^ 

n=  1,  n'=  1.5,  we  find  /=r.  Accordingly,  the  focal  length 
| of  an  infinitely  thin  symmetric  glass  lens  surrounded  by  air 
J (n  = l,  »'  = 1.5)  is  equal  to  the  radius  of  the  first  face.  Spec- 
if tacle  glasses  were  at  first  symmetric  lenses,  and  in  the  old 
>t|  inch  system  of  designation  a No.  10  spectacle  glass,  for  ex- 
,6  ample,  was  a lens  ''nrose  radius  of  curvature  on  each  surface 
v was  10  inches  end  whose  focal  length  was  10  inches. 
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If  one  face  of  the  lens  is  plane,  for  example,  if  n = oo  , 

71  7*  71  7* 

r2  = r,  we  find  /=  - -ff-  ; or  if  rx  = r,  r2=  oo , then  f=  — , 

n-n  n-n 

where  in  each  case  r denotes  the  radius  of  the  curved  sur- 
face. Comparing  this  with  the  value  of  / obtained  in  the 
preceding  case,  we  see  that  if  one  of  the  faces  of  a symmetric 
lens  be  ground  off  plane,  the  focal  length  of  the  lens  will  thereby 
be  doubled. 

96.  Central  Collineation  of  Object-Space  and  Image- 
Space. — Comparing  the  methods  and  results  of  this  chap- 
ter with  those  obtained  in  the  preceding  chapter,  the  serious 
student  cannot  have  failed  to  remark  a striking  parallelism 
that  exists  between  the  imagery  by  paraxial  rays  in  a spher- 
ical refracting  surface  and  the  imagery  under  the  same  con- 
ditions in  an  infinitely  thin  lens.  In  some  instances  the 
formulae  are  actually  identical,  and  a closer  or.amination 
will  show  that  this  similarity  extends  even  to  comparative 
details.  For  example,  the  focal  points  lie  on  opposite  sides 
of  a lens  just  as  they  were  found  to  do  in  ihe  case  of  a spher- 
ical refracting  surface,  and  the  resemblance  goes  still  far- 
ther. For  in  a spherical  refraccing  surface  the  connection 
between  the  focal  lengths  (/,  j')  and  the  indices  of  refraction 
(n,  n')  is  expressed  by  the  formula  n'./-fn./'  = 0 (§79); 
and  if  in  this  formula  we  put  n'  = n,  we  obtain  the  relation 
f~\~ f = 0,  which  is  the  algebraic  statement  of  the  fact  that 
the  focal  lengths  of  o lens  surrounded  by  the  same  medium 
on  both  sides  are  equal  and  opposite  (§  95). 

It  has  already  been  pointed  out  that  the  imagery  in  a 
spherical  mirror  may  be  regarded  as  a special  case  of  refrac- 
tion at  a spherical  surface  (§§  75,  77  and  78);  and  now  it 
is  proposed  to  advance  a step  farther  in  this  generalization 
process  and  to  show  that  all  these  types  of  imagery  which 
have  been  investigated  separately  and  independently  are 
i’i  reality  embraced  in  a concept  of  geometry  known  as 
collinear  correspondence  between  one  space  and  another 
(called  in  the  theory  of  optical  imagery  “object-space” 
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and  “image-space”).  Moreover,  these  types  of  imagery 
belong  to  a particularly  simple  kind  of  collinear  correspond- 
ence to  which  the  name  central  collineation  has  been  given. 

A lens  or  an  optical  instrument  is  said  to  divide  the  sur- 
rounding space  into  two  parts,  viz.,  the  object-space  and 
the  image-space;  but  these  are  not  to  be  thought  of  as  sep- 
arate and  distinct  regions  but  as  interpenetrating  and  in- 
cluding each  other;  so  that  a point  or  ray  may  be  regarded 
at  one  time  as  belonging  to  the  object-space  and  at  another 
time  as  belonging  to  the  image-space,  depending  merely 
on  the  point  of  view.  Thus,  for  example,  the  infinitely 
distant  plane  of  space  may  be  viewed  as  the  image  of  the 
primary  focal  plane  of  a lens,  and  then  it  is  a part  of  the 
image-space;  but  if  the  secondary  focal  plane  is  regarded 
as  the  image  of  the  infinitely  distant  plane,  the  latter  is  a 
part  of  the  object-space. 

Now  the  distinguishing  characteristics  of  the  optical 
imagery  which  is  produced  by  the  refraction  of  paraxial 
rays  at  a single  spherical  surface  or  through  an  infinitely 
thin  lens  may  be  summarized  in  the  two  following  state- 
ments : 

(a)  All  straight  lines  joining  pairs  of  conjugate  points  in- 
tersect in  one  point , viz.,  the  center  (C)  of  the  spherical  re- 
fracting surface  or  the  optical  center  (A)  of  t.bc  chin  lens. 
This  point  which  is  the  center  of  perspective  of  object- 
space  and  image-space  is  called  the  center  of  collineation, 
and  will  be  referred  to  here  as  the  poin  , C 

( h ) Any  pair  of  corresponding  incident  and  refracted  rays 
lying  in  a meridian  plane  meet  in  a straight  line  Ay  called  the 
axis  of  collineation  (or  the  t/-ansi  which  is  perpendicular  at 
A to  the  optical  axis  (or  the  axis) . 

Any  straight  line  going  tnrough  the  center  of  collinea- 
tion is  called  a central  ray . Every  central  ray  is  a self -cor- 
responding ray;  that  ic  image-ray  and  corresponding  object- 
ray  lie  along  one  and  the  same  straight  line.  Moreover, 
any  point  lying  cn  the  axis  of  collineation  is  a self -conjugate 
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point;  that  is,  along  this  line  object-point  and  image-point 
are  coincident  with  each  other.  The  center  of  collineation 
is  also  a self-conjugate  point,  and  hence,  in  general,  there  are 
two  self -conjugate  points  on  a central  ray,  viz.,  the  center 
of  collineation  and  the  point  where  the  ray  meets  the  axis 
of  collineation.  Only  in  case  the  center  of  collineation  lies 
on  the  axis  of  collineation  will  there  be  only  one  self-conju- 
gate or  so-called  double  point  on  a central  ray. 

97.  Central  Collineation  (cont’d).  Geometrical  Con- 
structions.— Starting  from  these  simple  propositions, \ we 
can  easily  develop  a complete  theory  of  optical  imagery 
for  the  simple  cases  mentioned  above.  Thus,  for  example, 


Fig.  127. — Central  collinca^oii:  Construction  of  pairs  of  conjugate  points 
M,  M';  P,  P';  Q,  Q';  P,  R';  S,  S';  T,  T';  and  U,  U'.  Axis  of  collineation 
Ay;  center  of  ccilin'wion  C. 


being  given  the  axis  of  collineation  (A y)  and  the  center  of  col- 
lineation (C)  together  with  the  positions  of  a pair  of  conjugate 
points  P,  t',  we  can  construct  the  position  of  a point  Q'  con- 
jugate to  a given  point  Q,  as  follows : 

<a)  In  general,  the  straight  line  PQ  (Fig.  127)  will  not 
pass  through  the  center  of  collineation.  Let  the  self- 
conjugate point  in  which  the  straight  line  PQ  meets  the 
axis  of  collineation  be  designated  by  T;  the  image-ray  cor- 
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responding  to  the  object-ray  PT  will  lie  along  the  straight 
line  TP',  and  since  this  ray  must  pass  likewise  through  the 
point  Q'  conjugate  to  Q,  the  required  point  will  be  at  the 
intersection  of  the  straight  lines  TP',  QC. 

(6)  But  in  the  special  case  when  the  straight  line  PQ  is 
a central  ray  (Fig.  128)  the  construction  which  has  just 
been  given  fails,  and  we  must  resort  to  a different  procedure, 


Fig.  128. — Central  collineation:  Straight  line  PQ  passes  through  center 
of  collineation  (C).  Diagram  shows  case  when  C does  not  lie  on  axis 
of  collineation  Ay;  as  in  spherical  refracting  surface  (c>  1). 

as  follows:  Through  the  points  P and  C draw  a pair  of 
straight  lines  PO,  CO  meeting  in  a point  O,  and  let  the 
point  where  the  straight  line  PO  meets  the  axis  of  collinea- 
tion be  designated  by  T.  Also,  let  0*  designate  the  point 
of  intersection  of  the  straight  lines  TP'  and  CO.  Then  if 
the  point  where  the  straight  line  QO  meets  the  axis  of  col- 
lineation is  designated  by  U,  ihe  required  point  Q'  will  be 
the  point  of  intersection  of  ihe  straight  lines  UO'  and  QC. 

The  image-point  T conjugate  to  the  infinitely  distant 
object-point  I of  the  pencil  of  parallel  rays  whose  central 
ray  is  PP'  may  be  constructed  exactly  as  described  above 
in  (6),  provided  v;e  have  the  same  data.  The  straight  line 
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OG  is  drawn  parallel  to  PP'  meeting  the  axis  of  collineation 
in  G,  and  the  required  point  I'  is  the  point  of  intersection 
of  the  straight  lines  GO'  and  PP'. 

Similarly,  the  position  of  the  object-point  J conjugate 
to  the  infinitely  distant  image-point  J'  of  the  central  ray 
PP'  is  found  by  drawing  the  straight  line  O'H  parallel  to 
PP'  meeting  the  axis  of  collineation  in  H;  then  the  point 
of  intersection  of  the  straight  lines  OH,  PP'  will  be  the  re- 
quired point  J. 


Fig.  129. — Central  coUinoation:  Straight  line  PQ  passes  through  center 
of  collineation  Diagram  shows  case  when  C lies  on  axis  of  col- 

lineation Ay,  in  infinitely  thin  lens  (c=  1). 

The  focal  points  F,  F'  on  the  optical  axis  are  constructed 
in  precisely  the  same  way  as  the  two  points  J,  I'  on  the 
central  ray  PP'. 

The  special  case  when  the  center  of  collineation  (C)  lies  on 
the  axis  of  collineation,  that  is,  when  the  two  points  A and  C 
are  coincident,  is  shown  in  Fig.  129,  which  evidently  cor- 
responds to  the  case  of  an  infinitely  thin  lens  surrounded 
by  the  same  medium  on  both  sides. 
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It  would  be  easy  to  show  by  the  methods  of  projective 
geometry  that  the  straight  lines  FJ,  FT  are  parallel  to 
the  axis  of  collineation  and  that  we  have  the  following  re- 
lations between  the  points  J,  I'  and  the  two  self-conjugate 
points  B,  C on  the  central  ray  JI': 

jb=ct,  rB=cj,  ^?=C) 

B J 

where  c denotes  a constant  called  the  invariant  of  central 
collineation , which  has  the  value  n':  n for  a spherical  re- 
fracting surface  and  the  value  + 1 for  a thin  lens  surrounded 
by  the  same  medium  on  both  sides.  For  a spherical  mirror, 
c=  • — 1.  For  the  axial  ray  the  above  relations  may  be  written : 

FA  = CF',  F'A  = CF,  ?^  = c. 

A r 

The  reader  who  wishes  to  pursue  this  subject  will  find  a 
complete  discussion  at  the  end  of  Chapter  V of  the  .author’s 
Principles  and  Methods  of  Geometrical  Optics  published  by 
The  Macmillan  Company  of  New  York. 

98.  Field  of  View  of  an  Infinitely  Thin  Lens. — If  it  is 
assumed  that  there  are  no  artificial  stops  present  excepi 
in  the  plane  of  the  lens,  and  that  the  imagery  is  produced 
by  means  of  paraxial  rays  only,  the  field  of  view  in  the  case 
of  an  observer  looking  through  the  lens  along  its  axis  is 
easily  determined  by  drawing  the  straight  lines  O'G,  O'H 
(Fig.  130,  a and  h)  in  a meridian  plane  of  the  lens  from  the 
center  O'  of  the  eye-pupil  to  the  ends  G,  H of  the  diameter 
of  the  lens-opening.  For  the  lens-op ening  acts  here  just 
like  a round  window  or  port-hole  in  an  opaque  wall  to  limit 
the  field  of  view  in  the  image-space  of  the  lens.  If  O desig- 
nates the  position  of  the  axial  object-point  which  is  repro- 
duced by  the  image-point  O',  bien  the  straight  lines  OG,  OH 
determine  the  limits  in  the  meridian  plane  of  the  diagram  of 
the  field  of  view  of  the  object-space.  Let  the  straight  line 
B'C'  bisected  at  riglt  angles  at  O'  by  the  axis  of  the  lens 
represent  the  diameter  of  the  pupil  in  the  meridian  plane  of 
the  lens;  and  construct  the  line  BOC  whose  image  in  the  lens 
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is  the  diameter  B'O'C'  of  the  pupil  of  the  eye.  Then  the 
image  S'  of  the  luminous  point  S lying  within  the  object-side 
field  of  view  may  be  constructed  by  drawing  through  S the 
straight  lines  SB,  SC  to  meet  the  lens  in  two  points  which 


Fig.  130,  a and  h. — Field  of  view  of  infinitely  thin  lens  for  given  position  of 

e.  ’e  on  axis  of  lens,  (a)  Convex,  (6)  Concave  lens. 


must  be  joined  with  B',  C',  respectively;  and  the  point  of 
irtei section  of  these  latter  lines  will  be  the  required  point 
S'  conjugate  to  S.  In  brief,  the  circular  opening  whose  di- 
ameter is  BC  is  the  common  base  of  all  the  cones  of  effective 
rays  in  the  object-space  of  the  lens,  just  as  the  pupil  of  the 
eye  itself  is  the  common  base  of  the  cones  of  effective  rays 
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in  the  image-space.  Assuming  that  the  lens-opening  is 
large  enough  to  permit  the  entire  pupil  of  the  eye  to  be  filled 
with  rays  emanating  from  an  axial  object-point,  the  lens- 
opening GH  acts  as  field-stop  and  the  pupil  of  the  eye  as 
aperture-stop  (Chapter  XII). 
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PROBLEMS 

1.  Show  how  to  construct  the  optical  center  of  a lens. 
Draw  diagrams  for  the  various  forms  of  convex  and  con- 
cave lenses;  and  prove  that  the  distance  of  the  optical 
center  from  the  vertex  of  the  first  face  is  equal  to  rid/(ri~r2), 
where  ri,  r2  denote  the  radii  of  the  two  surfaces  and  d de- 
notes the  axial  thickness  of  the  lens. 

2.  In  each  of  the  following  lenses  the  axial  thickness  is 
2 cm.  Find  the  position  of  the  optical  center,  and  draw 
a diagram  for  each  lens  showing  the  position  of  this  point. 

■ (a)  Double  convex  lens  of  radii  10  and  16  cm.;  (6)  Double 
concave  lens  of  radii  10  and  16  cm.;  (c)  Plano-convex  lens; 
id)  Positive  meniscus  of  radii  10  and  16  cm.;  (e)  Negative 
meniscus  of  radii  20  and  16  cm.;  (/)  Lens  of  zero  curvature. 

3.  Rays  of  light  diverging  from  a point  one  foot  in  front 

of  a thin  lens  are  brought  to  a focus  4 inches  beyond  it. 
Find  the  focal  length.  Ans.  /=+3  inches. 

4.  An  object  is  placed  one  foot  in  front  of  a thm  convex 
lens  of  focal  length  9 inches.  Where  is  the  image  formed? 

Ans.  3 feet  from  the  lens  on  the  other  side. 

5.  Rays  coming  from  a point  6 inches  in  front  of  a thin 

lens  are  converged  to  a point  18  inches  on  the  other  side  of 
the  lens.  Find  the  focal  length.  Ans.  / = +4.5  inches. 

6.  An  object  is  placed  in  front  of  a thin  lens  at  a distance 

of  30  cm.  from  it.  The  imago  is  virtual  and  10  cm.  from 
the  lens.  Find  the  focal  lergtn.  Ans.  /=  — 15  cm. 

7.  The  radius  of  the  first  face  of  a thin  double  convex 
lens  made  of  glass  of  index  1.5  is  20  cm.  If  the  focal  length 

1 of  the  lens  is  30  cn  what  must  be  the  radius  of  the  second 
face?  Ans.  60  cm. 
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8.  A thin  convex  lens  made  of  glass  of  index  1.5  has  a 
focal  length  of  12.5  cm.  If  the  radius  of  the  second  face  is 
+ 17.5  cm.,  what  is  the  radius  of  the  first  face?  And  if  the 
lens  is  concave,  and  the  radius  of  the  first  face  is  +17.5  cm., 
what  is  the  radius  of  the  second  face? 

Ans.  In  both  cases  the  radius  is  +4.6  cm. 

9.  The  focal  length  of  a double  convex  lens  was  found 

to  be  30.6  cm.,  and  its  radii  30.4  and  34.5  cm.  Find  the 
index  of  refraction  of  the  glass.  Ans.  1.528. 

10.  The  focal  length  of  a glass  lens  in  air  is  5 inches. 

What  will  be  the  focal  length  of  the  lens  in  water,  assuming 
that  the  indices  of  refraction  of  air,  glass  and  water  are  1, 
f and  respectively?  Ans.  20  inches. 

11.  Show  that  any  thin  lens  which  is  thicker  in  the  middle 

than  out  towards  the  edges  is  convergent,  provided  the 
lens-medium  is  more  highly  refracting  than  the  surrounding 
medium.  v j 

12.  Show  that  the  focal  length  of  a thin  plano-convex 
lens  is  twice  that  of  a double  convex  lei.s,  if  the  curvatures 
of  the  curved  surfaces  are  all  equal  in  magnitude. 

13.  Find  the  focal  length  of  a thin  double  convex  diamond 
lens,  of  index  2.4875,  the  radies  of  each  surface  being  4 cm. 

Ans.  13.4  mm. 

14.  The  curved  surface  of  a thin  plano-convex  lens  of  glass 
of  index  1.5  has  a radius  oc  12  inches.  Find  its  focal  length. 
What  must  be  the  radii  of  a symmetric  double  convex  lens 
of  same  material  which  has  same  focal  length? 

Ans.  /=24  inches;  r = 24  inches. 

15.  The  id/lii  of  a thin  double  convex  lens  are  9 cm.  and 

12  cm.  t+e  lens  is  made  of  glass  of  index  1.5.  If  light  di- 
verges from  a point  18  cm.  in  front  of  the  lens,  where  will 
it  be  focused?  Ans.  Real  image,  24  cm.  from  lens. 

16.  A thin  lens  is  made  of  glass  of  index  n.  If  the  focal 
length  of  the  lens  in  air  is  a,  and  if  its  focal  length  in  a liquid 
is  b,  show  that  the  index  of  refraction  of  the  liquid  is 

bn 
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17.  Draw  figures,  approximately  to  scale,  showing  the 
paths  of  the  rays  of  light,  and  the  positions  of  the  images 
| formed  when  a luminous  object  is  placed  at  a distance  of 

(a)  1 inch,  ( b ) 6 inches  from  a convex  lens  of  focal  length 
( 2 inches. 


18.  An  object  is  placed  8 inches  from  a thin  convex  lens, 
and  its  image  is  formed  24  inches  on  the  other  side  of  the  lens. 
If  the  object  were  moved  nearer  the  lens  until  its  distance 
was  4 inches,  where  would  the  image  be? 

Ans.  Virtual  image,  1 foot  from  lens. 

19.  A virtual  image  of  an  object  30  cm.  from  a thin  lens  is 
formed  on  the  same  side  of  the  lens  at  a distance  of  10  cm. 
from  it.  Find  the  focal  length  of  the  lens. 

Ans.  /=  — 15  cm. 

20.  Light  converging  towards  a point  M on  the  axis  of 
a lens  is  intercepted  and  focused  at  a point  M'  on  the  same 

8 side  of  the  lens  as  M.  The  distances  of  M and  M'  from  the 
liens  are  5 cm.  and  10  cm.,  respectively.  Find  the  focal 
fc length  of  the  lens.  Ans.  /=  - 10  cm. 

I 21.  A far-sighted  person  can  see  distinctly  only  at  a dL- 
jtance  of  40  cm.  or  more.  How  much  will  his  range  cf  qL- 
utinct  vision  be  increased  by  using  spectacles  of  focal  length 
1+32  cm.? 

I Ans.  The  spectacles  will  enable  him  to  distinctly 
3 objects  as  near  to  his  eye  as  17.78  cm.,  so  tha^  his  range  of 
[distinct  vision  will  be  increased  by  22.22  cm. 

22.  The  projection  lens  of  a lantern  has  a focal  length  of 
ne  foot.  If  the  screen  is  1024  feet  away,  how  far  back  of 

-+e  lens  must  the  glass  slide  be  placed?  Ans.  1024/1023  ft. 

23.  An  engraver  uses  a magnifying  glass  of  focal  length 
1+4  inches,  holding  it  close  to  the  eye.  At  what  distance 
ijnust  the  lens  be  from  the  >mrk  so  that  the  magnification 

ay  be  fourfold?  Ans.  3 inches. 

24.  Assuming  that  ’die  optical  system  of  the  eye  is  equiva- 
ent  to  a thin  convex  lens  of  focal  length  15  mm.,  what  will 
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be  the  size  of  the  retinal  image  of  a child  1 meter  high  at  a 
distance  of  15  meters  from  the  eye?  Ans.  1 mm. 

25.  A millimeter  scale  is  placed  at  a distance  of  84  cm. 

in  front  of  a convex  lens,  and  it  was  found  that  10  mm.  of 
the  scale  corresponded  to  29  mm.  of  its  real  inverted  image. 
Find  the  focal  length  of  the  lens.  Ans.  / = +62.5  cm. 

26.  If  X,  X7  and  Y,  Y7  are  two  pairs  of  conjugate  points 
on  the  axis  of  an  infinitely  thin  lens,  and  if  the  lens  is  mid- 
way between  X and  Y7,  show  that  it  is  also  midway  be- 
tween X7  and  Y. 

27.  M and  M7  are  a pair  of  conjugate  axial  points  with 
respect  to  an  infinitely  thin  lens  whose  optical  center  is  at 
a point  designated  by  A.  Show  that  when  the  lens  is  shifted 
from  A to  a point  B such  that  MB=AM7,  the  points  M 
and  M7  will  be  conjugate  to  each  other  with  respect  to  the 
lens  in  this  new  position. 

28.  Given  the  positions  of  the  focal  pants  F,  F7  of  an 
infinitely  thin  lens,  show  how  to  construct  the  image-point 
M7  conjugate  to  an  axial  object  -pom  • M.  Draw  diagrams 
for  convex  and  concave  lenses. 

29.  At  the  optical  center  (A;  o1  a thin  lens  erect  a per- 

pendicular to  the  axis  of  the  lens,  and  take  a point  L on 
this  perpendicular  such  that  AL=/,  where  / denotes  the 
primary  focal  length,  TVough  A draw  a line  AP  in  such 
a direction  that  Z F7Ai'--45°,  where  F7  designates  the  sec- 
ondary focal  point,  of  the  lens.  Take  a point  M on  the  axis  I 
of  the  lens,  and  araw  the  straight  line  ML  meeting  the  | 
straight  line  AP  in  a point  S.  If  M7  designates  the  foot  of 
the  perpendicular  let  fall  from  S to  the  axis  of  the  lens, 
show  tha+  M,  M7  are  a pair  of  conjugate  axial  points.  Draw 
two  oiagrams,  one  for  a convex  and  the  other  for  a concave 
lens.  -I 

30.  Derive  the  image-equations  in  the  case  of  an  infinitely 

thin  lens  in  the  form:  l/u'  = 1/w+l//,  y'ly  = u'lu.  jj 

31.  Show  that  the  focal  points  of  an  infinitely  thin  lens 
are  at  equal  distances  on  opposite  sides  of  the  lens. 
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32.  A candle  is  placed  at  a distance  of  2 meters  from  a 
wall,  and  when  a lens  is  placed  between  the  candle  and  the 
wall  at  a distance  of  50  cm.  from  the  candle,  a distinct  image 
of  the  latter  is  cast  upon  the  wall.  Find  the  focal  length  of 
the  lens  and  the  magnification  of  the  image. 

Ans.  /=  37.5  cm.;  image  is  3 times  as  large  as  object, 
s I 33.  The  distance  between  a real  object  and  its  real  image 
i i in  an  infinitely  thin  lens  is  32  inches.  If  the  image  is  3 times 
fcl  as  large  as  the  object,  find  the  position  and  focal  length  of 
1 the  lens. 

I Ans.  The  lens  is  a convex  lens  of  focal  length  6 inches 
<r|  placed  between  object  and  image  at  a distance  of  8 inches 
from  the  object. 

34.  When  an  object  is  held  at  a distance  of  6 cm.  from 
one  face  of  a thin  lens,  the  image  of  the  object  formed  by 
I reflection  in  this  face  is  found  to  lie  in  the  same  plane  as  the 
c object.  If  the  object  is  placed  at  a distance  of  20  cm.  from 


I the  lens,  the  image  produced  by  the  lens  is  inverted  and  of 


r. 


:| 


I the  same  size  as  the  object.  The  lens  is  made  of  glass  of 
i index  1.5.  Find  the  radii  of  the  two  surfaces. 


pj  Ans.  The  lens  is  a convex  meniscus  of  radii  6 and  yj  cm. 

I 35.  In  a magic  lantern  the  image  of  the  slide  is  thrown 
yj  upon  a screen  by  means  of  a thin  convex  lens.  Show  that 
1 the  adjustment  for  focusing  is  always  possible  provided 
I that  the  distance  from  the  slide  to  the  screen  is  not  less 
1 than  4 times  the  focal  length  of  the  lens,  and  provided  that 
* the  lens  can  move  in  its  tube  to  a distance  from  the  slide 
,,A  equal  to  twice  the  focal  length. 

I 36.  A person  holds  a lens  in  front  of  his  eye  and  ob- 
, 9 serves  that  by  reflection  at  tb  3 nearer  surface  an  object 
$ which  is  6 feet  from  the  lens  appears  upright  and  diminished 

0 to  one-twentieth  of  its  heighr.  Looking  through  the  lens 

1 at  an  object  on  the  othe7,  doe  6 feet  from  the  lens,  its  image 
1 is  inverted  and  diminished  in  height  to  one-tenth.  The 
(i  lens  is  a glass  lens  of  index  1.5.  Find  the  radii  of  its  sur- 
6 faces.  Ans.  A double  convex  lens  of  radii  y§  and  ft. 
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37.  How  far  from  a lens  must  an  object  be  placed  so  I 
that  its  image  will  be  erect  and  half  as  high  as  the  object? 

Ans.  The  object  must  be  in  the  second  focal  plane  of  the 
lens.  (Draw  diagram  showing  construction  of  image  for 
convex  lens  and  also  a diagram  for  concave  lens.)  I 

38.  How  far  from  a thin  lens  must  an  object  be  placed 
so  that  its  image  will  be  inverted  and  half  as  high  as  the 
object?  Draw  two  diagrams,  showing  construction  of  image 
for  convex  lens  and  for  concave  lens. 

Ans.  If  the  optical  center  of  the  lens  and  the  primary 
focal  point  are  designated  by  A and  F,  respectively,  and  if 
the  axial  point  of  the  object  is  designated  by  M,  then 

AM  = 3 AF. 

/ 39.  An  object  is  to  be  placed  in  front  of  a convex  lens  of 
focal  length  18  inches  in  such  a position  that  its  image  is  L 
magnified  3 times.  Find  the  two  possible  positions,  and 
draw  diagram  for  each  position  showing  iht  construction 

of  the  image. 

Ans.  If  image  is  inverted,  object  rr. ust  be  2 ft.  from  lens,  ; 

if  it  is  erect,  object  must  be  1 ft.  from  lens. 

40.  In  the  preceding  examp 'e  )f  the  lens  were  concave,  , 

where  would  the  object  have  to  be? 

Ans.  The  object  would  b?  virtual,  at  a distance  of  1 ft.  . 
from  the  lens  for  an  ereet  image,  and  at  a distance  of  2 ft.  > 

for  an  inverted  image  I 

41.  A person  can  see  distinctly  at  a distance  of  1 foot,  , 

and  he  finds  tiiat  when  he  holds  a certain  lens  close  to  his  e 
eye  small  objects  are  seen  distinctly  and  magnified  6 times.  I 
Find  the  focal  length  of  the  lens.  Ans.  /=+2.4  inches.  | 

42.  Derive  the  Newtonian  formula  x.x'  = — f~  for  a lens.  1 
t3.  A convex  lens  is  used  to  produce  an  image  of  a fixed  | 

object  on  a fixed  screen.  Show  that,  in  general,  there  will  l 
he  two  possible  positions  of  the  lens,  and  prove  that  the  e 
height  of  the  object  is  the  geometrical  mean  between  the  p 

heights  of  the  two  images.  I 

44.  A copper  cent  is  19  mm.  in  diameter  and  a silver  i 
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half  dollar  is  30.4  mm.  in  diameter.  How  far  from  a con- 
vex lens  of  focal  length  10  cm.  must  the  smaller  coin  be 
placed  so  that  its  image  in  the  lens  will  be  just  the  size  of 
the  larger  one? 

Ans.  It  must  be  placed  in  front  of  the  lens  at  a distance 
of  either  16.25  cm.  or  3.75  cm. 

45.  What  must  be  the  radius  of  the  curved  surface  of  a 

thin  plano-convex  lens  made  of  glass  of  index  1.5  which 
will  give  a real  image  of  an  object  placed  2 cm.  in  front  of 
the  lens  and  magnified  3 times?  Ans.  7.5  mm. 

46.  Find  the  magnification  of  a convex  lens  of  focal 
ength  0.2  inch  for  an  eye  whose  distance  of  most  distinct 

I vision  is  14  inches.  Ans.  71  times. 

4 47.  An  object  is  placed  in  front  of  a convex  lens  at  a dis- 

tance  from  it  equal  to  1.5  times  the  focal  length.  Find  the 
I linear  magnification.  If  the  object  is  removed  to  twice  this 
distance,  what  will  be  the  magnification?  Ans.  ~^2; 

48.  An  object  5 cm.  high  is  placed  12  cm.  in  front  of  a 
thin  lens  of  focal  length  8 cm.  Find  the  position,  size  and 
nature  of  the  image  (a)  for  a convex  lens,  and  ( b ) for  a 
concave  lens;  and  draw  accurate  diagram  for  each  case. 
Ans.  (a)  Real,  inverted  image,  10  cm.  high,  24  cm  from 
it  lens;  ( b ) Virtual,  erect  image,  2 cm.  high,  4.8  cm.  Irom 
9 lens. 

I 49.  When  an  object  is  placed  at  a point  R on  the  axis  of 
1 1 a thin  lens  of  focal  length  /,  the  image  is  erect,  and  when 
the  object  is  moved  to  a point  S the  image  is  the  same  size 
as  before  but  inverted ; show  that 

2 f 

SR=  — 

r,o 

where  m is  a positive  numbtr  denoting  the  value  of  the 
ratio  of  the  size  of  the  image  to  that  of  the  object. 

50.  A screen,  placed  ai,  right  angles  to  the  axis  of  a thin 
lens  of  focal  length  /,  receives  the  image  of  a small  object. 
If  the  image  is  20  times  as  large  as  the  object,  show  that 
the  distance  of  the  screen  from  the  lens  is  equal  to  21/. 
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51.  Given  a convex  lens,  a concave  lens,  a concave  mirror 
and  a convex  mirror,  each  of  focal  length  20  cm.  An  object 
is  placed  in  front  of  each  in  turn  at  distances  of  40,  20  and 
10  cm.  Draw  diagrams  showing  the  construction  of  the 
image  for  each  lens  and  each  mirror  and  for  each  of  the 
three  given  positions  of  the  object;  and  find  the  position 
and  character  of  the  image  in  each  case. 

52.  A plane  mirror  is  placed  anywhere  behind  a convex 
lens  with  its  plane  at  right  angles  to  the  axis  of  the  lens. 

A needle  is  set  up  perpendicular  to  the  axis  in  the  primary 
focal  plane  of  the  lens.  Show  that  the  image  of  the  needle 
produced  by  rays  that  have  passed  twice  through  the  lens 
will  lie  also  in  the  primary  focal  plane  and  will  be  of  the 
same  size  as  the  object  but  inverted. 

53.  An  object  is  placed  in  front  of  a thin  convex  lens  at 
a distance  a from  it  not  greater  than  twice  its  focal  length  f; 
and  a plane  mirror  is  adjusted  in  the  second  jiy  focal  plane 
of  the  lens.  Show  that  a real  image  formed  by  rays  which 
have  passed  twice  through  the  lens  wi’l  be  formed  at  a dis- 
tance b in  front  of  the  lens;  and  that /=(a+6)/2.  Show  I 

4 

also  that  the  image  is  of  the  sane  size  as  the  object  but  in- 
verted. Draw  a diagram  showing  the  construction  of  the 
image.  1 

54.  A convex  lens  of  fecal  length  10  cm.  is  placed  at  a 
distance  of  2 cm.  in  front  of  a plane  mirror  which  is  per- 
pendicular to  the  axis  of  the  lens.  Where  must  an  eye  be 
placed  in  front  of  the  lens  so  that  it  may  see  its  own  image 
by  means  of  103,  s which,  after  having  traversed  the  lens 

twice,  return  i ato  the  eye  as  bundles  of  parallel  rays? 

* 

Ans.  3.75  cm.  from  the  lens. 

55.  A thin  convex  lens  of  focal  length  10  inches  is  placed 
in  front  of  a concave  mirror  of  focal  length  5 inches.  The 
distance  between  the  lens  and  the  mirror  is  10  inches.  An 
object  is  placed  in  front  of  the  lens  at  any  distance  from  it. 
Show  that  its  image  formed  by  rays  which  have  passed 
twice  through  the  lens  will  lie  at  an  equal  distance  from  the 


a size 
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fl  ions  on  the  other  side  ol  it,  and  that  it  will  be  ot  the  same 

ect  but  inverted. 

convex  lens  of  focal  length  12  inches  is  placed 
; I 12  inches  in  front  of  a concave  mirror  of  focal  length  8 inches. 
' K An  object  is  placed  3 inches  in  front  of  the  lens.  Show  that 
its  image  formed  by  rays  which  have  passed  twice  through 
the  lens  is  in  the  same  plane  as  the  object  and  of  the  same 
size,  but  inverted. 

57.  The  focal  length  of  a thin  symmetric  double  concave 
lens  made  of  glass  of  index  1.5  is  five  inches.  A luminous 
point  lies  on  the  axis  so  far  away  that  it  may  be  considered 
as  being  at  infinity.  Prove  that  its  image  formed  by  rays 
: n which  are  reflected  at  the  first  surface  is  2.5  inches  in  front 

0 of  the  lens;  the  image  formed  by  raj's  which  are  refracted 
ii|  twice  at  the  first  surface  and  reflected  once  at  the  second 

surface  is  on  the  other  side  of  the  lens  at  a distance  of  1.25 
saeli  inches  from  it;  and,  finally,  the  image  formed  by  rays  which 
ill  after  being  reflected  twice  at  the  second  surface  have  emerged 
:•  # again  into  the  surrounding  air  is  0.5  inch  from  the  lens  on 
ill  the  side  away  from  the  source. 

in  i 58.  A concave  mirror,  of  radius  r,  has  its  center  at  the 
ii|  optical  center  of  a thin  lens,  of  focal  length  /,  and  the  axes 
c of  lens  and  mirror  are  in  the  same  straight  line.  Rays  com- 
yM  ing  from  an  axial  object  point  at  a distance  u frcm  the  lens 
, $ traverse  the  lens  and  after  being  reflected  ai  the  mirror 
| pass  through  the  lens  again  and  emerge  from  ic  as  a bundle 
of  rays  parallel  to  the  axis.  Prove  that 

-+-+?=o. 

u r f 

59.  Being  given  the  axis  and  the  optical  center  of  an  infi- 
nitely thin  lens  and  also  the  positions  of  a pair  of  conjugate 
lei  points  on  the  axis,  construct  tue  positions  of  the  focal  points. 

1 60.  The  positions  of  the  focal  points  of  an  infinitely  thin 
wl  lens  are  designated  by  P,  P'  and  the  position  of  the  optical 
am  center  by  A:  show  that 
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CHAPTER  VIII 

CHANGE  OF  CURVATURE  OF  THE  WAVE-FRONT  IN  REFLEC- 
TION AND  REFRACTION.  DIOPTRY  SYSTEM 

99.  Concerning  Curvature  and  its  Measure. — Since  the 
rays  or  lines  of  advance  of  the  light-waves  are  always  at 
right  angles  to  the  wave-surface  (§7),  one  way  of  investi- 
gating the  procedure  of  light  is  to  study  the  form  of  the 
wave-surface)  for,  in  general,  the  effect  of  reflection  and  re- 
fraction will  be  to  produce  an  abrupt  change  of  curvature 
of  the  wave-front.  In  this  method  attention  is  concen- 
trated primarily  on  the  wave-surface  rather  than  on  the 
rays  themselves)  but  in  reality  the  only  difference  between 
it  and  the  ray-method  consists  in  a new  p net  of  view,  which 
may,  however,  be  serviceable.  Thus,  vhen  a plane  wave 
is  incident  on  a lens,  the  wave-front  on  emergence  will  no 
longer  be  plane  but  curved  in  such  fashion  that  the  light- 
waves either  converge  to  or  diverge  from  a point  in  the  second 
focal  plane  of  the  lens.  The  effect  of  the  lens  or  optical 
system  is  to  imprint  a new  curvature  on  the  wave-front, 
and  if  the  change  of  curvature  which  is  thus  produced  can 
be  ascertained,  the  tbia,!  form  of  the  wave  can  be  determined 
by  mere  algebraic  addition  of  the  initial  and  impressed 
curvatures.  If  will  be  necessary,  however,  to  explain  pre- 
cisely what  is  meant  by  this  term  curvature  and  how  it  is 
measured . 

Ir  passing  along  an  arc  of  a plane  curve  from  a point  A 
(Pig.  131)  to  a point  B,  the  total  curvature  of  the  arc  AB  is 
the  change  of  direction  of  the  curve  between  A and  B,  which 
*s  evidently  measured  by  the  angle  between  the  tangents 
to  the  curve  at  these  two  places.  This  angle  is  equal  to 
the  angle  at  O between  the  normals  AO  and  BO  which  are 
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perpendicular  to  the  tangents  at  A and  B.  The  mean  curva- 
ture between  A and  B is  the  change  of  this  angle  per  unit 
length  of  the  arc  AB.  If,  therefore,  the  length  of  the  arc 
AB  is  denoted  by  a and  the  magnitude  of  the  angle  BOA 
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Fig.  131. — Mean  curvature  of  arc  AB  measured  by 
0/a,  where  a-denotes  length  of  arc  and  a*  denotes 
angle  between  the  normals  AO  and  BO. 


Sij 


by  cp , the  mean  curvature  between  A and  B is  equal  to  <p/a. 
And  the  limiting  value  of  this  quotient  when  the  point  B is 
infinitely  near  to  A is  the  measure  of  the  actual  curvature 
at  the  point  A or,  as  we  say.  *h°.  curvature  at  A.  If  the  curva- 
ture at  A is  denoted  by  the  capital  letter  R,  then  R is  equal 
to  the  limiting  value  of  :pja  when  the  arc  a is  indefinitely 
small. 

In  Fig.  132  the  point  B is  supposed  to  be  infinitely  near 
to  A;  and  the  mint  of  intersection  C of  the  normals  drawn 
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to  the  two  contiguous  points  A,  B on  the  curve  passing  I 


through  these  two  points  is  called  the  center  of  curvature 
of  the  curve  at  the  point  A;  the  circle  described  in  the 


A 


Fig.  132,  a and  b. — Curvature  of  arc  TJ AB  point  A midway  between 

B and  B is  measured  by  the  sagitta  Alb  i a)  Convex,  ( b ) Concave  arc. 

r = AC,  which  will  coincide  with  the  given  curve  throughout 
the  infinitely  small  arc  AB,  is  called  the  circle  of  curvature 


and  its  radius  r is  calle  1 t ne  radius  of  curvature  at  the  point 


A.  Now  since  by  definition  the  angle  <p  is  equal  to  the  arc 
BA  divided  by  the  radius  r,  that  is,  since  <p  =a/r,  the 
curvature  at  A is  equal  to  1 fr;  that  is,  the  curvature  at  any 
point  on  a curve  is  equal  to  the  reciprocal  of  the  radius  of  curva- 
ture at  thai  point,  or 


r 


The  sign  of  the  curvature  is  the  same  as  that  of  the  radius 
of  curvature.  Accordingly,  if  the  surface  is  convex  with  re- 
spect to  the  incident  light,  the  curvature  is  to  he  counted  as  posi- 
tive, in  accordance  with  our  previous  usage  in  this  respect. 
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Thus,  for  example,  when  spherical  waves  spread  out  from 
a point-source,  the  wave-front  at  any  instant  is  concave 
and  its  curvature  is  reckoned,  therefore,  as  negative.  If  a 
convex  lens  is  interposed  at  a distance  from  the  point-source 
greater  than  its  focal  length,  the  light-waves  will  thereby 
be  converged  to  a focus  on  the  other  side  of  the  lens  whence 
they  will  ultimately  diverge  again.  While  the  wave-front 
is  advancing  from  the  lens  to  the  focus,  its  curvature  is  pos- 
itive; at  the  focus  itself  the  wave-front  collapses  into  a point, 
the  curvature  of  the  wave  at  this  place  being  infinite;  and 
beyond  the  focus  the  curvature  becomes  negative.  As  long 
as  the  wave  does  not  undergo  any  reflection  or  refraction, 
its  curvature  varies  continuously;  whereas  a sudden  change 
of  curvature  is  imprinted  on  the  wave  when  there  is  a transi- 
tion from  one  medium  to  another. 

Another  method  of  measuring  the  curvature  of  a small 
arc  BB  (Fig.  132)  is  in  terms  of  its  bulge  AD,  where  the 
points  designated  by  A and  D are  the  middle  points  of  the 
arc  and  its  chord.  If  the  points  A and  B are  so  close  to- 
gether that  they  may  be  regarded  as  lying  on  the  circle  of 
curvature  corresponding  to  the  point  A,  the  ordinate  D.3  = /i 
will  be  a mean  proportional  between  the  two  segments  into 
which  the  diameter  of  the  circle  is  divided  by  the  pcmt  D, 
so  that  we  have  the  proportion : 

AD:  h = h:  (2r— AD). . 

Since  the  segment  AD  is  always  very  small  in  comparison 
with  the  diameter  of  the  circle  of  cun  atme,  only  a vanish- 
ingly small  error  will  be  introduced  by  writing  2 r in  place 
of  (2r— AD)  in  the  above  properiiun.  Thus,  we  obtain: 


or  since  R=l/r, 


n 4 


h 2 

AD=|i?. 


If  the  arc  BB  is  not  infinitely  small,  this  equation  contains 
a certain  emm  Vnich  is  more  and  more  negligible  in  pro- 
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portion  as  the  arc  is  taken  smaller  and  smaller.  For  a small 
arc,  therefore,  we  may  say  that  the  segment  AD  is  propor- 


tional to  the  curvature  (R)  at  the  point  A,  and  hence  it 


may  be  said  to  measure  the  curvature  at  this  place.  This 
segment  AD  was  called  by  Kepler  the  sagitta  of  the  arc 
BB  because  of  its  resemblance  to  an  “arrow”  on  a bow. 


B 


A K D 


B 


Fig.  134. — Curvatures  of 
arcs  AP  and  AQ  in 
same  ratio  as  their 
sagitta  VP  and  VQ. 


Fig.  133. — Curvatures  of  arcs 
BAB  and  BKB  in  same 
ratio  as  tbc;r  saiittae  AD 
and  KD. 


Obviously,  it  does  measure  the  bulge  or  ‘ ‘ sag  ’ ’ of  the  curve 
at  A.  Jr.  Fig.  133,  where  the  straight  line  BDB  is  the  com- 
mon chord  of  the  small  arcs  BAB  and  BKB,  the  curvatures 
at  A and  K are  evidently  in  the  ratio  of  AD  to  KD.  Or, 
ajcain,  consider  Fig.  134,  where  the  two  arcs  AP  and  AQ 
have  a common  tangent  at  A.  If  on  this  tangent  a point  V 
is  taken  very  close  to  A,  and  if  through  V a straight  line  is 
drawn  perpendicular  to  AV  intersecting  the  two  arcs  in 


!•’ 


1 

1 

I 


§99] 

the  points  designated  by  P and  Q,  the  curvatures  at  A will 
be  in  the  ratio  of  VP  to  VQ. 

In  many  optical  problems  (as  has  been  explained  in  the 
last  two  chapters)  we  are  concerned  only  with  a very  small 
portion  of  the  reflecting  and 
refracting  surface  (case  of 
paraxial  rays),  and  under 
such  circumstances  it  is 
especially  convenient  and 
simple  to  measure  the  curv- 
atures of  the  wave-fronts 
before  and  after  refraction 
or  reflection  and  the  curva- 
tures of  the  mirrors  or 
lenses  by  means  of  their 
sagittse.  In  fact,  the  ordi- 
nary method  of  determining 
the  curvature  of  an  optical 
surface  with  an  instru- 
ment called  a spherometer 
(Fig.  135)  consists  essen- 
tially in  employing  a mi- 
crometer screw  to  measure  the  sagitta  of  the  arc  whose 
chord  is  equal  to  the  diameter  of  the  circle  circumscribed 
about  the  equilateral  triangle  formed  by  the  conical  points 
of  the  tripod  which  supports  the  instrument  on  the  curved 
surface  to  be  measured.  The  simple  Icir^-gauge  (Fig.  136) 
used  by  opticians  to  measure  the  powtr  of  a spectacle  lens 
is  based  on  the  same  principle.  7i«  size  and  external  ap- 
pearance it  resembles  a watch,  except  that  on  its  lower  side 
it  has  three  metallic  pins  projecting  from  it  in  parallel  lines 
which  all  lie  in  a plane  paralltl  to  the  face  of  the  gauge.  The 
two  outer  pins  are  stationary  and  symmetrically  placed  so  that 
when  the  instrument  Is  held  in  a vertical  plane  with  the  pins 
pointing  downwards,  ine  straight  line  BB  (Fig.  132)  joining 
the  conical  pcirts  of  the  outer  pins  is  horizontal;  whereas 


Fig.  135. — Spherometer. 
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the  other  pin  which  is  midway  between  the  two  outer  ones 
is  capable  of  being  pushed  upwards  by  a slight  pressure  so 
that  its  tip  A which  left  to  itself  falls  a little  below  the 
straight  line  BB  can  be  made  to  ascend  a little  above  this 

line.  The  vertical  dis- 
placement of  the  tip  A of 
the  middle  pin  above  or 
below  the  level  of  the 
chord  BB,  which  is  equal 
to  the  sagitta  of  the  arc 
BAB  whose  curvature  is 
to  be  measured,  is  regis- 
tered on  the  dial  (see 
§ 108)  by  the  angular 
movement  of  a light  hand 
or  pointer  with  which  the 

movable  uv  is  connected. 

* 

If  the  circle  is  drawn 
which  passes  through  the 
end-points  of  the  three 
jins  B,  A and  B,  the 
diameter  drawn  through  A wdl  bisect  the  chord  BB  at  a 
point  D;  and  since  the  products  of  the  segments  of  .two 
intersecting  chords  of  a circle  are  equal,  we  obtain  imme- 
diately : 


Fig.  136. — Lens-gauge. 


AD  (2r— AD)  =/r, 

where  r denotes  the  radius  of  the  circle  and  2h  = chord  BB. 
Hence,  exactly  above,  we  obtain  here  also: 


AD  = — , approximately ; 

^ / 

thus  proving  again  that  the  sagitta  AD  is  proportional  to 
the  curvature  1 /r  = R.  In  using  the  lens-gauge  care  must 
be  taken  to  see  that  the  plane  of  the  instrument  is  not  tilted 
out  of  the  vertical,  and  this  is  one  reason  why  a spherometer 
is  more  accurate.  On  the  other  hand,  the  lens-gauge,  be- 
sides being  more  handy  and  convenient,  possesses  a de- 
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cided  advantage  over  a spherometer  supported  on  a tripod 
by  reason  of  the  fact  that  it  can  be  used  to  measure  the 
curvatures  in  different  meridians  of  a non-spherical  surface 
of  revolution,  for  example,  the  curvatures  of  the  normal 
sections  (§  111)  of  a cylindrical-  or  of  a toric  surface  (§  112). 
How  the  lens-gauge  is  graduated  will  be  explained  presently 
(§108). 

100.  Refraction  of  a Spherical  Wave  at  a Plane  Surface. 

r f^le  whole  duty  of  an  optical  system,  therefore,  whether 


Z / • 


surface  from  air  to  glass 


d it  be  a single  lens  or  mirror  or  a combination  of  such  parts 
cis  to  imprint  a certain  curvature  or*  the  surface  of  the  in- 
il cident  wave;  and  if  we  consider  only  such  portions  of  the 
§ wave-fronts  as  lie  very  close  to  the  axis  of  symmetry  of 
d the  instrument,  it  is  evident  that  this  method  of  investi- 
iB;  gating  the  change  of  curvature  that  is  produced  in  the 
•i'  wave-front  at  the  pov  i,  where  the  axis  meets  it  should  lead 
• oto  precisely  the  same  results  as  have  been  found  already 
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in  the  corresponding  problems  concerning  the  reflection 
and  refraction  of  paraxial  rays.  In  fact,  according  to  this 
method,  these  results  should  be  found  to  apply  not  merely 
to  the  case  when  the  reflecting  and  refracting  surfaces  are 
plane  or  spherical,  but  equally  also  to  the  more  general 
case  when  these  surfaces  have  any  form  whatever,  provided 
they  are  symmetrical  around  the  optical  axis. 


Fig.  137,  b. — Converge  it  spherical  waves  refracted  at  plane  surface  from 

air  to  glass. 

We  shal1  bsgin  by  investigating  the  simple  case  of  the 
refraction  cf  a spherical  wave  at  a plane  surface. 

In  the  diagrams  (Fig.  137,  a,  b,  c,  and  d)  the  straight  line  ZZ 
represents  the  trace  in  the  plane  of  the  paper  of  a plane  re- 
fracting surface  separating  two  media  of  indices  n,  n' . 
Around  the  point  M as  center  spherical  waves  are  supposed 
to  be  advancing  in  the  first  medium  (n)  towards  the  refract- 
ing surface,  and  at  a certain  instant  when  the  disturbance 
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lias  begun  to  affect  a point  B on  this  surface  the  incident 
wave  will  be  represented  in  the  plane  of  the  figure  by  the 
circular  arc  BJB  described  around  M as  center  with  radius 
equal  to  BM;  the  point  designated  by  J lying  on  the  arc 
midway  between  its  two  ends  B,  B,  so  that  the  straight 
line  MJ  is  the  perpendicular  bisector  at  A of  the  chord  BB. 
The  two  points  M,  J will  be  found  to  lie  always  on  opposite 


,i  «'•  sides  of  the  refracting  plane.  In  Fig.  137,  a and  c,  where  the 
q point  M is  shown  as  lying  in  from  of  the  surface  ZZ,  the 
j:  arc  BJB  is  indicated  by  a dotted  line,  because  it  marks  the 
(|  position  which  the  incident  wave-front  would  have  had 
1i  if  the  refracting  surface  had  not  been  interposed.  But 
f;d  the  waves  travel  faster  hi  the  rarer  medium  (air)  than  in 
Erf  the  denser  medium  (glass) ; and,  consequently,  the  vertex 
ic  of  the  refracted  wave-front  instead  of  being  at  the  point  J 
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on  the  axis  will  be  at  a point  K on  this  line,  and  therefore 
the  position  of  the  refracted  wave-front  at  the  moment 
when  the  disturbance  arrives  at  B will  be  represented  by 
the  arc  BKB  of  a circle  whose  center  is  at  a point  M' 
on  the  axis.  If,  for  example,  the  waves  are  refracted  from 
air  to  glass,  that  is,  if  n'>n,  the  velocity  v in  the  first  me- 


3C 


Fig.  137,  d. — Converger^  oUerical  waves  refracted  at  plane  surface  from 

glass  to  air. 

dium  will  be  greater  than  the  velocity  v'  in  the  second  me- 
dium, so  that  for  this  case  AK  will  be  shorter  than  AJ,  and 
the  effect  31  the  retardation  will  be  to  flatten  the  wave- 
front,  as  shown  in  Fig.  137,  a and  b.  On  the  other  hand,  if 
n'<n,  then  v'>v,  so  that  now  AK  will  be  longer  than  AJ, 
and  the  effect  of  the  refraction  will  be  to  increase  the  curva- 
ture or  bulge  of  the  wave-front,  as  shown  in  Fig.  137,  c and  d. 
Since  (see  § 31) 

AJ : AK  = v : v'  = n' : n. 
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it  follows  that 

n'.KA  = n.JA. 

Now  JA  and  KA  are  the  sagittce  (§  99)  of  the  small  arcs 
BJB  and  BKB,  respectively,  and  hence  they  are  propor- 
tional to  the  curvatures  of  these  arcs,  that  is,  to  l/JM  and 
1/KM'.  If  the  point  B is  infinitely  near  to  A,  we  may  put 
JM  = AM  = w,  KM'  = AM'  = u';  and  thus  we  obtain: 

n'  n 

___ • 

1 f 

U U 

which  will  be  recognized  as  the  relation  which  we  found 
for  the  refraction  of  paraxial  rays  at  a plane  surface  (§  41). 

101.  Refraction  of  a Spherical  Wave  at  a Spherical  Sur- 
face.— Here  the  same  method  is  employed  as  in  the  preced- 


c,  /,  g , and  h ) the  circular  arc  ZZ  represents  the  trace  in  the 
plane  of  the  paper  of  a meridian  section  of  the  spherical 
refracting  surface  with  its  veittx  at  A and  center  at  C.  The 
surface  is  convex  in  Fig.  138,  a,  b,  c , and  d and  concave  in 
Fig.  138,  e,  f,  g,  and  h.  hue  point  M on  the  axis  is  the  center 
of  a system  of  spherical  waves  which  are  advancing  in  the 
first  medium,  of  index  n,  towards  the  refracting  surface. 
In  Fig.  138,  a.  h,  and  g the  point  M lies  in  front  of  the  re- 
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fracting  surface,  whereas  in  Fig.  138,  b,  d,  /,  and  h this  point 
is  situated  on  the  other  side  of  the  surface.  The  points 


Fig.  138,  b. — Convergent  spherical  waves  refracted  at  convex 

surface  from  air  to  glass. 

marked  B,  B are  two  points  on  the  arc  7iL  very  close  to- 
gether but  at  equal  distances  on  opposite  sides  of  the  op- 


Fig.  138,  c. — Divergent  spherical  waves  refracted  at  convex 

surface  from  glass  to  air. 


deal  axis,  so  that  the  arc  BJB  described  around  M as  center 
with  radius  equal  to  BM  shows  the  position  of  the  wave- 
front  of  the  incident  waves  at  the  instant  when  the  disturb- 
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ance  begins  to  affect  the  points  B,  B;  the  point  where  this 
arc  crosses  the  optical  axis  being  designated  by  J. 


Fig.  138,  d. — Convergent  spherical  waves  refracted  at  convex 

surface  from  glass  to  air. 

I When  the  waves  enter  the  second  medium,  of  index  n', 
J they  will  proceed  with  augmented  or  diminished  speed  ac- 


Fig.  138,  e. — Divergent  spherical  waves  refracted  at 
concave  ric.ee  from  air  to  glass. 


t,:  *)  cording  as  n is  greater  or  less  than  n'.  In  the  diagrams 
i:  |!  Fig.  138,  a,  b , e , f,  the  case  is  represented  where  n'  >n;  and 
v|i  in  the  diagrams  Fig.  138,  c,  d,  g , h the  second  medium  is 
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supposed  to  be  less  highly  refracting  than  the  first  ( n'<n ). 
The  center  of  curvature  of  the  refracted  waves  will  lie  at 


Fig.  138,  /. — Convergent  spherical  waves  refracted  at  concave 

surface  from  air  to  glass. 


a point  M'  on  the  axis,  so  that  the  wave-front  in  the  second 
medium  which  passes  through  B,  B wifi  be  represented  by 


z 


+he  arc  BKB  of  a circle  described  around  M'  as  center  with 
raoius  equal  to  BM';  the  point  where  this  arc  crosses  the 
axis  being  designated  by  K. 

In  each  of  the  diagrams  of  Fig.  138  one  of  the  two  arcs 
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BJB  and  BKB  is  shown  by  a dotted  line,  because,  on  ac- 
count of  the  interposition  of  the  refracting  surface  ZZ,  the 
part  of  one  or  the  other  of  these  wave-fronts  which  is  com- 
prised between  B,  B does  not  actually  materialize;  but  this 
circumstance  does  not  in  the  least  affect  the  geometrical 
relations. 

Thus,  during  the  time  the  light  takes  to  go  in  the  first 
medium  from  J to  A (or  from  A to  J),  it  will  travel  in  the 


z 


Fig.  138,  h. — Convergent  spherical  waves  refracted  at 
concave  surface  from  glass  to  air. 


K 

V 


L 


second  medium  from  K to  A (or  from  A to  Iv;.  In  other 
words,  the  optical  lengths  (§  39)  of  the  ax^a!  dne-segments 
AJ  and  AK  are  equal,  and  therefore: 

n.AJ  =n'.AK. 

This  shows  how  the  position  of  the  point  Mr  may  be  found, 
for  we  have  only  to  lay  off  ou  the  axis  a piece 


'i'B 

; I 
I 


AK-  — , AJ, 

n 

and  to  locate  the  po:'mL  M'  at  the  place  where  the  perpendic- 
ular bisector  of  chord  BK  intersects  the  optical  axis. 
Draw  the  chc^a  BDB  crossing  the  optical  axis  at  right 
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angles  at  the  point  D;  then,  evidently,  since 

AJ  = AD+DJ  = AD— JD,  AK  = AD+DK  = AD-KD, 


we  have:  n(AD — JD)=n,(AD — KD). 


Now  recalling  the  fact  that  the  points  B,  B were  assumed 
to  be  very  close  to  the  vertex  A of  the  spherical  refracting 
surface,  we  remark  that  the  arcs  whose  summits  are  at  A,  J 
and  K are  all  very  small;  and  hence  the  segments  AD,  JD 
and  KD  may  be  regarded  as  the  sagittce  of  these  arcs  and 
proportional  to  their  curvatures  (§  99),  viz.,  1/r,  1 [u  and 
l/u',  respectively,  where  r = AC,  w = AM  = JM,  u'  = AM' 
= KM',  approximately.  Introducing  these  values  in  the 
equation  above,  we  obtain  the  characteristic  invariant  re- 
lation for  the  case  of  the  refraction  of  paraxial  rays  at  a 
spherical  surface,  viz., 


in  the  same  form  as  was  found  in  § 78. 

102.  Reflection  of  a Spherical  Wave  ct  a Spherical  Mir- 


ror.— The  problem  of  reflection  at  a spherical  mirror  may 


z 


z 


Fig.  139,  a. — Divergent  spherical  waves  reflected  at  convex  mirror. 


be  investigated  in  the  same  way.  In  Fig.  139,  a and  b, 


the  arcs  BAB,  BJB  and  BKB  represent  the  traces  of  the 
mirror  and  of  the  wave-fronts  of  the  incident  and  reflected 


■■ 
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waves,  respectively.  In  the  case  of  reflection  the  condition 
I evidently  is: 

I KA  = AJ, 

| because  while  the  incident  wave  advances  along  the  optical 
axis  through  the  distance  AJ  or  JA,  the  reflected  wave  will 
travel  in  the  opposite  direction  through  an  equal  distance 


Fig.  139,  b. — Divergent  spherical  waves  reflected  at  concave  mirror. 


-J  4 KA  or  AK.  Therefore  the  center  M'  of  Bie  reflected  wave 
a may  be  found  by  laying  off  AK  = JA  and  locating  the  point 
if  where  the  perpendicular  bisector  of  tne  chord  KB  inter- 
I sects  the  axis. 

I Here  also  the  segments  AD,  JD  and  KD  are  to  be  re- 
15  garded  as  the  measures  of  the  curvatures  of  the  small  arcs 
I BAB,  BJB  and  BKB,  respectively,  and  proportional,  there- 
1 fore,  to  the  reciprocals  of  the  radii  of  curvature,  viz.,  1/r, 
(• I l/u  and  l/u',  where  ?=AC,  w = AM  = JM,  u'  = AM'  = KM' 
ft  in  the  limit  when  Ku«e  arcs  are  infinitely  small.  Now 


KD  - KA+ AD  = AJ+ AD  = AD+ D J + AD, 
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that  is, 


JD+KD  = 2AD; 

hence,  substituting  the  symbols  u,  u'  and  r,  we  derive  the 
abscissa-formula  for  the  reflection  of  paraxial  rays  at  a 
spherical  mirror  (§  64),  viz., 


1.1  2 

; 

u u r 

which  may  be  expressed  in  words  by  saying  that  the  curva- 
ture of  the  mirror  is  the  arithmetical  mean  of  the  curvatures 
of  the  incident  and  reflected  waves  at  the  vertex  of  the  mirror; 
that  is, 

k=H+E'. 


where  U=\ju,  U'=l/u'  denote  the  curvatures  of  the  in- 
cident and  reflected  waves,  and  R=l/r  denotes  >he  curva- 
ture of  the  mirror.  Thus,  for  example,  if  an  incident  plane 
wave  (U  = 0)  is  advancing  parallel  to  the  ax.s  of  the  mirror, 
the  curvature  of  the  reflected  wave  will  be  twice  that  of 
the  mirror,  and  consequently,  the  center  F of  the  reflected 
wave-front  will  lie  midway  betwe^i.'  the  vertex  A and  the 
center  C of  the  mirror  (§  69). 

Of  course,  the  condition  K^.  = AJ  might  have  been  de- 
rived at  once  from  the  condition  n.AJ  = n'.AK,  which  was 
found  in  § 101,  by  putting  m this  equation  n'=—n)  in  ac- 
cordance with  the  gen  irai  rule  given  in  § 75. 

103.  Refraction  a Spherical  Wave  through  an  In- 
finitely Thin  Lers. — Since,  as  has  been  shown  (§  89),  a 
homocentric  bundle  of  incident  paraxial  rays  with  its  ver- 
tex at  a point  M on  the  axis  of  a thin  lens  is  transformed 
into  a homocentric  bundle  of  emergent  rays  with  its  vertex 
at  the  conjugate  point  M',  we  know  that  if  the  waves  are 
spherical  before  traversing  the  lens,  they  will  issue  from  it 
as  spherical  waves,  at  least  in  the  neighborhood  of  the  axis. 

Each  of  the  diagrams  (Fig.  140,  a and  b ) represents  a 
meridian  section  of  the  lens  which  is  convex  in  one  figure 
and  concave  in  the  other.  As  a matter  of  fact  the  lens  is 
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g assumed  to  be  infinitely  thin,  and  perhaps  it  is  well  to  call 
\ particular  attention  to  this  fundamental  consideration,  be- 
m cause  in  the  diagrams,  in  order  to  exhibit  the  relations  by 
i i means  of  the  sagittce,  the  lens-thickness  is  shown  very  much 
3 exaggerated. 


* '1  Fig.  140,  a. — Divergent  spherical  waves  refracted  through  thin  convex  lens. 


I Take  a point  Bi  on  the  first  surface  of  the  lens  not  very 
ii  far  from  the  vertex  Ai  of  this  surface,  and  around  the  axial 
|0  object-point  M as  center  with  radius  equal  to  BiM  describe 
’i  the  circular  arc  BiJBi  which  is  bisected  by  the  axis  ct  tilt 

* jj  lens  in  the  point  designated  by  J ; evidently,  this  a:*c  will 
4 represent  the  trace  in  the  plane  of  the  diagram  of  the  wave- 

,,lj  .front  of  the  incident  waves  at  the  moment  wV,r»  the  dis- 
1 turbance  reaches  Bi.  Now  the  disturbance  Vvhien  is  propa- 
. g gated  onwards  from  Bi  will  proceed  across  the  lens  to  a 
q point  B‘2  on  the  second  face  of  the  lens,  and  since  the  lens 
a is  supposed  to  be  infinitely  thin,  the  distances  of  Bi,  B2 
[\  from  the  axis  are  to  be  regarded  as  equal,  that  is,  DiBi  = 

[ D2B2,  where  Di,  D2,  designate  iue  feet  of  the  perpendicu- 
jI  lars  let  fall  from  Bi,  B2,  respectively,  to  the  axis  of  the 
)|  lens.  If,  therefore,  arour.d  the  point  M'  conjugate  to  M 
c an  arc  B2KB2  is  described  with  radius  equal  to  B2M',  which 
ijj  is  bisected  by  the  axis  at  the  point  designated  by  K,  this 
a arc  will  represent  the  trace  in  the  plane  of  the  diagram  of 
the  wave-froT  of  the  emergent  waves  at  the  same  instant 

* 
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that  the  arc  B1JB1  shows  the  wave-front  of  the  incident 
waves. 

With  M,  M'  as  centers  and  with  any  convenient  radii 
describe  also  the  arcs  GH,  SL  intersecting  the  axis  of  the 


Fig.  140,  b. — Divergent  spherical  waves  refracted  through  thin  concave  lens.  I 

lens  at  G,  S and  meeting  the  straight  lines  BiM,  B2M',  in 
H,  L,  respectively;  so  that  thefse  lies  represent,  therefore, 
successive  positions  of  the  wave-front  before  and  after 
transmission  through  the  lens.  Now  the  optical  length  of  I 
the  light-path  from  H to  I is  equal  to  that  along  the  axis  I 

of  the  lens  from  G to  S (§  39);  and,  hence,  if  n,  n'  denote  || 

the  indices  of  ref i action  of  the  two  media  concerned,  we 
may  write: 

n.HBi-t-^,.LiB2+n.B2L  = n.GAi-t-  n,.AiA2H- w.A2S ; 
and  since 

n(MH-f-LM')  =n(MG+SM'), 

we  obtain  by  addition  of  these  two  equations: 

n(MBi+B2M,)+w'.B1B2  = n(MAi-f  A2M')+n'.AiA2. 

Now  MBi  = MJ,  B2M'  = KM',  B!B2  = DiD2; 

and  therefore: 

n(MJ  — M A i + KM'  - A2M')  = n/(A1A2-D1D2). 
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Substituting  in  this  equation  the  following  expressions,  viz.: 
MJ-MAi  = AiM+MJ  = AiJ  = AiDi+DJ  = A1D1— JDi, 
KM'-A2M'  = KM'+M'A2  = KA2  = KD2+D2A2 

= kd2 — a2d2, 

AiA2  = AiDi+DiD2+  D2A2  = AiDi+DiD2 — A2D2, 
we  obtain: 

n(  AiDi  - JDi+  KD2  - A2D2)  = n'(AiDi  - A2D2) ; 
which  may  be  put  finally  in  the  following  form: 

n(KD2— JDi)  = (n'  — ri)  (AiDi-A2D2). 

It  has  been  assumed  here  that  the  lens  is  surrounded  by 
the  same  medium  (n)  on  both  sides,  but  the  same  method 
would  lead  to  a more  general  formula  for  which  the  initial 
and  final  media  were  different. 

Evidently,  since  the  points  Bi,  B2  are  very  near  the  verti- 
ces Ai,  A2,  the  segments  A1D1,  JDi,  A2D2,  KD2  may  be  re- 
garded as  the  sagittce  of  the  small  arcs  B1A1B1,  B1JB1, 

m 

B2A2B2,  B2IvB2,  respectively;  and  since  these  arcs  all  have 
equal  chords,  the  reciprocals  of  the  radii  of  curvature  may  be 
substituted  in  the  equation  above  in  place  of  the  sagittce . 
Accordingly,  if  the  radii  of  the  lens-surfaces  are  denoted 
by  n,  r2,  and  if  we  put  AM  = JM  = w,  A2M'  = KM'  = i/,  is 
is  permissible  in  this  case,  we  derive  immediately  ihe  fa- 
miliar lens-formula  for  the  refraction  of  paraxial  rays  (§  89), 
viz.: 


w 


I 

I 


where  / denotes  the  primary  focal  lengt1  i of  the  lens. 

104.  Reduced  Distance. — If  P,  Q designate  the  positions 
of  two  points  lying  both  in  the  same  medium  of  refractive 
index  n,  a distinction  has  already  been  pointed  out  (see  § 39) 
between  the  actual  or  absolute  distance  of  these  points  from 
each  other  and  the  so-cafied  “ optical  length  ” of  the  seg- 
ment PQ  of  the  straighi  line  joining  these  points,  which 
is  obtained  by  multiplying  the  absolute  length  by  the  index 
of  refraction  of  the  medium,  and  which  is  equal  therefore 
to  n.  PQ.  A further  distinction,  due  originally  to  Gauss, 
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is  to  be  made  now  by  employing  the  term  reduced  distance 
between  P and  Q to  mean,  not  the  product,  but  the  quo- 
tient of  the  distance  PQ  by  the  index  of  refraction  of  the  medium 
in  which  the  two  points  P and  Q lie;  that  is,  the  reduced  dis- 

PO 

tance  from  P to  Q is  equal  to  — . Thus,  for  example,  if 

n 

the  medium  is  glass  of  index  1.5,  and  if  the  distance  PQ  = 
12  inches,  the  optical  distance  or  equivalent  light-path  in 
air  will  be  18  inches,  whereas  the  reduced  distance  will  be 

8 inches.  The  reduced  thickness  of  a lens  is  c = -,  where 

Tb 

d = AiA2  denotes  the  distance  of  the  second  vertex  A2  of 
the  lens  from  the  first  vertex  Ai  and  n denotes  the  index  of 
refraction  of  the  lens-substance.  The  optical  distance  is 
never  less,  and  the  reduced  distance  is  never  greater,  than 
the  actual  distance.  If  the  medium  is  air  (*1=1;,  the  op- 
tical distance  and  the  reduced  distance  are  both  equal  to 
the  absolute  distance.  Apparently,  the  first  use  of  the  term 
“reduced  distance”  in  this  sense  h'  English  occurs  in 
Pendlebury’s  Lenses  and  system s oj  lenses,  treated  after 
the  manner  of  Gauss  (Cambridge,  1884).  A distinct  ad- 
vantage in  the  direction  of  simplification  is  usually  gained 
in  mathematical  formulation  by  denoting  a more  or  less 
complex  function  by  a single  symbol;  and  modern  optical 
writers,  notably  Gul(  strand  and  his  disciples  in  Germany, 
have  recognized  the  convenience  of  this  idea  of  “reduced 
distance”  and  utilized  it  to  express  the  relations  between 
object  and  image  in  their  simplest  forms;  as  we  shall  show 

presently  by  several  examples. 

In  this  connection  the  attention  of  the  student  needs  to 
be  '•iJied  to  a point  which  has  been  alluded  to  before  (see 
§ 8),  out  which  is  not  always  clearly  understood.  Although 
tvvo  points  P,  Q may  be  situated  physically  in  different 
media,  they  may  be  regarded  as  optically  in  the  same  me- 
dium. Thus,  any  point  which  is  on  the  prolongation,  in 
either  direction,  of  the  line-segment  which  represents  the 
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! actual  path  of  a ray  of  light  through  a certain  medium,  may , 
/.  (J • and  in  fact  generally  must , be  regarded  as  a point  belonging 
i)  to  the  medium  in  question,  no  matter  what  may  be  its  ac- 
n.j:  tual  physical  environment.  No  better  illustration  of  this 
>j  notion  can  be  given  than  is  afforded  by  considering  the 
y focal  points  on  the  axis  of  a spherical  refracting  surface. 
i;l  The  points  F and  F'  lie  always  on  opposite  sides  of  the  ver- 
ir  9 tex  A,  but  no  matter  whether  the  first  focal  point  F is 
i(  on  one  side  of  A or  on  the  other,  it  is  to  be  considered 
li  always  as  a point  in  the  first  medium;  and,  similarly, 
d<  the  second  focal  point  F'  is  to  be  considered  always  as 
a point  in  the  second  medium,  so  that  the  reduced  dis- 
e tance  between  F and  F'  is  FA/n+  XF'/n'  both  for  a conver- 
) gent  and  for  a divergent  system.  The  reduced  focal  lengths 

f /' 

“ of  a spherical  refracting  surface  are  - and  so  that  the 
■ n n' 

>£•  reduced  distance  of  F'  from  F is  equal  to  - - , . 

n n' 

l| 

The  boundary  between  two  optical  media  is  a “ twilight 
4 c zone,”  so  to  speak,  which  cannot  be  said  properly  to  be- 
u long  to  either  medium;  and  hence  linear  magnitudes  which 
Brefer  specifically  to  the  interface  or  surface  of  separation 
ii£ cannot  be  definitely  assigned  to  one  medium  or  the  ether, 
f This  applies,  for  example,  to  the  radius  of  curvature  of  a 
u!  mirror  or  of  a refracting  surface.  Whether  a surface  which 
^separates  air  from  glass  is  convex  or  concave,  we  have  no 
fright  to  say  that  the  radius  of  curvature  hes  in  the  air  or 
jin  the  glass;  and  thus  we  never  speak  of  the  “ reduced  ra- 
ridius”  of  a reflecting  or  refracting  surface. 

, ; 105.  The  Refracting  Power.—  7 n the  u- form  of  the  ab- 

i*  scissa-equation  which  gives  the  relation  between  a pair  of  con- 
jugate  points  on  the  axis,  we  are  concerned  not  so  much  with 
ithe  linear  magnitudes  themselves,  that  is,  with  the  abscissae, 
fcas  with  the  reciprocal  oi  these  magnitudes,  which,  as  we 
have  seen,  represent  he  curvatures  of  the  surfaces  of  which 
lithese  abscissae  a^e  the  radii.  It  is  partly  for  this  reason 


m 
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that  many  teachers  of  geometrical  optics  regard  the  so- 
called  “curvature  method”  of  studying  these  problems  as 
both  more  natural  and  more  direct  than  the  “ray  method.” 
There  is  certainly  much  to  be  said  in  its  favor,  but  the  truth 
is,  both  methods  have  their  advantages,  and  neither  is  to 
be  preferred  to  the  other.  The  student  who  desires  to  have 
more  than  a mere  elementary  knowledge  of  optics  will  find 
it  necessary  to  be  acquainted  with  both  points  of  view;  and 
when  he  has  attained  this  position,  he  will  realize  that  the 
two  methods  are  perfectly  equivalent  and  that  the  distinc- 
tion between  them  is  more  or  less  artificial. 

But  whether  we  have  the  so-called  “curvature  method” 
in  mind  or  not,  it  will  evidently  be  a step  in  the  direction  of 
simplifying  the  abscissse-formula  if  we  introduce  symbols 
for  the  reciprocals  of  the  abscissae,  and  there!)}'  get  rid  of 
the  fractional  forms.  Thus,  instead  of  emptying  the  re- 
duced focal  length,  it  will  be  better  to  intr  >duce  a term  for 
the  reciprocal  of  this  magnitude.  Accordingly,  the  refract- 
ing power  of  an  optical  system  is  defu  et  to  be  the  reciprocal 
of  the  reduced  primary  focal  lenath.  These  reciprocal  mag- 
nitudes will  be  denoted  by  capital  italic  letters.  For  ex- 
ample, the  refracting  power  of  an  optical  system  will  be  de- 
noted by  F ; that  is,  according  to  the  above  definition : 


The  refracting  power  of  a spherical  refracting  surface  (see 
§ 79)  is: 

F=?=-y(  = (n'-n)K, 

where  R=-  denotes  the  curvature  of  the  surface.  If  the 

r 


li-st  medium  is  air  (n=  1),  then  F=7.  The  refracting  power 

of  a spherical  refracting  surface  is  directly  proportional  to 
the  curvature  of  the  surface. 
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The  reflecting  power  of  a spherical  mirror  (nf  = — n,  f'=f) 


is  defined  in  the  same  way,  viz., 


i" 


i\ 


n 


F = - = —2n.R, 


if  where  ft  denotes  the  index  of  refraction  of  the  medium  in 
front  of  the  mirror.  Thus,  although  the  position  of  the 
focal  point  (F)  .and  the  magnitude  of  the  focal  length  (/)  of 
a curved  mirror  will  not  be  altered  by  changing  the  medium 
in  front  of  the  mirror,  its  reflecting  power  will  be  affected; 
and  this  will  be  the  case  whether  the  mirror  is  concave  or 
) convex.  If  the  focal  length  of  a mirror  is  8,  its  reflecting 
: power  will  be  one-eighth  when  the  mirror  is  in  contact  with 
air  (n=  1),  but  it  will  be  raised  to  one-sixth  if  the  medium 
Ci  in  front  of  the  mirror  is  water  (n  — 4) . 

The  refracting  power  of  a lens  surrounded  by  the  same 
medium  (ft)  on  both  sides  is 


p ^ n 

F~r~r 


I If  the  curvatures  of  the  two  faces  of  an  infinitely  thin  lens 


iiare  denoted  by  Rl  and  R2 , that  is,  if 


Ri  = 


l 


ri  then 


r i 


R*=  - 


T2 


I F=  (n'—ri)  (Ri-R2), 

where  n'  denotes  the  index  of  refraction  of  the  »cns-substance 
land  n denotes  the  index  of  refraction  ol  the  surrounding 
■medium.  If  either  one  of  these  media  is  changed,  other 
I things  remaining  the  same,  the  retracing  power  of  the  lens 
r» will  be  altered. 

1 If  F\y  F2  denote  the  refracting  powers  of  the  two  surfaces 
| of  a lens,  then 

I'  Fi=  (n'— F2  = (n—n')R2, 

uand  in  place  of  the  preceding  equation  we  may  write: 

J F = Fi+F2; 

•and  thus  it  appear,"  that  the  refracting  power  of  an  infinitely 
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thin  lens  is  equal  to  the  algebraic  sum  of  the  refracting  powers 

of  the  lens-surfaces.  | 

The  refracting  power  of  a lens  depends,  therefore,  on 
the  curvatures  of  both  faces,  but  evidently  a lens  of  given 
material  and  of  prescribed  refracting  power  may  have  very 
different  forms.  One  of  the  minor  problems  of  optical  j 
construction  is  to  “bend”  a lens,  as  the  technical  phrase 
is,  that  is,  being  given  the  curvature  of  one  face  of  the  lens, 
to  find  the  curvature  of  the  other  face  so  that  the  refracting 
power  of  the  lens  may  have  a given  value.  If,  for  example  >: 
the  magnitudes  denoted  by  n,  n' , R2  and  F are  assigned,  n 
the  curvature  of  the  first  face  must  be : I 


R 1 = Ri-\- 


If  the  media  are  different  on  the  two  sides  of  the  lens,  and  if 
the  indices  of  refraction  of  the  three  media  > the  order  in 
which  they  are  traversed  by  the  light  are  denoted  by  n\, 
n2  and  n3,  we  find  easily  the  following  formula  for  the  re-  • 
fracting  power  of  an  infinitely  thin  lens. 


F — -j  = — = (w2  — nOL'i-t  (n3— n2)P2  — F1+F2,  j 

where  the  symbols  have  precisely  the  same  meanings  as 

before.  ■ I 

It  will  be  seen  from  these  examples  that  one  effect  of  in-  • 
troducing  the  term  refracting  power  is  a simplification  in 
consequence  01  the  fact  that  the  two  magnitudes  denoted 
by  / and  f'  aie  now  expressed  in  terms  of  a single  magni-  - 

tude  F.  I 

106.  P/jduced  Abscissa  and  Reduced  “ Vergence  — The 

reduced  abscissae  of  a pair  of  conjugate  axial  points  M,  M' 
arc  defined  in  exactly  the  same  way  as  the  reduced  focal 
lengths.  The  point  designated  by  M is  to  be  regarded  al- 
ways as  lying  in  the  first  medium  of  the  system,  and,  sim- 
ilarly, the  point  designated  by  M'  is  to  be  regarded  as  lying  . 
in  the.  last  medium,  entirely  irrespective  of  the  question  as  fc 
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to  whether  either  of  these  points  is  “real”  or  “virtual,” 
as  explained  in  § 104. 

By  way  of  illustration,  suppose  that  the  optical  system 
consists  of  a single  spherical  refracting  surface  separating 
ci  / two  media  of  indices  n and  n'.  If  the  origin  of  abscissae 
is  taken  at  the  vertex  A,  so  that  w = AM,  u' = AM',  then 

i the  reduced  abscissae  will  be  - , — . The  reciprocals  of  these 

n n' 

•4 II  magnitudes,  denoted  by  U , U'  are  called  the  reduced  “ver- 
4' gences with  respect  to  the  point  A;  thus, 


U-l, 

U 


u 


*3  These  functions  U,  U'  are  the  measures  of  the  convergence 
i<  or  divergence  of  the  bundles  of  object-rays  and  image-rays; 
and  in  this  illustration  these  magnitudes  are  evidently  pro- 
portional to  the  curvatures  of  the  incident  and  refracted 
wave-fronts  at  the  instant  when  the  disturbance  .arrives 
ti  at  the  surface  of  separation  of  the  two  media, 
i Since  (§  79)  the  abscissa-formula  for  a spherical  refracting 
m surface  may  be  written  in  the  form: 

In'  _n.n 

/ I ~r  ) 

U U f 

this  relation  may  now  be  expressed  in  the  elegant  and  con- 
r venient  form: 

iM  u'=U+F. 

n|  This  same  formula  holds  in  the  case  of  a spherical  mirror , 
tf  llin  which  case  U'  = —n/u' , where  n derotes  the  index  of  re- 
jm  fraction  of  the  medium  in  front  of  the  mirror. 

Moreover,  the  same  formula  U'-~U-\-F  is  found  to  be 
applicable  to  the  case  of  an  infinitely  thin  lens.  If  the  lens 
is  surrounded  by  the  same  medium  ( n ) on  both  sides,  then 
-we  must  put  U = n/u,  U' -n/u'  and  F = n/fy  where  n'  de- 
notes the  index  of  refniciicn  of  the  lens-substance.  Or  in 
| case  the  last  medium  (,^3)  is  different  from  the  first  medium 
(m),  then  C7  = m/n,  t/'  = n3/u',  and  F = n\ff.  In  both  cases 
the  formula  wil-  be  found  to  be  identical  in  form  with  that 


its 
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given  above.  In  fact,  as  we  shall  see  in  Chapter  X,  the  I 
formula  ZJ'=U+F  is  perfectly  general  and  applicable  to 
any  optical  instrument  which  is  symmetrical  about  an  axis.  I 
The  advantage  of  a single  formula  which  has  such  wide  ap-  I 
plicability  is  obvious.  It  is  easy  to  remember  that  the  re-  I 
duced  vergence  (Ur)  on  the  image-side  of  the  instrument  is  I 
equal  to  the  algebraic  sum  of  the  reduced  vergence  ( U ) on  the  I 
object-side  and  the  refracting  power  (F). 

If  the  abscissae  are  measured  from  the  focal  points  F,  F',  I 
that  is,  if  we  put  rr  = FM,  xr  — F'M',  the  magnitudes 

X = -,  X'  = -f 
x x 

are  called  the  reduced  focal  point  vergences;  and  the  relation  J 
between  X,  X'  is  expressed  by  the  equation: 


107.  The  Dioptry  as  Unit  of  Curvature.-  Obviously,  the 
magnitudes  which  have  been  denoted  above  by  capital 
italic  letters,  since  they  are  all  equal  or  proportional  to 
the  reciprocals  of  certain  linear  magnitudes,  are  essentially 
measures  of  curvature,  and  henco  they  must  be  described  or 
expressed  in  terms  of  some  unit  of  curvature,  which  will  itself 
be  dependent  on  the  unit  of  length.  Opticians  guided  by 
purely  practical  considerations  were  the  first  to  recognize 
the  need  of  a suitable  optical  unit  for  this  purpose.  The 
unit  of  curvature  which  is  now  almost  universally  used  in 
spectacle  optics  port  which  is  coming  to  be  employed  more 
and  more  in  ail  ocher  branches  of  optics  is  the  curvature 
of  an  arc  whose  radius  of  curvature  is  one  meter.  To  this 
unit  the  name  dioptry*  has  been  given.  Originally,  the 

* The  came  “dioptrie”  was  first  suggested  by  Monoyer  of  France  1; 
in  (see  Annates  d'oeulistique,  LX VII I,  111),  being  derived  from 


the  Greek  ra  pu<d.t  whence  came  also  the  term  “dioptrics” 

nhich  was  formerly  much  used  by  scientific  writers  as  applying  to  the  If 

. A , i ii  mi  l • 


phenomena  of  refraction,  especially  through  lenses.  The  word  is 
generally  written  dioptre  in  French  and  Dioptrie  in  German.  Etymo- 


logically, the  correct  English  form  would  appear  to  be  dioptry,  and  u 
this  spelling  has  been  adopted  by  the  American  translators  of  both  u 
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dioptry  was  defined  as  the  refracting  power  of  a lens  in  air 
of  focal  length  one  meter.  Consequently,  a lens  whose  focal 
length  was  50  cm.  or  half  a meter  would  have  a refracting 
power  of  2 dptr.,  whereas  another  lens  of  focal  length  2 meters 
would  have  a refracting  power  of  | dptr.  In  general,  if 
the  focal  length  of  a lens  surrounded  by  air  is  / centimeters, 
its  refracting  power  will  be  100//  dptr.  But  according  to 
the  definition  which  we  have  given,  the  dioptry  is  a unit 
not  of  refracting  power  only  but  of  any  similar  magnitude 
of  the  nature  of  a curvature.  Thus,  for  example,  if  the 
radius  of  a mirror  or  of  a spherical  refracting  surface  is  half 
a meter,  its  curvature  is  2 dptr.  If  the  distances  denoted 
by  />  u > x > etc.,  are  expressed  in  meters,  the  magnitudes 
denoted  by  the  corresponding  capital  letters  F,  R,  U,  X, 
etc.,  will  be  in  dioptries.  Dr.  Drysdale  has  suggested 
that  we  introduce  also  the  convenient  terms  millidioptry 
( = 0.001  dptr.),  Hedodioptry  ( = 100  dptr.)  and  Kilodioptry 
( = 1000  dptr.)  corresponding,  respectively,  to  the  Kilo- 
meter, centimeter  and  millimeter  as  units  of  length.  Thus, 
the  refracting  power  of  a lens  of  focal  length  10  cm.  might 
be  variously  described  as  equal  to  100  millidioptries , to 
10  dioptries,  to  0.1  Hectodioptry  or  to  0.01  Kilodioptry. 
But  these  terms  have  not  come  into  general  use. 

If  the  focal  length  of  a lens  in  water  (n=  1.3)  is  13  cm., 
j refracting  power  will  be  the  same  as  that  ci  a lens  in 
i air  (n=  1)  of  focal  length  10  cm.,  viz.,  10  dptr.  If  the  pri- 
1 mary  focal  point  of  a spherical  refracting  surface  is  situated 


V Landolt’s  and  Tscherning’s  books  on  physiological  optics;  notwith- 
,j  standing  the  fact  that  the  word  is  mu&liy  spelled  and  pronounced 
^ dioptre  in  England  and  diopter  in  AmePca.  Dr.  Crew  in  his  well  known 
•/')  text-book  of  physics  writes  dioptric.  The  author  has  concluded  that 
qfc  on  the  whole  it  is  best  to  adopt  the  spelling  used  in  the  text. 

I The  usual  abbreviation  of  dioptry  is  a capital  D.;  but  as  this  letter 
nil  is  liable  to  be  confused  w>h  the  symbols  of  magnitude  employed  in  the 
.oj  formulae,  it  seems  pref enable  to  follow  the  usage  of  Von  Rohr  and 
je  other  modern  writer,*  wii  optics  who  have  adopted  the  abbreviation 
dptr.,  although  donLbess  many  will  object  to  this  long  form. 
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(optically)  in  air  (n=l)  at  a distance  of  1 meter  from  the 
vertex,  the  refracting  power  of  the  surface  will  be  1 dptr. 
and  the  radius  of  the  surface  will  be  equal  to  in'  — 1)  meters, 

where  n'  denotes  the  index  of  refraction  of  the  second  me- 

• 

dium.  If  the  radius  of  curvature  of  a mirror  is  50  cm.,  its 
reflecting  power  will  be  4 dptr.  if  the  reflecting  surface  is 
in  contact  with  air  (n=l),  but  it  will  be  5^  dptr.  if  the 
surface  is  in  contact  with  water  (n  = -|).  These  examples 
are  given  merely  to  illustrate  how  the  term  dioptry  is  used. 

108.  Lens-Gauge — The  dial  of  the  opticians’  lens-gauge 
described  in  § 99  is  usually  graduated  so  as  to  give  in  di- 
optries  the  refracting  power  of  the  surface  which  is  measured. 
The  refracting  power  of  a spherical  refracting  surface  is 
proportional  to  its  curvature,  as  we  have  seen  (§  105),  but 
it  is  dependent  also  on  the  indices  of  refraction  of  the  two 
media.  If  the  first  medium  is  air  and  if  the  index  of  re- 
fraction of  the  second  medium  is  denoted  by  n,  then  F = 
(n—  1 )R.  The  gauge  actually  measures  the  curvature  R,  and 
the  readings  on  the  dial  correspond  tc  the  values  of  R mul- 
tiplied by  the  factor  (n— 1).  Direct  readings  of  the  refract- 
ing power  ( F ) imply,  therefore,  that  the  maker  has  assumed 
a certain  value  of  the  index  of  refraction  n;  and  if  the  actual 
value  of  n is  different  from  dus  assumed  value,  the  readings 
will  be  erroneous.  The  \ aiue  of  n assumed  by  the  maker  is  a 
constant  of  the  instrument,  which  should  be  marked  on  it, 
although  it  may  eaeny  be  determined  empirically  by  com- 
paring the  readings  with  the  determination  of  the  curvature 
as  obtained  with  an  ordinary  sphero meter. 

Suppose  that  this  constant  is  denoted  by  c,  and  that  we 
wish  to  use  the  gauge  to  measure  the  refracting  power  (F) 
of  c lens  of  negligible  thickness  made  of  glass  of  index  n. 
If  the  refracting  powers  of  the  two  surfaces  of  the  lens  are 
nenoted  by  F\  and  F2  and  the  curvatures  by  R\  and  R2, 
then  F = F\JrF2  where  Fi=  (n  — l)Ri,  F2  = — (ft—  l)R2,  the 

minus  sign  in  front  of  the  last  expression  being  necessary 

♦ 

because  the  refraction  in  this  case  takes  place  from  glass 


: § 109] 


Lens-System  of  Negligible  Thickness  289 


i 

M 


to  air.  But  if  the  constant  c has  a value  different  from  n, 
the  readings  of  the  instrument  for  the  two  faces  of  the  lens 
y will  not  give  the  correct  values  Fh  F2  of  the  refracting  powers. 
r<'  Suppose  the  readings  are  denoted  by  F /,  F% , so  that 
if1  Fi=  (c-l)fti,  F2'  = — (c— 1)/?2-  Then  evidently 


Fi  = 


n 


1 


*7, 


H i and  hence 


c-  1 


Fo  = — F 


c — 1 


2 , 


F=- — 1 (Fi'+iV). 


c—  1 


The  gauge-readings  must  be  multiplied  therefore  by  the 
•8  factor 


n—  1 


c — 1 


in  order  to  obtain  the  correct  values  of  the  refracting  powers. 
Suppose,  for  example,  that  the  graduations  on  the  dial  cor- 
respond to  a value  c=1.54  and  that  the  index  of  the  lens 
to  be  measured  is  n=1.52.  Then  the  value  of  the  factor 
is  0.963;  so  that  if  the  lens-gauge  gives  for  the  refracting 
power  F the  value  6.25  dptr.,  the  correct  value  is  obtained 
by  multiplying  this  value  by  0.963,  that  is,  the  correct 
value  will  be  6.02  dptr. 

109.  Refraction  of  Paraxial  Rays  through  a Thin  Lens- 
System. — Let  Mi'  designate  the  position  of  a point  conju- 
gate to  an  axial  object-point  with  respect  tc  an  infinitely 
thin  lens  of  refracting  power  F i,  and  let  the  point  where 
the  axis  crosses  the  lens  be  designated  by  Ai.  If  the  lens 
is  surrounded  by  air,  and  if  we  put  u\  — AiMi,  u\  = AiMi , 
Ui  = l/uij  Ui=l/ui, 
then 

Ui—  Lh+Fi. 

If  now  at  a point  A2  on  the  axis  of  the  lens  beyond  Ai  (such 
that  the  distance  d = A iA2  is  measured  in  the  direction  in 
which  the  light  is  going)  another  infinitely  thin  lens  is  set 
up  with  its  axis  ii:  Ihe  same  straight  line  with  that  of  the 
first  lens,  then  IdV  may  be  regarded  as  an  axial  object-point 
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M2  with  respect  to  the  second  lens;  and  if  M2'  designates 
the  position  of  the  point  conjugate  to  M2  (or  M/)  with  re- 


spect to  this  lens,  then  also  (supposing  that  the  second  lens 
is  surrounded  by  air  and  that  its  refracting  power  is  denoted 


by  F 2), 

Ut'-lh+F* 


where  t/2=l/w2,  £/2'  = l/w2',  w2  = A2M2  = A2Mi',  u'2  = A2M2'. 
Obviously,  the  point  M2'  is  the  image-point  conjugate  to 


the  axial  object-point  Mi  with  respect  to  the  two  lenses; 


so  that  regarding  the  system  as  a whole,  we  may  write  M,  M' 
in  place  of  Mi,  M2'  and  U,  U'  in  place  of  XJ\,  t/2',  respectively. 


Now  let  us  impose  the  condition  that  the  two  thin  lenses 
are  in  contact  with  each  other  or  that  they  are  as  close  together 


as  possible;  in  other  words,  that  the  axial  distance  d between 
the  lenses  is  negligible.  If  this  is  the  case,  the  po.mts  Ai,  A2 
are  to  be  regarded  as  a pair  of  coincident  poinns,  and  hence 


U’=U+F. 

Since  this  formula  is  seen  to  be  identical  in  both  form  and 


meaning  with  the  formula  for  a single  thin  lens,  it  appears 


therefore  that  a combination  of  two  thin  coaxial  lenses  in 
contact  is  eq  uivalent  to  a single  lens  of  ref  racting  power  F equal 


to  the  algebraic  sum  of  the  refracting  powers  F i and  P2  of  the 
component  lenses. 

Theoretically,  this  rule  can  be  applied  to  a centered  system 
cf  any  number  of  thin  lenses  in  contact.  Thus,  the  total  re- 
fracting power  of  a thin  lens-system  will  be 


F — F F . . . -\-Fm  , 


c;rr\  Q + 1 r*  l^nWPf  nf  Tlllfl  I .0 1 ] S 
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Vi  where  the  total  number  of  lenses  is  denoted  by  m.  This 
formula  may  be  written : 

i=m 

2 f i, 

i — 1 

//  where  Fx  denotes  the  refracting  power  of  the  ith  lens. 

In  the  case  of  actual  lenses  placed  together  in  this  fashion 
ti  it  will  always  be  a question,  How  far  are  we  justified  in 
1 neglecting  the  total  thickness  of  the  system?  Two  adjacent 
qj  lenses  may  be  placed  in  actual  contact,  but  a third  lens  can- 
H fi  not  be  in  contact  with  the  first.  Moreover,  even  when 
there  are  only  two  lenses,  their  outward  forms  may  be  such 
J that  it  will  not  be  possible  to  place  them  in  tangential  con- 
m tact  at  their  vertices,  although  they  can  always  be  made 
3I  to  touch  at  two  points  symmetrically  situated  with  respect 
>j  to  their  common  axis.  Attention  is  directed  to  this  ques- 
tisl  tion  chiefly  in  connection  with  the  method  of  neutraliza- 
! tion  of  lenses  which  is  practiced  extensively  in  the  fitting 
o of  spectacle  glasses.  Two  infinitely  thin  lenses  of  equal  and 
o opposite  refracting  powers  are  said  to  neutialize  each 
0 other,  because  when  they  are  placed  in  contact  their  totax 
refracting  power  (Fi~\~F2)  is  equal  to  zero.  Stiictly  spec.iv 
ing,  the  neutralization  of  a negative  glass  by  a positi  re  glass 
implies  not  only  that  the  focal  lengths  are  equal  i:i  magni- 
tude but  also  that  the  primary  focal  point  of  one  lens  shall 
coincide  with  the  secondary  focal  point  of  the  other.  Both 
of  these  conditions  are  realized  in  a combination  of  a plano- 
concave with  a plano-convex  lens  fitted  together  so  as  to  form 
a slab  with  plane  parallel  sides.  But  even  with  the  relatively 
. thin  lenses  employed  in  spectacles  sensible  errors  may  be 
ri  introduced  by  assuming,  as  is  usually  done,  that  the  con- 
b dition  Fi+F2  = 0 is  the  sole  oi  even  the  main  consideration 

for  neutralization. 

1110.  Prismatic  Po\?er  of  a Thin  Lens— Only  such  rays 
as  go  through  the  optical  center  (§  88)  emerge  from  a lens 
m without  being  deviated  from  their  original  directions.  Ihe 
prismatic  pov7tr  of  a thin  lens,  which,  like  the  power  of  a 
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Fig.  141,  a and  b. — Prismatic  power  of  infinitely  thin  lens,  (a)  Convex, 

( b ) Concave  lens. 

thm  prism  (§  70),  is  measured  by  the  deviation  of  a ray  in 
oissing  through  it,  depends  not  only  on  the  refracting  power 
of  the  lens  but  also  on  the  place  where  the  ray  enters  the 
lens.  In  the  accompanying  diagram  (Fig.  141,  a and  b ) 
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the  point  A designates  the  axial  point  of  a thin  lens  of  re- 
fracting power  F.  A ray  RB  incident  on  the  lens  at  B passes 
out  in  the  direction  BS.  If  M,  M'  designate  the  points 
where  the  incident  and  emergent  rays  cross  the  axis,  then 
Z M'BM  = e is  the  angle  of  deviation ; and  if  0 = Z AMB  de- 
notes the  slope  of  the  incident  ray  and  #'  = Z AM'B  denotes 
the  slope  of  the  emergent  ray,  evidently  we  have  the  rela- 
tion: 

e=  0-  O'. 

The  distance  h = AB  of  the  incidence-point  B from  the  axis 
of  the  lens  or  the  incidence-height  of  the  ray  is  called  by 
the  spectacle-makers  the  decentration  of  the  lens.  Since 
the  decentration  of  an  ophthalmic  lens  is  always  compara- 
tively small,  the  ray  RB  may  be  regarded  as  a paraxial 
ray,  and  hence  we  can  put  6 and  O'  in  place  of  tan#  and 
tan#'  and  write: 

■e=--=-h.u,  e'=--,=-h.u',  • 

U U 

where  w = AM,  u' = AM',  U=l/u,  U'  = lluf,  since  the  lens 
is  supposed  to  be  surrounded  by  air  (n=  1).  Accordinglv, 

e = h(U'-U ), 

the  deviation-angle  e being  expressed  in  radians  if  h u <*nd 
u'  are  all  expressed  in  terms  of  the  same  linear  unit.  But 

U'-U  = F ; 


and  hence 


e = h.F  radians. 

In  this  formula  the  decentration  h mart  be  expressed  in 
meters  if  the  refracting  power  F is  gi\cu  in  dioptries.  The 
above  relation  may  be  derived  immediately  also  from 
Fig.  142,  where  the  incident  rcy  RB  is  drawn  parallel  to 
the  axis  of  the  lens,  so  that  in  this  case  #'  + e =0;  and 

since  tan  d'=  0'  = ^-=A  = ~7=-h.F,  we  obtain,  as  above, 

FA  f f 

e = h.F.  If  a screen  is  placed  perpendicular  to  the  incident 
light  coming  in  the  direction  RB,  a spot  of  light  will  be  pro- 
duced on  the  screen  at  the  point  N where  the  straight  line 
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RB  meets  the  screen;  and  if  now  a lens  is  interposed  at  a 
certain  known  distance  from  the  screen,  the  deviation  e can 
easily  be  determined  by  measuring  the  distance  NL  through 
which  the  spot  of  light  is  deflected. 

However,  both  the  radian  and  the  meter  are  inconven- 
iently large  units  for  expressing  the  values  of  the  small  mag- 


Fig.  142. — Prismatic  power  of  infinitely  thin  lc*;s,  incident  ray  parallel 

to  axis. 


nitudes  denoted  by  e and  h.  Option,  ns  measure  the  devia- 
tion in  terms  of  the  centrad  or  in  terms  of  the  prism-dioptry , 
which  in  the  case  of  small  angles,  as  we  have  seen  (§70), 
is  practically  the  same  unit,  as  the  centrad.  If  the  angle 
of  deviation  expressed  n centrads  or  prism-dioptries  is  de- 
noted by  p,  while  * denotes  the  value  of  this  angle  in  ra- 
dians, then 

p=  100  €. 

Moreover,  ir  the  decentration  h is  given  in  centimeters  in- 
stead of  i i meters,  we  obtain  the  following  formula: 

p = h.F; 

tha+  is,  the  deviation  (p)  in  prism-dioptries  {or  centrads)  pro- 
dvced  by  a thin  lens  in  any  zone  is  equal  to  the  product  of  the 
refracting  power  (F)  of  the  lens  in  dioptries  by  the  radius  (h) 
of  the  zone  in  centimeters;  or  as  the  opticians  usually  express 
it,  the  prismatic  power  of  a thin  lens  in  prism-dioptries  is 
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y:  equal  to  the  product  of  the  refracting  power  of  the  lens  in 
ij:  dioptries  by  the  decentration  in  centimeters.  For  example, 
j a spectacle  glass  of  refracting  power  5 dptr.  must  be  de- 
ni centered  about  0.4  cm.  or  4 mm.  in  order  to  have  a pris- 
3|  matic  power  of  2 prism-dptr. 

I If  in  Fig.  142  the  distance  AP  of  the  screen  from  the  lens 
i\  is  1 meter,  the  deflection  LN  in  centimeters  of  the  spot  of 
il  light  will  be  equal  to  the  prismatic  power  of  a lens  of  focal 
3 length  /=  AF'  decentered  by  the  amount  h = AB. 


PROBLEMS 

il 

I 1.  How  is  the  curvature  of  a wave  affected  by  reflection 
t at  a plane  mirror?  How  is  the  curvature  of  a plane  wave 
b affected  by  reflection  at  a spherical  mirror? 

'!  ■ 2.  The  distance  between  a luminous  point  and  the  eye 

0 of  an  observer  is  50  cm.  A plate  of  glass  (n=1.5)',  10  cm. 

1 thick,  is  interposed  midway  between  the  point  and  the  eye 
it  with  its  two  parallel  faces  perpendicular  to  the  line  of  vision. 
8 Spherical  waves  spreading  out  from  the  luminous  point 

*1  are  refracted  through  the  plate  and  into  the  eye.  Find  tne 
■ •)  curvature  of  the  wave-front ; (a)  just  before  it  enters  the 
glass,  ( b ) immediately  after  entering  the  glass,  (c)  im- 
ci  mediately  after  leaving  the  glass,  and  (d)  when  it  reaches 

j the  eye. 

1 Ans.  (a)  — 5 dptr.;  (b)—3i  dptr.;  (c)~3f  dptr.;.  (d) 
I — 2|  dptr. 

I 3.  What  is  the  refracting  power  of  a spherical  refracting 
$ surface  of  radius  20  cm.  separating  air  (n  = l)  from  glass 


I (n'  = 1.5)? 

] Ans.  +2.5  dptr.  or  —2.5  dptr.,  according  as  the  surface 

I is  convex  or  concave,  respectively. 

4.  If  the  cornea  of  the  eye  is  regarded  as  a single  spheri- 
cal refracting  surface  • A radius  7.7  mm.  separating  air  (n=l) 
from  the  aqueous  humor  (+ = 1.336),  what  is  its  refracting 
power?  Ans*  43.6  dptr. 
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5.  Using  the  data  of  the  preceding  problem,  find  the  re- 

fracting power  of  the  cornea  when  the  eye  is  under  water 
(n=1.33).  Ans.  Nearly  0.78  dptr.  |’ 

6.  What  is  the  reflecting  power  of  a concave  mirror  of 
radius  20  cm.  when  the  reflecting  surface  is  in  contact  with 
(a)  air  (n=  1)  and  (6)  water  (n=^  )? 

Ans.  (a)  10  dptr.;  (6)  13.33  dptr.  I1 

7.  A convex  spherical  surface  of  radius  25  cm.  separates 

air  (n=l)  from  glass  (w'  = 1.5).  Find  the  refracting  power 
and  the  reflecting  power  of  the  surface.  1 

Ans.  Refracting  power  is  +2  dptr.;  reflecting  power  is 
— 8 dptr.  1 1 

8.  The  reflecting  power  of  a spherical  mirror  in  contact 
with  air  is  + 2 dptr.  Determine  the  form  of  the  mirror. 

Ans.  A concave  mirror  of  radius  1 meter. 

9.  A spherical  mirror  is  in  contact  with  a liquid  of  re- 
fractive index  n.  If  the  reflecting  power  of  the  mirror  is 
+ 2 dptr.,  show  that  the  mirror  is  a concave  mirror  of  radius 

n meters.  Ii 

10.  The  index  of  refraction  of  ocibon  bisulphide  is  1.629.  I1 
What  is  the  reflecting  power  of  a concave  mirror  of  radius 

25  cm.  in  contact  with  this  liquid?  Ans.  + 13.032  dptr.  I 

11.  What  is  the  refracting  power  of  a thin  symmetric 

convex  lens  made  of  glass.'  of  index  1.5,  if  the  radius  of  cur-  I 
vature  of  each  surface  is  5 cm.?  Ans.  +20  dptr.  | 

12.  The  refracting  power  of  a thin  plano-convex  lens 

made  of  glass  of  index  1.5  is  20  dptr.  Find  the  radius  of 
the  curved  surface.  Ans.  2.5  cm.  or  nearly  1 inch.  I 

13.  A thin  convex  meniscus  lens  is  made  of  glass  of  in- 
dex 1.5.  The  radius  of  the  first  surface  is  10  and  that  of  the 
second  surface  is  25  cm.  Assuming  that  the  lens  is  sur-  j 
rounded  by  air  (n=  1),  find  its  refracting  power. 

Ans.  +3  dptr.  I 

14.  If  the  lens  in  the  preceding  example  were  made  of 

water  of  index  what  will  be  its  refracting  power?  II 

Ans.  +2  dptr. 

* * } * j * * ’ i. 4 J?*  9 * i II 
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. 1 15.  If  the  first  surface  of  the  lens  in  No.  13  were  in  con- 

»;  tact  with  water  (jii  = 4)  nod  the  second  surface  in  contact 

ij  with  air  (n3=  1),  what  will  be  the  refracting  power? 

| Ans.  — ^ dptr. 

I 16.  If  the  first  surface  of  the  lens  in  No.  13  were  in  con- 

b tact  with  air  (iii  — l)  and  the  second  surface  in  contact  with 

pit  j'1  water  (n3  = 4),  what  will  be  the  refracting  power? 

J Ans.  +4i  dptr. 

! 17.  In  examples  13,  14,  15  and  16  suppose  the  lens  were 

9‘ reversed  so  that  the  opposite  face  was  turned  to  the  inci- 
4 dent  light.  What  would  be  the  answers  to  these  problems 

| then? 

|i  Ans.  The  same  answers  would  be  obtained  for  Nos.  13 
u and  14;  but  the  answers  for  Nos.  15  and  16  would  be  inter- 
uo  I changed. 

I 18.  Show  that  the  lateral  magnification  in  a spherical 
f d mirror,  a spherical  refracting  surface  or  an  infinitely  thin  lens 
^ e is  equal  to  the  ratio  of  the  reduced  “ vergences  ” U and  U'. 
f 19.  Describe  the  spherometer  and  the  lens-gauge  and 


.]  ft  explain  their  principles. 

: | 20.  Show  how  a plane  wave  is  refracted  through  a thm 

^ 9 lens,  and  derive  from  a diagram  for  this  case  the  formula 

for  the  refracting  power. 

I 21.  Show  how  a plane  wave  is  refracted  through  a thin 
[(  prism,  and  derive  the  formula  for  the  deviation  m terms  of 
1;  the  refracting  angle  of  the  prism  and  the  relative  index  of 
y refraction. 

I 22.  The  refracting  power  of  a thin  lens  is  +6  dptr.  It 
a is  made  of  glass  of  index  1.5  and  surrounded  by  air  (n=l). 
| If  the  radius  of  the  first  sur^aje  is  +10  cm.,  what  is  the 


radius  of  the  second  surface?  Ans.  r2  = — 50  cm. 

23.  A convex  lens  produces  on  a screen  14.4  cm.  from 
the  lens  an  image  which  ie>  ihree  times  as  large  as  the  object. 
Find  the  refracting  power  of  the  lens.  Ans.  27.78  dptr. 

24.  A lens-gauge  graduated  in  dioptries  for  glass  of  in- 
dex 1.5  is  used  tc  measure  a thin  double  convex  lens  made 
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of  glass  of  index  1.6.  The  readings  on  the  dial  give  +4  for 
both  surfaces.  Find  the  refracting  power  of  the  lens,  assum- 
ing that  its  thickness  is  negligible.  Ans.  +9.6  dptr.  1 

25.  Modern  spectacle  glasses  are  meniscus  lenses  with 

the  concave  surface  worn  next  the  eye.  If  the  glass  is  to 
give  the  proper  correction,  it  is  very  important  for  it  to  be  j 
adjusted  at  a certain  measured  distance  from  the  eye.  In 
determining  this  distance  it  is  necessary  to  ascertain  the  I 
“vertex  depth”  of  the  concave  surface,  that  is,  the  perpen- 
dicular distance  ( t ) of  the  vertex  from  the  plane  of  the  edge  I 
or  contour  of  the  surface.  If  the  diameter  of  this  contour  j 
expressed  in  millimeters  is  denoted  by  2 h,  and  if  the  refract-  1 
ing  power  of  the  surface  next  the  eye,  expressed  in  dioptrics,  ]| 
is  denoted  by  F2,  and,  finally,  if  the  index  of  refraction  of 
the  glass  is  denoted  by  n,  show  that  the  vertex  depth  of  the  j1 
surface  is  approximately:  1 

1,2  E1 

t = — 0.0005 \ millimeters.  I 

n—  1 

26.  What  is  the  refracting  power  of  v.  Iona  which  is  equiva- 

lent to  two  thin  convex  lenses  of  focal  lengths  15  and  30  cm., 
placed  in  contact?  Ans.  10  dptr.  j 

27.  A concave  lens  of  foca1  length  12  cm.  is  placed  in  jj 
contact  with  a convex  lens  of  focal  length  7.5  cm.  Find 
the  refracting  power  of  tre  combination.  Ans.  5 dptr.  j 

28.  The  refracting  powt  r of  a thin  concave  lens  is  5 times  j 
that  of  a thin  convex  lens  in  contact  with  it.  If  the  focal 
length  of  the  combination  is  8 cm.,  find  the  refracting  power 

of  each  of  the  components.  Ans.  — 15  f-  and  +3  V dptr.  1 

29.  Two  thin  lenses,  made  of  glass  of  indices  1.5  and  1.6,  ■! 

are  fitted  logether  with  the  second  surface  of  the  first  lens 
coincident  with  the  first  surface  of  the  second  lens  (r3  = r2). 
The  radii  of  the  surfaces  are  all  positive  and  equal  to  4,  1 1 I 
and  6 cm.  taken  in  the  order  named.  Find  the  refracting 
power  of  the  combination.  Ans.  3.41  dptr.  i 

30.  What  is  the  prismatic  effect  of  a lens  of  power  +4  dptr. 

decentered  0.75  cm.?  Ans.  3 prism-dioptries. 
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31.  Two  thin  convex  lenses  have  each  a focal  length  of 
II  1 inch.  Find  the  position  of  the  second  focal  point  of  the 

■ y combination  of  these  two  lenses  when  they  are  placed  with 
1 their  axes  in  the  same  straight  line:  (a)  when  they  are  in 
y contact,  ( b ) when  they  are  separated  by  1.5  inches,  and 
•)  (c)  when  they  are  separated  by  3 inches.  Draw  a diagram 
’ for  each  case  showing  the  path  of  a beam  of  light  coming 
from  a distant  axial  object-point. 

Ans.  (a)  Half  an  inch  beyond  the  combination;  ( b ) be- 
tween the  lenses  and  1 inch  from  second  lens;  (c)  2 inches 
beyond  second  lens. 

32.  A convex  lens  of  focal  length  20  cm.  and  a concave 
lens  of  focal  length  5 cm.  are  placed  16  cm.  apart.  Find  the 

' positions  of  the  focal  points  of  the  combination. 

Ans.  One  of  the  focal  points  is  420  cm.  from  the  convex 
lens  and  436  cm.  from  the  concave  lens;  and  the  other  focal 
point  is  36  cm.  from  the  convex  lens  and  20  cm.  from  the 
concave  lens. 

i-l  33.  How  much  must  a lens  of  5 dptr.  be  decentered  in 
u order  to  produce  a deviation  of  3°  30'?  Ans.  1.22  cm. 

34.  The  radius  of  a spherical  surface  is  measured  by  a 
spherometer  and  found  to  be  14.857  cm.  Measureo  by  a 
e lens-gauge  the  reading  is  3.5  dptr.  What  is  the  index  of  re- 
fraction of  the  glass  for  which  the  readings  on  the  <F.al  of  the 

gv  gauge  have  been  calculated?  ^ns*  1-52. 

4 35.  The  radius  of  each  surface  of  a thin  symmetric  double 

oi  convex  glass  lens  is  6 inches.  The  lens  is  supported  with 
>j  its  lower  face  in  contact  with  the  horizontal  surface  of  still 
w water.  Assuming  that  the  sun  is  m the  zenith  vertically 
l above  the  lens,  and  that  its  apparent  diameter  is  30',  find 
dt  the  position  and  size  of  the  sen  s image.  (Take  the  indices 
\ of  refraction  of  air,  glass  am  water  equal  to  1,  ■§■  and  -J, 
respectively.) 

I Ans.  A real  image  9 inches  below  the  surface  of  the  water, 
ft  0.078&  inch  in  dia  neier. 
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111.  Curvature  and  Refracting  Power  of  a Normal  Sec-  I 
tion  of  a Curved  Refracting  Surface. — The  refracting  power  j 
(F)  of  a spherical  surface  is  proportional  to  the  curvature  I 
( R ) of  the  surface,  that  is,  F=(nf — n)R , where  n and  n' 
denote  the  indices  of  refraction  of  the  media  on  opposite  1 
sides  of  the  surface  (§  105).  A spherical  surface  has  the  1 
same  curvature  in  eveiy  meridian,  and  hence  also  its  re-  1 
fracting  power  is  uniform,  so  that  the  refracted  rays  in  I 
one  meridian  plane  are  brought  to  the  same  'Was  as  those  I 
in  another  meridian  plane.  But  the  surfaces  of  a lens  are  I 
not  always  spherical  (§  87),  and  therefore  , in  order  to  ascer- 
tain  what  happens  when  a narrow  bundle  of  rays  is  inci-  I 
dent  perpendicularly  on  a curved  reflecting  or  refracting 
surface  of  any  form,  we  must  investigate  the  reflecting  or 
refracting  power  in  differen •;  sections  of  the  surface;  and  I 
this  means  that  we  must  investigate  the  curvature  of  these  !• 
sections.  In  general,  this  is  a problem  of  some  difficulty  \ 
and  involves  a mor°  or  less  extensive  knowledge  of  the  t 
theory  of  curved  sc  i faces  and  the  methods  of  infinitesimal  ) 
geometry.  No  attempt  can  be  made  to  explain  this  theory  ■ 
here,  but  for  the  student  who  is  not  already  familiar  with  i 
it,  certain  general  definitions  and  propositions  of  geometry  l 
which  lave  a direct  bearing  on  the  optical  problems  to  be 
treated  in  this  chapter  will  be  stated  as  succinctly  as  pos- 


The  normal  to  a curved  surface  at  any  point  is  a straight  a 
line  drawn  perpendicular  to  the  tangent  plane  at  that  point.  . 


The  curved  line  which  is  traced  on  the  surface  by  a plane 
containing  the  normal  at  a point  A of  the  surface  is  called 
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|j  a normal  section  through  this  point.  The  normal  sections 
li  of  a sphere,  like  the  meridians  of  longitude  of  the  eai  th  (as- 
1)  sumed  to  be  a perfect  sphere),  are  all  great  circles  of  the 
qi  sphere,  and  their  curvatures  are  equal.  But,  generally, 

3 


■ 


Fig.  143. — Normal  sections  of  curved  surface:  xAy  and  xAz  pHi'es  of 
principal  sections;  xAP  plane  of  oblique  normal  section. 

the  curvatures  of  the  normal  sections  through  a point  on 
a curved  surface  will  vary  from  one  section  to  the  next;  so 
that  if  we  imagine  a plane  containing  the  r ormal  to  be  turned 
around  this  line  as  axis,  we  shall  find  that  for  one  special 
azimuth  of  this  revolving  plane  the  curved  line  which  it 
carves  out  on  the  surface  will  have  the  greatest  curvature, 
and  that  then  as  the  plane  continues  to  revolve  the  curva- 
ture of  the  section  decreases  and  reaches  its  least  value  for 
an  azimuth  which  is  exactly  90°  from  that  for  which  the 
curvature  was  greatest,  thus,  for  example,  in  a cylindri- 
cal surface  the  curvature  at  any  point  is  least  and  equal  to 
zero  in  a normal  section  whose  plane  is  parallel  to  the  axis 
of  the  cylinder,  and  it  is  greatest  in  a normal  section  made 
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by  a plane  perpendicular  to  the  axis.  At  each  'point  A.  of  a 
curved  surface  the  normal  sections  of  greatest  and  least  curva- 
tures lie  always  in  two  perpendicular  planes,  which  are  called 
the  planes  of  the  principal  sections  of  the  surface  at  A.  The 
lines  of  intersection  of  these  planes  with  each  other  and 
with  the  tangent  plane  at  A may  be  chosen  as  the  axes 
of  reference  of  a system  of  rectangular  coordinates  x,  y,  z 
whose  z-axis  is  the  normal  Ax  (Fig.  143).  The  centers  of 
curvature  of  the  principal  sections  made  by  the  xy-plane 
and  the  zz-plane  will  be  designated  by  Cy  and  Cz,  respec- 
tively; and  the  curvatures  of  the  principal  sections  will  be 
denoted  by  Ry  and  Rz,  so  that  if  ry  = ACy  and  rz  = ACZ 
denote  the  principal  radii  of  curvature  of  the  surface  at 
the  point  A,  we  must  have  here  (§99)  Ry  = l/ry  and  Rz 
= 1 /ra. 

Now  there  is  a remarkable  geometrical  relation  between 
the  curvature  of  any  normal  section  at  A and  che  curvatures 
of  the  principal  sections  of  the  surface  at  this  point  which 
will  be  stated  also  without  giving  tue  proof.  Let  a plane 
containing  the  normal  Ax  intersbci  the  tangent  plane  (or 
2/z-plane)  in  the  straight  line  AF  (Fig.  143)  and  put  ZyAP 
= 6.  The  center  of  curvature  of  the  normal  section  made 
by  this  plane  lies  also  on  the  normal  Ax  at  a point  which 
may  be  designated  as  Cb,  so  that  the  radius  of  curvature 
is  AC e=re,  and  the  curvature  itself  is  R<? = 1 fre.  The  con- 
nection between  Rb  and  the  principal  curvatures  Ry  and 
Rz  is  expressed  by  the  following  formula: 

Rd  = Ry.  cos2  d+Rz.  sin2  6, 

where  6 ienotes  the  angle  which  the  normal  section  makes 
with  the  xy- plane. 

In  a normal  section  at  right  angles  to  the  first  we  should 
have,  therefore, 

■R^+90°  = Ry.cos2(  0+90°)  +Rz.sin2(  0+90°), 
cos(  0+90°)  = — sin  0,  sin(  0+90°)  = cos  0, 
Re+90°  = Ry.sm2  d-\-Rz cos2  0. 


or,  since 
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Adding  the  curvatures  Re  and  Re+ 90°,  we  obtain  the  rela- 
tion : 

Re+  Ro+ 90°  = ^y+ R*,' 

that  is,  the  algebraic  sum  of  the  curvatures  of  any  two  normal 
sections  intersecting  each  other  at  right  angles  at  a point  on 
a curved  surface  has  a constant  value,  which  is  equal  to  the 
algebraic  sum  of  the  principal  curvatures  at  this  point. 

These  theorems  concerning  the  curvatures  of  the  normal 
sections  at  a point  of  a curved  surface  are  due  to  the  great 
mathematician  Euler  (1707-1783),  who  made  notable  con- 
tributions also  to  the  theory  of  optics. 

Since,  therefore,  the  curvature  of  a surface  at  the  point  A 
varies  from  one  azimuth  to  another  as  has  just  been  cx 
plained,  the  power  of  a refracting  surface  will  vary  in 
exactly  the  same  way.  Accordingly,  the  principal  sections 
for  which  the  curvature  of  a refracting  surface  has  its  great- 
est and  least  values  ( Ry , Rz)  are  also  the  sections  at  this 
place  of  greatest  and  least  refracting  powers  (Fy,Fz),*  because 

Fy  = (n'-n)Ry,  Fz  = (n'-n)Rz.  . 

The  refracting  power  at  this  place  in  an  oblique  normal 
section  which  is  inclined  to  the  x?/-plane  at  an  angle  6 wb  be . 

Fo=(n' —n)Ro; 

and  the  relation  between  Fo  and  Fy,  Fz  is  given  by  the 
formula: 

Fe  = Fy.cos2  d+Fz. sin2  d ; 

and  moreover : 

Fe+  Fe+90Oz=Fy-{-  Fz; 

that  is,  the  algebraic  sum  of  the  refracting  powers  in  any  two 
perpendicular  normal  sections  througii  a point  on  a curved  re- 
fracting surface  is  constant  and  eqml  to  the  algebraic  sum  of  the 
principal  refracting  powers. 

For  example,  in  Fig.  144,  let  A designate  a point  of  a 
curved  refracting  surface,  and  let  the  normal  at  this  point 
be  represented  by  the  straight  line  Ax,  which  in  accordance 
with  the  preceding  discussion  is  to  be  taken  as  the  a>axis 
of  a system  rectangular  coordinates  with  its  origin  at  A. 
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The  y- axis  is  represented  by  a straight  line  drawn  in  the 
plane  of  the  paper  perpendicular  to  Ax.  The  plane  of  the 
paper  represents  the  plane  of  one  of  the  principal  sections, 
whereas  the  rrz-plane  at  right  angles  to  this  plane  represents 


Fig.  144. — Chief  ray  of  narrow  bundle  of  rays  normal  to  curved  re- 
fracting surface:  Principal  sections  xA y}  xAz;  tangent  plane  yAz. 


the  plane  of  the  other  principal  section.  The  tangent-plane 
at  A is  represented  by  the  ?/2-plane  perpci  • aicular  to  the 
normal.  Consider  now  a narrow  bundle  of  rays  which  pro- 
ceeding from  a point  M on  the  normal  are  incident  on  the 
curved  refracting  surface  at  points  which  are  all  very  close 
to  A.  This  point  M may  be  designated  also  by  My  or  by 
Mz  according  as  it  is  regarded  as  lying  in  the  one  or  the  other 
of  the  two  principal  sections;  or  it  may  be  designated  also 
by  M#  if  it  is  to  be  considered  as  lying  in  an  oblique  normal 
section  which  is  inclined  t o the  xy- plane  at  an  angle  6.  The 
chief  ray  of  the  buumc  is  the  ray  which  coincides  with  the 
normal  to  the  surface  at  A and  which  proceeds  therefore 
into  the  second  medium  without  being  deviated.  A plane 
containing  this  chief  ray  will  cut  out  from  the  bundle  a pen- 
cil of  raj  s which  will  be  refracted  at  points  of  the  surface 
which  Je  in  a normal  section.  The  pencil  of  rays  proceed- 
ing from  My  in  the  zy-plane  will  be  refracted  to  a point  M/, 
while  the  pencil  of  rays  proceeding  from  Mz  will  be  refracted 
\o  a point  Mz';  and,  in  general,  these  points  My'  and  M/  will 
be  two  different  points  on  the  normal  Ax.  Now  if  Uy,  Uy' 
denote  the  reduced  “vergences”  (§  106)  of  the  pair  of  coniu- 
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gate  points  My,  M/  in  one  principal  section;  and,  similarly, 
if  Uz,  U/  denote  the  reduced  vergences”  of  the  pair  of  con- 
jugate points  Mz,  Mz'  in  the  other  principal  section,  evi- 
dently we  shall  have  the  following  relations: 

uy’=  Uy+Fy,  u;=uz+fz. 

Similarly,  also,  a pencil  of  rays  proceeding  from  Mo  and 
meeting  the  refracting  surface  at  points  in  an  oblique  nor- 
mal section  will  be  refracted  to  a point  Me'  which  will  lie 

on  Ax  between  My;  and  Mz\  so  that 

Uef  = Ue-\-Fe. 

If  the  bundle  of  incident  rays  is  homocentric,  that  is,  if 
the  points  designated  by  My,  Mz  and  Me  are  all  coincident, 
then  TJy  = UI=Ue=U.  The  peculiarity  of  the  imagery 
consists  in  the  fact  that  instead  of  obtaining  a single  image- 
point  M'  corresponding  to  an  object-point  M,  as  in  the  case 
of  a spherical  refracting  surface,  we  find  here  a whole  se- 
ries of  such  points  lying  on  the  segment  My'Mz'  of  the  nor- 
mal Ax.  This  will  be  explained  more  fully  in  § 113. 

112.  Surfaces  of  Revolution.  Cylindrical  and  Tone 
Surfaces.— The  curved  reflecting  and  refracting  surfaces 
of  optical  mirrors  and  lenses  are  almost  without  exception 
surfaces  of  revolution,  that  is,  surfaces  generated  by  tie  1 evo- 
lution of  the  arc  of  a plane  curve  around  an  axis  in  :ts  plane. 
Accordingly,  it  is  desirable  to  call  attention  to  some  of  t e 
special  properties  of  these  surfaces.  The  cmvc  traced  on 
a surface  of  revolution  by  a plane  contanur.g  the  axis  o 
revolution  is  called  a meridian  section  The  normals  to  the 
generating  curve  are  also  normals  to  the  surface;  and  since 
the  normal  at  any  point  of  the  surface  lies  in  the  meridian 
section  which  passes  through  that  point,  it  follows  that  the 
normals  to  a surface  of  revolution  all  intersect  the  axis  o 

revolution.  . „ f 

The  two  principal  sections  at  any  point  of  a surface  ot 

revolution  are  the  meridian  section  which  passes  through 

that  point  and  the  normal  section  which  is  perpendicular 


to  the  meric1 'uU 


section.  The  center  of  curvature  of  the 
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latter  principal  section  lies  on  the  axis  of  revolution  at  the 
point  where  the  normal  crosses  it. 

Not  only  are  the  surfaces  of  mirrors  and  lenses  generally 
surfaces  of  revolution,  but  usually  they  are  very  simple  types 

of  such  surfaces.  A spher- 
ical surface  may  be  consid- 
ered as  generated  by  the 
revolution  of  a circle 
around  one  of  its  diame- 
ters. The  other  chief 
forms  of  reflecting  and  re- 
fracting surfaces  are  cyl- 
indrical and  toric  surfaces, 
which  are  also  compara- 
tively easy  to  grind. 

A cylindrical  surface  of 
revolution  is  generated  by 
the  revolution  of  a straight 
line  a boi  ;t  a parallel  straight 
line  as  axis,  called  the  axis 
of  he  cylinder.  A meridian 
section  of  a cylinder  at  a 
point  A on  the  surface 
(Fig.  145)  will  be  a straight 
line  of  zero  curvature, 
whereas  the  other  principal 
section  at  right  angles  to 

1’iu.  145. — Rofra<  +inp  power  of  cylin-  it  c . i t i .« 

drical  surface:  Principal  sections  ^X1S  °f  the  Cylinder  Will 

made  by  plai  .es  A y and  A z;  oblique  be  the  arc  of  a circle 
section  AP.  , . ..  „ . 

whose  curvature  is  R = 1 /r, 
where  ? denotes  the  radius  of  the  cylinder.  If  the  y-axis 
is  (Pawn  parallel  to  the  cylinder-axis,  then  Ry  = 0,  Rz  = R; 
end  hence  according  to  Euler’s  formula  given  in  § 111, 
the  curvature  in  an  oblique  normal  section  AP  inclined  to 
the  axis  of  the  cylinder  at  an  angle  6 will  be 

Rd=R.sm2  6. 


\ . *f»F< 
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-‘I  This  result  may  be  obtained  also  independently  by  observ- 
n ing  that  although  the  arcs  A z and  AP  in  Fig.  145  have  the 
| same  sagitta  (§  99),  their  chords  denoted  by  2 h and  2hg  are 
unequal  in  length,  because  h = he. sin  6.  Now  the  curva- 
il  tures  of  two  arcs  having  the  same  sagitta  are  inversely  pro- 
K|  portional  to  the  squares  of  their  chords;  consequently, 
if  Re  = hr_ 

1 R he  2 ’ 

•ij  and  hence 

Re  = R.sin2  6, 

exactly  as  above.  Moreover,  in  a normal  section  perpen- 


Fig.  146. — Principal  sections  of  t(  ric  surface. 


dicular  to  the  section  AP,  we  find,  by  writing  (0+90°)  in 
place  of  d, 

/?0+9O"  =R- cos20; 

and  therefore 

Fe  \-Tte+W’=R- 

Accordingly,  in  the  case  of  a cylindrical  refracting  sur- 
face, if  the  maximum  refracting  power  is  denoted  by  F, 
the  refracting  power  in  an  oblique  section  inclined  to  the 


308 


Mirrors,  Prisms  and  Lenses 


[§  H2 


axis  at  an  angle  9 will  be  P.sin2  9,  and  in  a section  at  right 
angles  to  this  F.  cos2  9.  The  refracting  power  F of  a cylin- 
drical refracting  surface  may,  therefore,  be  considered  as 
in  a certain  sense  capable  of  resolution  into  a refracting 
power  F.sin2  9 in  one  oblique  section  and  a refracting  power 


Fig.  147,  a and  b> — Toric  sun^ces  (reproduced  from  Prentice’s  Ophthalmic  Lenses 

and  by  permission  of  the  author). 


F.cos29  in  a stciion  at  right  angles  to  the  first;  and  since 

Fe-\-Fe+do°  = F,  I 

we  can  say  that  the  algebraic  sum  of  the  refracting  powers  in 
any  two  mutually  perpendicular  sections  of  a cylindrical  re- 
fracFivg  surface  is  constant  and  equal  to  the  maximum  refract- 
ing power.  ) 

A toric  or  toroidal  surface  (so-called  from  the  architect- 
ural term  torus  applied  to  the  molding  at  the  base  of  an 
Ionic  column)  is  a surface  shaped  like  an  anchor-ring  which 
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|l  is  generated  by  the  revolution  of  a conic  section  around  an 
aj  axis  which  lies  in  the  plane  of  the  generating  curve  but  does 
)j  not  pass  through  its  center.  The  surface  of  an  automobile 
tyre  is  a toric  surface,  being  generated  by  the  revolution 
!•:  of  the  circular  cross-section  of  the  tyre  around  an  axis  pei- 


pendicular  to  the  plane  of  the  wheel  at  its  confer.  Toric 
refracting  surfaces  are  generated  always  *>y  the  revolution 
of  the  arc  of  a circle  (Fig.  146).  The  areG  of  the  two  prin- 
cipal sections  of  a toric  surface  of  a lens  bisect  each  other 
at  the  vertex  A of  the  surface,  so  that  the  normal  Ax  is  an 
axis  of  symmetry.  If  the  axis  oi  revolution  is  paiallel  to 
the  y- axis  of  the  system  of  rectangular  coordinates,  the 
center  of  the  meridian  section  through  A is  at  the  center 
Cy  of  the  generating  circle,  whereas  the  center  of  the  other 
principal  section  at  A is  at  the  point  of  intersection  Cz  of 
the  normal  Ax  wrth  the  axis  of  revolution. 

The  diagrams  Fig.  147,  a and  b (which  are  copied  from 
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the  beautiful  drawings  of  Mr.  Prentice  in  his  valuable  ] 
and  original  essay  on  “ Ophthalmic  Lenses  and  Prisms”  in 
the  American  Encyclopcedia  of  Opthhalmology ) show  the  two 
principal  forms  of  toric  surfaces.  The  principal  sections  of 
some  types  of  toric  lenses  are  indicated  in  Fig.  148,  a and  b.  i 
A cylindrical  surface  of  revolution  may  be  considered  as  i 
a special  form  of  toric  surface  by  regarding  the  segment  of 
the  generating  straight  line  as  the  arc  of  a circle  with  an 
infinite  radius.  I 

113.  Refraction  of  a Narrow  Bundle  of  Rays  incident 
Normally  on  a Cylindrical  Refracting  Surface.  Sturm’s 
Conoid. — In  order  to  obtain  a clear  idea  of  the  character 
of  a bundle  of  rays  refracted  at  a cylindrical  surface  or 
through  a thin  cylindrical  lens,  suppose,  by  way  of  illustra- 


Fig.  149. — Chief  ray  of  i.  a.  rrw  bundle  meets  cylindrical  refracting  surface 
normally;  astigmatic  bundle  of  refracted  rays.  Principal  sections  xAy 
and  xAz. 


tion,  that  we  consider  a special  case  of  the  problem  which  we 
had  in  § ! 1j  in  connection  with  Fig.  144,  namely,  the  case  in 
which  a narrow  homocentric  bundle  of  incident  rays,  origi- 
nally converging  towards  a point  M,  is  intercepted  before  it 
reaches  this  point  by  being  received  on  a cylindrical  refract- 
ing surface  which  is  placed  so  that  the  chief  ray  of  the  bundle 
meets  the  surface  normally  at  a point  A and  proceeds,  there- 
fore, along  the  normal  Ax  (Fig.  149)  without  being  deflected. 
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§ H3]  Astigmatic  Bundle  of  Rays 

For  convenience  of  delineation,  the  cylindrical  surface  is 
represented  in  the  figure  as  the  first  surface  of  an  infinitely 
thin  piano-cylindrical  lens,  but  the  explanation  is  not  es- 
sentially affected  by  the  fact  that  it  applies  to  a bundle  of 
rays  which  have  undergone  also  a second  refraction  at  the 
plane  face  of  the  lens.  The  bundle  of  incident  rays  is  not 
represented  in  the  figure.  The  point  where  the  chief  ray 
meets  the  lens  is  designated  by  A.  In  the  drawing  this  point 
A is  marked  on  the  second  or  plane  face  of  the  lens,  but  since 
the  lens  is  supposed  to  be  infinitely  thin,  this  point  may  be 
regarded  also  as  lying  on  the  first  face.  The  plane  of  the 
paper  represents  the  meridian  section  of  the  cylindrical  sur- 
face through  the  vertex  A,  and  hence  the  axis  of  the  cylinder 
is  in  this  plane  and  parallel  to  the  straight  line  A y perpendic- 
ular to  Ax  in  the  meridian  or  xy- plane.  This  meridian  plane 
is  one  of  the  principal  sections  at  the  vertex  A of  the  cylin- 
drical surface;  whereas  the  other  principal  section  is  the 
zz-plane  at  right  angles  to  the  plane  of  the  paper.  The 
bundle  of  rays  is  cut  by  these  principal  sections  in  a pencil 
of  meridian  rays  lying  in  the  meridian  xy- plane  and  a pencil 
of  sagittal  rays  (named  by  analogy  with  the  so-called  “ sagitt  n 
suture”  in  anatomy)  lying  in  the  xz-plane;  the  chief  vay  of 
the  bundle  being  common  to  both  of  these  pencils,  smce  it 
is  the  line  of  intersection  of  the  two  principal  servons  of  the 
bundle.  Now  the  meridian  rays  traversing  the  infinitely 
thin  cylindrical  lens  in  a section  containing  the  axis  of  the 
cylinder  will  be  entirely  unaffected  in  transit  and  will  pio- 
ceed  therefore  to  the  point  M just  as  though  the  thin  piece 
of  glass  had  not  been  interposed  m the  way;  so  that  this 
point  regarded  now  as  the  point  of  rendezvous,  so  to  speak, 
of  the  meridian  rays  after  they  have  passed  through  the 
lens  may  also  be  designated  by  Myr,  as  in  fact  it  is  marked 
in  the  diagram.  On  the  otner  hand,  the  rays  of  the  sagittal 
pencil  meet  the  surface  in  points  lying  on  the  arc  of  the  sec- 
tion made  by  the  ^z-plane,  and  the  rays  in  this  plane  aie 
refracted  just  as  they  would  be  through  a piano-spherical 
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lens  of  the  same  curvature  as  that  of  the  cylinder;  and  ac- 
cordingly after  passing  through  the  lens  they  will  be  brought 
to  a focus  at  a point  Mz'  on  the  chief  ray  Ax,  which  in  the 
case  here  supposed  will  be  between  the  lens  and  the  point 
My',  as  represented  in  the  figure.  II 

The  bundle  of  rays  after  refraction  is  no  longer  homocentric, 
so  that  an  object-point  is  not  reproduced  in  a cylindrical  1 
lens  by  a single  image-point  or  even  by  a pair  of  image-points, 
since  only  the  meridian  and  sagittal  image-rays  intersect  If 
in  the  so-called  image-points  M/  and  Mz',  respectively.  Jl 
Under  such  circumstances,  the  bundle  of  image-rays  is  said  1 
to  be  astigmatic  (or  without  focus),  which,  in  fact,  is  the 
general  character  of  a bundle  of  optical  rays,  as  will  be  ] 
further  explained  in  Chapter  XV.  If 

Rays  which  are  incident  on  the  cylindrical  surface  in  an 
oblique  section  made  by  a plane  containing  the  normal  Ax 
will  be  brought  to  a focus  at  a point  lying  bet  ween  My'  and 
Mz',  as  explained  in  § 111.  But  the  two  Doints  My'  and  Mz'  !l 

have  a superior  right  to  be  regarded  a*5  the  image-points  of  f 

the  astigmatic  bundle  of  rays,  no:  only  because  they  are  I 
the  image-points  of  the  two  principal  pencils  of  the  bundle,  | 
but  also  because  the  so-calleO  image-lines  of  the  astigmatic  I 
bundle  of  rays  are  located  at  these  places,  as  we  shall  pro- 
ceed to  show.  I 

Imagine  a straight  due  drawn  on  the  surface  of  the  cylin-  I 
der  parallel  to  the  y~ axis  and  at  a short  distance  from  the  I 
a;y-plane,  and  consider  the  pencil  of  rays  which  meet  the  I 
surface  in  points  lying  along  this  line;  these  rays  after  pass- 
ing through  the  lens  will  meet  in  a point  in  the  zz-plane  a I 
little  to  one  side  of  the  image-point  My';  and  the  assemblage  1 
of  +i:ece  image-points  will  form  a very  short  image-line  per- 
pendicular to  the  meridian  section  of  the  bundle  of  rays  at 
ti'e  point  Mv';  just  as  though  the  pencil  of  meridian  rays  I 
had  been  rotated  through  a very  small  angle  around  an  I 
axis  paralld  to  the  y-axis  and  passing  through  Mz.'  And, 
similarly,  if  the  pencil  of  sagittal  rays  is  rotated  slightly 
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JO  on  both  sides  of  the  xz-plane  around  an  axis  parallel  to  the 
4i  z-axis  and  passing  through  the  image-point  My',  the  image- 
;J(|  point  Mz'  will  trace  out  a little  image-line  perpendicular  to 
il  the  sagittal  section  of  the  astigmatic  bundle  of  rays.  Thus, 
(ji  instead  of  a point-like  image  of  a point-like  object  or  point- 
*1  to-point  correspondence  between  object  and  image,  that  is, 
(ji  instead  of  the  so-called  'punctual  imagery  which  we  have 
when  paraxial  rays  are  reflected  or  refracted  at  a spherical 
$ surface,  we  obtain  here  something  essentially  different;  for 
n in  this  case  each  point  of  the  object  is  reproduced  by  two 


v tiny  image-lines , each  perpendicular  to  the  chief  ray  if  ihe 
bundle,  one  in  one  principal  section  and  the  other  in  the  other 
principal  section;  so  that  if  one  of  the  image-lines  ’3  vertical, 
d the  other  will  be  horizontal.  The  image-line  which  passes 
d through  the  image-point  of  the  meridian  rays  lies  in  the 
i[i  plane  of  the  sagittal  section,  and  vice-ver^a. 
j The  case  in  which  an  object-point  is  ieproduced  by  two 
d short  image-lines  is  the  simplest  form  of  astigmatism,  and 
jT|v  it  is  only  under  exceptionally  favorable  circumstances  that 
3 it  can  be  actually  realized  as  described  above.  The  astig- 
matic bundle  of  rays  represented  in  Fig.  150,  which  is  com- 
pletely symmetrical  in  +ho  iwo  principal  sections  is  known 
a as  Sturm's  conoid  after  the  celebrated  mathematician  who 
appears  to  have  been  the  first  to  make  a systematic  investi- 
gation (1838)  ct*  tre  characteristics  of  a narrow  bundle  of 
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optical  rays.  If  the  lens-opening  is  determined  by  a small  I 
circular  stop  in  a plane  at  right  angles  to  the  optical  axis 
(or  z-axis)  and  with  its  center  on  this  axis,  the  transverse 
sections  of  the  astigmatic  bundle  of  refracted  rays  made  by  | 
planes  perpendicular  to  the  chief  ray  (that  is,  parallel  to  I 
the  yz- plane)  will  be  ellipses  with  their  major  axes  parallel 
to  the  y-axis  in  one  part  of  the  bundle  and  parallel  to  the 
2-axis  in  the  other  part.  These  elliptical  sections  become 
narrower  and  narrower  as  they  approach  either  of  the  image-  I 
lines,  at  both  of  which  places  the  elliptical  section  collapses 
into  the  major-axis  of  the  ellipse.  At  some  intermediate  I 
point  between  the  two  image-lines  the  section  of  the  bundle 
will  be  a circle  (the  so-called  “circle  of  least  confusion”). 

114.  Thin  Cylindrical  and  Toric  Lenses. — Optical  lenses 
may  now  be  classified  in  two  principal  groups,  namely, 
anastigmatic  (or  simply  stigmatic)  lenses  and  ashg^natic  lenses, 
according  as  the  imagery  produced  by  the  refraction  ot  par- 


exial  rays  through  the  lens  is  punctual  imagery  or  not  (§  113). 
Anastigmatic  lenses  are  single  focus  lenses,  whereas  astig- 
matic lenses  may  be  said  to  be  double  focus  lenses.  The 
essential  requirement  is  that  the  optical  axis  of  the  lens, 
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which  is  generally  an  axis  of  symmetry,  shall  meet  both 
faces  normally  (§87);  and  another  condition  that  must 
always  be  fulfilled  in  an  actual  lens  is  that  the  planes  of  the 
principal  sections  at  the  vertex  of  the  first  surface  shall  also 
be  the  planes  of  the  principal  sections  at  the  vertex  of  the 
second  surface.  Astigmatic  lenses  are  generally  cylindrical 
or  toric. 

Cylindrical  lenses  are  made  in  three  forms,  namely,  piano- 
cylindrical  (one  surface  cylindrical  and  the  other  plane, 


Fig.  152. — Sphero-cylindrical  lens. 


M 


Fig.  153. — Sphero-cylindrical  lens. 

Fig.  151,  a and  b),  cross-cylindrical  (both  simaces  cylindrical, 
the  axes  of  the  cylinders  being  at  rigid  angles),  and  sphero- 
cylindrical (one  surface  cylindrical  m:d  the  other  spherical, 
Figs.  152  and  153).  All  of  these  terms  are  quite  common  in 
modern  spectacle  glasses,  bul  piior  to  1860  cylindrical  lenses 
were  hardly  employed  at  til.  The  first  scientific  use  of  a 
cylindrical  lens  seems  tc  nave  been  made  by  Fresnel 
(1788-1827)  in  1819  for  the  purpose  of  obtaining  a luminous 
line.  In  1825  Sir  George  Airy  (1801-1892),  afterwards  the 
distinguished  as  ionomer-royal  at  Greenwich,  employed  a con- 
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cave  sphero-cylindrical  glass  to  correct  the  myopic  astigma- 
tism of  one  of  his  eyes.  But  it  was  not  until  Donders 
(1818-1889)  published  his  treatise  on  astigmatism  and  cyl- 
indrical glasses  in  1862  that  their  importance  began  to  be 
recognized  by  ophthalmologists  all  over  the  world. 

In  a toric  lens  usually  only  one  of  the  surfaces  is  toric 
(§  112),  while  the  other  is  plane  or  spherical.  The  diagrams, 
Fig.  147,  a and  b,  and  Fig.  148  show  the  principal  types  of 
toric  lenses. 

Let  Fy  i,  Fy,2  and  Fz\,  Fz  2,  denote  the  refracting  powers 
of  the  two  surfaces  of  an  astigmatic  lens  in  the  xy- plane  and 
zz-plane,  respectively,  which  are  the  planes  of  the  principal 
sections  of  the  thin  lens  with  respect  to  its  optical  center  A. 
Now  the  total  refracting  power  (F)  of  a thin  lens  was  found 
(§  105)  to  be  equal  to  the  algebraic  sum  (F1+F2)  of  the 
powers  of  the  two  surfaces  of  the  lens;  so  that  applying  this 
formula  to  an  astigmatic  lens,  we  obtain  fj>.  the  refracting 
power  in  the  two  principal  sections : 

Fy  = Fy.l+Fy,2,  Fz  — Fltl+  Fz,2. 

In  each  of  the  following  special  caLes  the  lens  is  supposed 
to  be  surrounded  by  the  same  mt  churn  ( n ) on  both  sides, 
while  the  index  of  refraction  ol  the  lens  itself  is  denoted  by  n'. 

(1)  Consider,  first,  the  ca^e  of  a piano-cylindrical  lens, 
which  in  a principal  section  containing  the  axis  of  the  cylin- 
der acts,  as  was  remarked  (§  113),  like  a slab  of  the  same 
material  with  plane  parallel  faces;  whereas  in  the  other  prin- 
cipal section  the  e5ect  is  the  same  as  that  of  a piano-spherical 
lens  of  the  same  radius  (r)  as  that  of  the  cylinder.  If  the 
axis  of  the  cylinder  is  parallel  to  the  y- axis,  and  if  the  plane 
surface  L supposed  to  be  the  second  surface,  we  shall  have 
in  this  case: 

Fy,i  = Fyi2  = Fz,2  = 0, 

03  d,  consequently: 

Fy  = 0,  Fz  = FzA  = F=(n'-n)R, 

where  F denotes  the  maximum  refracting  power  of  the  cylin- 
drical surface,  and  R = l/r  denotes  its  curvature. 
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If  M designates  the  position  of  an  object-point  lying  on 
the  optical  axis  (x-axis)  of  a thin  piano-cylindrical  lens,  and 
if  M0'  designates  the  position  of  the  corresponding  image- 
point  produced  by  the  refraction  through  the  lens  of  the 
rays  which  lie  in  the  plane  of  a normal  section  inclined  at 
an  angle  6 to  the  axis  of  the  cylinder;  and  if  we  put 

AM  = m,  AMef  = u',  U=n/u , Ue'=n/ue'f 

then 

U$'=  U-\-Fe,  where  Fe  = F. sin2  6 ; 
and  for  the  two  principal  sections: 

Uy'=U,  UZ'=U+F. 

(2)  In  a cross-cylindrical  lens  the  axes  of  y and  z are  par- 
allel to  the  axes  of  the  cylinders.  Assuming  that  the  cylin- 
drical axis  of  the  first  surface  of  the  lens  is  parallel  to  the 
i/-axis,  we  have  for  a thin  lens  of  this  form: 

^V>l  = ^z>2  = 0, 

Fy  = Fy,2  = — (n'—ri)R2,  Fz  = Fz,1=(n'-ri)R1, 

Fq  = (n'  — ri)(Ri.sin2d  — /fo.cos2#); 
where  Ri,  R2  denote  the  maximum  curvatures  of  the  cylin- 
ders and  Fe  denotes  the  refracting  power  in  a section  in- 
clined at  an  angle  6 to  the  axis  of  the  first  surface. 

(3)  In  a thin  sphero-cylindrical  lens , if  we  suppose  for 
example,  that  the  axis  of  the  cylindrical  surface  is  parallel 
to  the  y-axis  and  that  this  surface  is  also  the  first,  surface 
of  the  lens,  then 

^V,1  = 0,  Fy,2  = Fz,2  = F2, 

Fy  — Fy)2  — — in'  — n)R2)  • 

Fz  = FZJi~\-Fy=  (nf  — ri){R\  — R2), 

Fe  = (n' — n)  (Tth.sin2  6 ~ R2) ; 
where  R 1,  R2  denote  the  maximum  curvatures  of  the  cylin- 
drical and  spherical  faces,  respectively,  and  Fe  denotes  the 
refracting  power  of  the  combination  in  a plane  inclined  at 
an  angle  6 to  the  axis  01  the  sylinder. 

(4)  Consider,  finally  a thin  toric  lens , whose  second  face 
may  be  supposed  to  be  spherical,  so  that  if  r2  denotes 
the  radius  of  this  surface,  its  refracting  power  will  be 
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F2=-(n'-n)R2,  where  R2  = lfr2.  Then  if  Ry,h  Rz,  1 denote 
the  principal  curvatures  of  the  toric  surface,  the  refracting 
powers  of  the  lens  will  be 

Fy=(n'-n)  (Ryji-Ri),  Fz  = (n'-n)  (Rz,i-Ri), 

Fe  — in' —n)  (Ry, i.eos2  0-\-Rz, l.sin2  6—R2). 

115.  Transposing  of  Cylindrical  Lenses. — The  orientation 
of  a cylindrical  refracting  surface  is  described  by  assigning 
the  value  of  the  angle  <p  which  the  axis  of  the  cylinder  makes 
with  a fixed  line  of  reference.  In  a cylindrical  spectacle 
glass  this  line  of  reference  is  a horizontal  line  usually  imag- 
ined as  drawn  from  a point  opposite  the  center  of  the  pa- 
tient’s eye  either  towards  his  temple  or  towards  his  nose; 


Fig.  154. — Mode  of  reckoning  avl*s  of  3ylindrical  eye-glass. 


and  the  angle  through  which  this  line  has  to  be  rotated  in  j 
a vertical  plane  in  order  for  it  to  be  parallel  to  the  axis  of  | 
the  cylinder  is  the  angle  denoted  by  <p.  In  England  and  | 
America  it  is  customary  to  imagine  the  horizontal  line  of  | 
reference  as  drawn  from  the  center  of  the  glass  towards  that  N 
temple  of  the  ' jutient  which  is  on  the  right-hand  side  of  an  oh-  | 
server  supposed  to  be  adjusting  the  glass  on  the  patient’s  | 
eye;  so  that  +or  a glass  in  front  of  either  eye  the  radius  vector  I 
is  supposed  to  rotate  in  a counter-clockwise  sense  from  0°  | 
to  189°,  as  represented  in  Fig.  154.  A different  plan  was  | 
recommended  by  the  international  ophthalmological  con-  | 
gress  which  met  in  Naples  in  1909,  whereby  the  angle  <p  was 
to  be  reckoned  from  an  initial  position  of  the  radius  vector  i 
drawn  horizontally  from  a point  opposite  the  center  of  the  i 
eye  towards  the  nose.  According  to  this  plan,  the  sense  of  b 
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rotation  will  be  clockwise  for  one  eye  and  counter-clockwise 
for  the  other  eye,  as  represented  in  Fig.  155. 

A sphero-cylindrical  glass  is  described  in  an  ophthalmo- 
logical  prescription  by  giving  the  refracting  power  P of 
the  cylindrical  component  and  the  refracting  power  Q of 
the  spherical  component,  together  with  the  slope  of  the 
axis  of  the  cylinder,  in  a formula  which  is  usually  written 
as  follows: 

Q sph.  O P cyl.,  ax.<£>, 
where  the  symbol  O means  “ combined  with.” 

Opticians  speak  of  transposing  a lens  when  they  substi- 
tute a glass  of  one  form  for  an  equivalent  glass  of  another 


Fig.  155. — Mode  of  reckoning  axis  of  cylindrical  eye-glass. 


form.  All  that  is  necessary  for  this  purpose  is  to  seo  that 
the  powers  of  the  lens  in  the  two  principal  sections  remain 
the  same  as  before.  The  following  rules  for  v.nnsposing 
cylindrical  lenses  may  be  useful : 

(1)  To  transpose  a sphero-cylindrical  l°>is  into  another 
sphero-cylindrical  lens  or  into  a cross-cyli  adrical  lens: 

A lens  given  by  the  formula  Q sph.  O P cyl.,  ax.  <p  is 
equivalent  to  either  of  the  following  combinations : 

a.  Sphero-cylinder:  (P+Q)  sph.  O — P cyl.,  ax*  (<P  ^QO0) 

b.  Cross-cylinder:  (P+Q)  cyl.,  ax.  (p  O Q cyl.,  ax.  (<£>=*=  90°). 
T The  power  of  the  spherica1  component  in  the  original  com- 
bination is  Q dptr.  in  both  principal  sections,  and  the  power 
of  the  cylindrical  component  is  P dptr.  in  the  section  which  is 

(■  inclined  to  the  line  of  reference  at  an  angle  (<p  =*=  90°) ; so  that 
the  combined  povrer  in  this  latter  section  is  (P+Q)  dptr. 


: 
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Accordingly,  a spherical  surface  of  power  ( P +Q)  dptr. 
must  be  combined  with  a cylindrical  surface  of  power 
—P  dptr.  and  of  axis-slope  ( <p  =*=  90°) . With  respect  to  the 
double  sign  in  the  expression  ^ <p  =*=  90°) , the  rule  is  to  select 
always  that  one  of  the  two  signs  which  will  make  the  slope 
of  the  cylinder-axis  positive  ard  less  than  180°.  Thus,  for 
example,  +8  dptr.  sph.  3 + 2 dptr.  cyl.,  ax.  20°  is  equiva- 
lent to  +10  dptr.  sph.  3 —2  dptr.  cyl.,  ax.  110°  or  to 
+ 10  dptr.  cyl.,  ax.  20°  3 +8  dptr.  cyl.,  ax.  110°. 

(2)  To  transpose  a cross-cylindrical  lens  into  a sphero- 
cylindrical lens: 

The  combination  P cyl.,  ax.  ^ C ^ cyl.,  ax-  ^ 90°) 
is  equivalent  to  either  of  the  following : 

a.  Sphero-cylinder : P sph.  3 (R—P)  cyl.,  ax-  (+  =*=90°),  or 

b.  Sphero-cylinder:  R sph.  3 (P~R)  cyl.,  ax-  <P- 

Thus,  +2  cyl.,  ax.  80°  C +3  cyl.,  ax.  170°  msy  be  replaced 
by  either  +2  sph.  3-  +1  cyl.,  ax.  170°  or  +3  sph. 

— 1 cyl.,  ax.  80°. 

(3)  To  transpose  a spherical  lens  into  a cross-cylinder: 

Q sph.  is  equivalent  to  Q cyl.,  ax.  <p  3 Q cyl.,  ax.  (+  =*=  90°), 
where  the  angle  (p  may  have  any  value  between  0°  and  180°. 
For  example,  +5  sph.  is  equivalent  to  +5  cyl.,  ax.  10° 

+5  cyl.,  ax.  100°. 

(4)  The  refracting  powe  rs  of  a ioric  surface  in  the  prin- 
cipal sections  are  F:  -(n'  — n)jry  and  Fz  = (n'  — n)/rz.  Let 
us  suppose  that  the  axis  of  revolution  is  parallel  to  the 
y-axis.  The  tori'*  refracting  surface  may  be  replaced  by  a 
sphero-cylindrical  lens  in  either  of  two  ways,  as  follows: 

a.  Fz  sph.  3 (Fy~ Fz)  cyl.,  axis  parallel  to  y-axis. 

b.  F.  so  i.  3 (Fz  — Fy)  cyl.,  axis  parallel  to  2-axis. 

J IG,  Obliquely  Crossed  Cylinders. — Oculists  and  optom- 
etrists sometimes  prescribe  a bi-cylindrical  spectacle-glass 
with  the  axes  of  the  cylinders  crossed,  not  at  right  angles 
(as  in  the  so-called  cross-cylinder) , but  at  an  acute  or  obtuse 
angle  y;  and  as  it  is  not  easy  to  grind  a lens  of  this  form, 
the  optician  prefers  to  make  an  equivalent  sphero-cylinder 
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or  a cross-cylinder,  which  will  have  precisely  the  same  op- 
tical effect  as  the  prescribed  combination  of  obliquely  crossed 
cylinders.  His  problem  may  be  stated  thus: 

Being  given  the  refracting  powers  Fi,  h\  of  the  two  sur- 
faces of  the  bi-cylindrical  lens,  and  the  angle  7 between 
the  directions  of  the  axes  of  the  cylinders,  it  is  required  to 
calculate  the  refracting  powers  P and  Q of  the  cylindrical 
and  spherical  components,  respectively,  of  the  equivalent 
sphero-cylindrical  combination,  together  with  the  direction 
of  the  axis  of  the  cylinder;  that  is,  it  is  required  to  transpose 

F 1 cyl.,  a x.<p  G F2  cyl.,  ax.  (<£>+7) 

into 

Q sph.  G P cyl.,  ax.  (<p+  a). 

Simple  working  formulae  for  converting  one  of  these  lenses 
into  the  other  were  developed 
first  by  Mr.  Charles  F. 

Prentice.  The  following 
method  is  based  on  an  ar- 
ticle “ On  obliquely  crossed 
cylinders”  by  Professor  S.  P. 

Thompson  published  in  the 
Philosophical  Magazine  (se- 
ries 5,  xlix.,  1900,  pp.  316- 
324). 

In  Fig.  156  the  straight 
lines  OA  and  OB  are  drawn 
parallel  to  the  cylindrical 
axes  of  the  bi-cylindrical  lens, 
so  that  Z AOB  = 7.  Through 
O draw  another  straight  line 
OC,  and  let  ZAOC  be  de* 
noted  by  d.  In  the  sec- 
tion of  the  lens  at  right 
angles  to  OC  the  total  refracting  power  will  be  (see 
§112): 


Fig.  156. — Axes  of  obliquely  crossed 
cylinders. 


P’1. cos2  0+/r2-cos2(7—  0); 
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and  in  the  section  containing  OC:  I 

Fi.sin2  0+F2.sin2(7  — 9). 

The  sum  of  these  two  expressions  is  equal  to  (Fi+F2);  and 
according  to  the  theory  of  curved  surfaces  (§  111),  this  sum 
must  also  be  equal  to  the  sum  of  the  maximum  and  mini- 
mum refracting  powers  of  the  equivalent  sphero-cylindrical 
lens.  Now,  obviously,  (P+Q)  will  be  the  maximum  (or 
minimum)  refracting  power  in  a section  of  the  latter  lens  I! 
at  right  angles  to  the  axis  of  the  cylinder,  whereas  Q will  be 
the  minimum  (or  maximum)  refracting  power  in  the  sec-  , 
tion  containing  the  axis  of  the  cylinder;  accordingly,  first  j 
of  all,  we  find  that  we  must  have:  H 

2Q+P  = Fi+F2. 

Now  there  is  a certain  value  of  the  angle  9,  say,  6=  a, 
for  which  the  first  of  the  two  expressions  above  will  be  a 
maximum  (or  minimum)  and  the  second  a minimum  (or 
maximum);  and  if  we  can  determine  this  angle  a,  the  prob- 
lem will  practically  be  solved,  because  then  we  shall  have: 

P+Q  = Fi.cos2a+P2.eos:(7—  a),  I 

Q = Fi.sin2a+.v2.&in2(7— a); 

where  (on  the  assumption  that  Q is  the  minimum  refracting  I 
power  in  the  section  containing  the  axis  of  the  cylinder)  a 
denotes  the  angle  between  ine  cylindrical  axis  of  the  sphero- 
cylinder  and  the  cylindrical  axis  of  the  cylinder  whose  refract- 
ing power  is  denoted  by  F\.  Now  in  order  to  ascertain  this  | 
angle  a,  all  we  have  to  do  (as  will  be  obvious  to  any  one 
who  is  famibar  with  the  elements  of  the  differential  calculus) 
is,  first,  to  differentiate  the  expression  | 

Fi.cos2  0+F2.cos2(7  — 9) 

with  lespect  to  9,  and  then,  after  writing  a in  place  of  9,  I 
+,(.  put  the  resultant  expression  equal  to  zero.  Thus  we  ob- 
tain the  following  equation  for  finding  the  angle  a in  terms  j 
of  the  known  magnitudes  Fi,  F2  and  7 : j 

— 2Fi.sin  a .cosctd_2F2.sin(7 — a). cos  (7-  a)  =0; 


\ 
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v which  may  also  be  put  in  the  following  form: 

■ Fx  _ Fi 

sin2(Y-a)  sin2a' 

Moreover,  since  P = (P+Q)  — Q,  we  find: 

P = P1(cos2a-sin2a)+F2  {cos2(y~  a)-sin2(Y 
= Fi.cos2a+P2.cos2(7-  a); 

and  if  in  this  formula  we  substitute  the  value 
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I we  shall  find : 


Fo  = . - Ft, 

sin2(7— a) 


_ sin27  p 
sin2(7-  a) 


B 

T" 


\*y  / 


/ 


/ 


✓ 

/ 


Fig  157— Graphical  mode  of  tludrng  cylindrical  component  (P)  of 
sphero-cylinder  equivalent  to  tvo  obliquely  crossed  cylinders  of  powers 

F i and  F2. 

Hence, 


* 1 


Fi 


sin2(7-a)  sin2a  sin2Y’ 
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which  at  once  suggests  an  elegant  and  simple  graphical 
solution  of  the  problem.  For,  evidently,  according  to  the 
above  relations,  the  magnitudes  denoted  by  P i,  P2  and  P 
may  be  represented  in  a diagram  (Fig.  157)  by  the  sides  of 
a triangle  whose  opposite  angles  are  2(7— a),  2a  and 
(180°— 27),  respectively.  Hence  the  rule  is  as  follows: 

On  any  straight  line  lay  off  a segment  AB  to  represent,  ac- 
cording to  a certain  scale,  the  magnitude  of  the  refracting 
power  F\ ; and  let  X designate  the  position  of  a point  on  AB 
produced  beyond  B.  Construct  the  ZXBC  equal  to  twice 
the  angle  between  the  axes  of  the  two  given  cylindrical  com- 
ponents (ZXBC  = 27);  and  along  the  side  BC  of  this  angle 
lay  off  the  length  BC  to  represent  the  magnitude  of  the  re- 
fracting power  P2.  Then  the  straight  line  AC  will  repre- 
sent on  the  same  scale  the  magnitude  of  the  refracting  power 
P of  the  cylindrical  member  of  the  equivaLnt  sphero- 
cylindrical lens,  and  the  ZBAC  = 2a  will  be  equal  to  twice 
the  angle  between  the  cylindrical  axes  of  the  surfaces  whose 
powers  are  denoted  by  F 1 and  P.  For  ca'cuiating  the  values 
of  P,  Q and  a,  we  have  by  trigonomeby  the  following  sys- 
tem of  formulae: 

P = + VF?+F!+ 2/VP2 . cos2  7 , 

^ Pi-tP2-P 


tar  ? a - 


P2-sin27 

Pi+P2.cos27’ 


which  will  be  found  to  be  applicable  in  all  cases,  whether 
the  signs  of  Pi,  F*  are  like  or  unlike. 

There  is,  ro  be  sure,  another  solution  also,  in  which  the 
cylindrical  axis  of  the  sphero-cylindrical  lens  is  inclined  to 
the  cylindrical  axis  of  the  cylinder  of  power  Pi  at  the  angle 
(90°-i  -a).  For  if  the  refracting  power  Q of  the  spherical 
member  is  assumed  to  be  the  maximum  (instead  of  the 
minimum)  refracting  power  of  the  sphero-cylindrical  com- 
bination, then  (P+Q)  will  be  the  minimum  power  in  a sec- 
tion at  right  angles  to  the  axis  of  the  cylinder;  and  in  this 
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case  the  refracting  power  of  the  cylindrical  component  will 
be  represented  by  the  dotted  line  AC'  in  Fig.  157  which  is 
equal  to  AC  in  length  but  opposite  to  it  in  direction.  In 
fact,  in  this  case  the  formulae  for  P and  Q will  be  as  follows: 

P=  — VFH^2+2Fi.F*2.cos2  y, 

„_Fi+F2+P 
W 2 

This  result  could  have  been  obtained  from  the  first  result  by 
transposing;  for,  according  to  § 115,  Q sph.  O P cyl.,  ax.  </> 
4s  equivalent  to  (P+Q)  sph.  O -P  cyl.  ax.  (</>=*=  90°),  where 
the  symbols  P and  Q denote  here  the  powers  of  the  first 
combination. 

Moreover,  since  Q sph.  C P cyl.,  ax.</>  is  equivalent  also 
to  (P+Q)  cyl.,  ax.0  C Q cyl.,  ax.  (0=*=9O°),  two  obliquely 
crossed  cylinders  may  be  replaced  by  a cross-cylinder  of 
powers  (P+Q)  and  Q.  In  fact,  since 

(P+Q) +Q  = F!+F2 , * 

(P+Q)—Q  = a/  F\+F\+2F \.F  2.cos2  y, 
it  follows  that : 

(P+Q)Q  = F i.F2.sin27; 

so  that  this  formula  will  give  us  the  product  of  the  pc  were 
of  the  equivalent  cross-cylinder,  and  since  their  sum  P-\-2Q 
= Fi+F2}  the  values  of  (P+Q)  and  Q may  be  obtained  in- 
dependently, without  first  finding  the  value  of  P . 

The  following  numerical  example  will  serve  to  illustrate 

the  use  of  the  formulae : 

Given  a combination  of  obliquely  crossed  cylinders  as 
follows : 

+4  cyl.,  ax.  20°  O -2  75  cyl.,  ax.  65°; 
let  it  be  required  to  find  the  equivalent  sphero-cylinder 
and  also  the  equivalent  cross  -cylinder. 

We  must  put  Fi  = +4,  because  F\  denotes  the  power  of 
the  cylinder  whose  axis  slope  is  the  smaller  ol  the  two.  Then 
F2=  -2.75  and  y - (65° -20°)  =45°.  Substituting  these 

values,  we  find : 

P =4-4.85,  (2=  —1.8,  a=-17°16'. 
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Accordingly,  the  given  combination  is  equivalent  to  one  of 
the  three  following: 

+4.85  cyl.,  ax.  2°  44' O — 1.8  sph.; 

—4.85  cyl.,  ax.  92°  44'  O +3.05  sph.; 

+3.05  cyl.,  ax.  2°  44'  O — 1.8  cyl.,  ax.  92°  44'. 

If  7 = 90°,  then  P = Fi  — F2,  Q = F2  and  a = 0°,  or 
P — F2  — F\,  Q = F\  and  a = 0° ; so  that  we  can  write : 

Fi  cyl.,  ax.  </>  O P 2 cyl.,  ax.  (</>=*=  90°) 
is  equivalent  to 

Fi  sph.  O (F2—F1)  cyl.,  ax.  (<£=*=  90°) 
or 


F2  sph.  w (Fi  — F2)  cyl.,  ax.  <j>; 
exactly  as  found  in  § 115. 


PROBLEMS 

1.  The  radius  of  a convex  cylindrical  refracting  surface 

separating  air  from  glass  (n  = 1.5)  is  Si  cm.  What  is  its 
refracting  power  in  a normal  section  inclined  to  the  axis  of 
the  cylinder  at  an  angle  of  60°?  Ans.  +4.5  dptr. 

2.  A curved  refracting  surface  separates  air  and  glass 

(n':'n  = 3:2),  and  the  radii  of  greatest  and  least  curvature 
at  a point  A on  the  surface  are  ry  = + 10  cm.  and  rz  = 
+5  cm.  Find  the  interval  between  the  two  principal  image- 
points  corresponding  to  an  object-point  lying  on  the  normal 
to  the  surface  at  A :n  front  of  the  surface  and  at  a distance 
of  30  cm.  from  it.  Ans.  67.5  cm. 

3.  The  principal  refracting  powers  of  a thin  astigmatic 
lens  surrounded  by  air  are  denoted  by  Fy  and  Fz.  The  prin- 
cipal image-points  corresponding  to  an  axial  object-point 
M am  designated  by  My  and  Mz.  If  the  optical  center  of 
the  lens  is  designated  by  A,  and  if  we  put  U = l/u,  where 
?t  = AM,  then 


Fy  — FZ 

(Fy+U)  ( Fm+U ) ’ 
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,1  4.  The  refracting  powers  of  a thin  astigmatic  lens  in  the 

t two  principal  sections  are  +3  and  +5  dptr.  The  lens  is 
made  of  glass  of  index  1.5.  Find  the  radii  of  the  two  sur- 
faces for  each  of  the  following  forms:  (a)  Cross-cylinder; 
( b ) Sphero-cylinder;  c)  Plano-toric. 

Ans.  (a)  Double  convex  cross-cylinder,  radii  10  and 
16  \ cm.;  ( b ) Double  convex  sphero-cylinder,  radius  of 
sphere  16  § cm.,  radius  of  cylinder  25  cm.;  or  convex  me- 
niscus sphero-cylinder,  radius  of  sphere  10  cm.,  radius  of 
cylinder  25  cm.;  (c)  Radii  of  toric  surface  10  and  16  | cm. 

5 The  principal  refracting  powers  of  a thin  lens  are  +4 
and  —5  dptr.  If  the  refracting  power  in  an  oblique  normal 
section  is  +2  dptr.,  what  will  be  its  refracting  power  in  a 
normal  section  at  right  angles  to  the  first?  and  what  is  the 
angle  of  inclination  of  the  +2  section  to  the  +4  section? 

Ans.  -3  dptr.;  28°  7'  32". 

6.  Two  cylinders  each  of  power  +1.18  dptr.  are  com- 
bined with  their  axes  inclined  to  each  other  at  an  angle  of 
32°  3'  50".  Show  that  the  combination  is  equivalent  to 
+0.18  sph.  O +2  cyl.,  axis  midway  between  the  axes  ox 
the  two  given  cylinders. 

7.  Show  that 

+2  cyl,  ax.  0°  O —3  cyl.,  ax.  53°  26'  14 
is  equivalent  to 

.-|  - 2.53  sph.  C +4.06  cyl.,  ax.  -22c  30 

8.  Transpose 

- 1.25  cyl.,  ax.  20°  O +3.25  cyl.,  ax.  53°  41'  24.25 

into  the  equivalent  sphero-cylinder. 

Ans.  -0.5  sph.  0+3  cyl.,  ax.  65°, 
or  + 2.5  sph.  0-3  cyl.,  ax.  155° 

9.  Transpose 

+9.5  cyl.,  ax.  0°  O +10  cyl.,  ax.  57°  40'  45" 

into  the  equivalent  sphero-cylinder. 

• Ans.  +4.53  sph.  O +10.43  cyl.,  ax.  30°, 

or  +14.96  sph.  O - 10.43  cyl.,  ax.  120° 
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10.  Find  the  sphero-cylindrical  equivalent  of 

+2  cyl.,  ax.  20°  O +3  cyl.,  ax.  70°. 

Ans.  +0.85  sph.  O + 3.3  cyl.,  ax.  51°  42', 
or  + 4.15  sph.  O — 3.3  cyl.,  ax.  141°  42'. 

11.  Transpose 

— 1.75  cyl.,  ax.  120°  O +1.25  cyl.,  ax.  135° 
into  the  equivalent  cross-cylinder. 

Ans.  +0.207  cyl.,  ax.  98°  30'  O “0.707  cyl.,  ax.  8°  30'. 

12.  Transpose  +4  cyl.,  ax.  80°  O — 2 cyl.,  ax.  120°  into 
the  equivalent  cross-cylinder. 

Ans.  +3.075  cyl.,  ax.  65°  50'  O —1.075  cyl.,  ax.  155°  50'. 

13.  Find  the  equivalent  combinations  of  the  following: 

+2.25  cyl.,  ax.  40°  O —4.00  cyl.,  ax.  115°. 

Ans.  (1)  +6.05  cyl.,  ax.  30°  21'  20"C-3.90  sph. 

(2)  -6.05  cyl.,  ax.  120°  21'  20"  O +2.15  sph. 

(3)  +2.15  cyl.,  ax.  30°  21'  20"  O -3.90  cyl, 
ax.  120°  21'  20". 


CHAPTER  X 


GEOMETRICAL  THEORY  OF  THE  SYMMETRICAL  OPTICAL 

INSTRUMENT 


117.  Graphical  Method  of  tracing  the  Path  of  a Paraxial 
Ray  through  a Centered  System  of  Spherical  Refracting 
Surfaces. — Nearly  all  optical  instruments  consist  of  a com- 
bination of  transparent,  isotropic  media,  each  separated 
from  the  next  by  a spherical  (or  plane)  surface;  the  centers 
of  these  surfaces  lying  all  on  one  and  the  same  straight  line 
called  the  optical  axis  of  the  centered  system  of  spherical 
surfaces,  which  is  an  axis  of  symmetry.  In  a symmetrical 
optical  instrument  of  this  kind  it  is  sufficient  to  investigate 
the  procedure  of  paraxial  rays  in  any  meridian  plane  con- 
taining the  axis. 

The  indices  of  refraction  of  the  media  will  be  denoted  by 
m,  n2,  etc.,  named  in  the  order  in  which  they  are  travelled 
by  the  light;  so  that  if  m denotes  the  number  of  refracting 
surfaces,  the  index  of  refraction  of  the  last  medium  into 
which  the  rays  emerge  after  refraction  at  the  ruth  surface 
will  be  nm+1.  The  indices  of  refraction  of  the  two  media 
which  are  separated  by  the  A;th  surface  (where  k denotes 
any  integer  between  1 and  m,  inclusive)  will  be  nk  and  nk+1. 
The  vertex  and  center  of  the  kth  smrace  will  be  designated 
by  Ak  and  Ck,  respectively;  an^  tae  radius  of  this  surface 
will  be  denoted  by  rk  = AkOk  Moreover,  if  Mk,  Mk+i 
designate  the  positions  of  the  points  where  a paraxial  ray 
crosses  the  axis  before  ana  after  refraction,  respectively,  at 
the  kth  surface,  these  points  will  be  a pair  of  conjugate  axial 
points  with  respect  to  this  surface;  and  the  points  Mi,  Mm+i 
will,  therefore,  be  9 pair  of  conjugate  axial  points  with  respect 
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to  the  entire  centered  system  of  m spherical  refracting  sur- 
faces. 

The  accompanying  diagram  (Fig.  158)  represents  a merid- 
ian section  of  an  optical  system  of  this  kind.  The  straight 
line  MiBi  represents  the  path  of  a paraxial  ray  in  the  first 
medium  (wi)  which  crossing  the  axis  at  Mi  meets  the  first 
surface  (y i)  in  the  point  marked  Bx.  Similarly,  the  path 


Fig.  158. — Path  of  paraxial  ray  through  centered  of  spherical  re- 

fracting surfaces. 


of  the  ray  from  the  first  surface  to  the  second  surface  is 
shown  by  the  straight  line  BiB2  wh  .cn  crosses  the  axis  at  M2. 
Thus,  the  entire  course  of  the  ray  is  shown  by  the  broken 
line  MiBiB2B3M4  which  is  bent  in  succession  at  each  of  the 
incidence-points  Bi,  B?,  (supposing  that  m — 3,  as  repre- 
sented in  the  diagram! . 

The  figure  showc  also  the  path  of  another  paraxial  ray, 
emanating  from  an  object-point  Qi  near  the  optical  axis  but 
not  on  it  and  represented  here  as  lying  perpendicularly 
above  Mi.  7«  iiis  ray  is  the  ray  which  leaves  Qi  along  a straight 
line  which  passes  through  the  center  Ci  of  the  first  refracting 
surface  and  also  through  the  point  Q2  which  is  conjugate  to 
Qi  with  respect  to  this  surface.  This  point  Q2  can  be  lo- 
cated by  determining  the  point  of  intersection  of  the  straight 
line  QiCi  with  the  straight  line  M2Q2  drawn  perpendicu- 
lar to  the  axis  at  M2.  Similarly,  the  point  Q3  conjugate  to 
Q2  with  respect  to  the  second  refracting  surface  will  be  at 


t 
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the  point  of  intersection  of  the  straight  line  Q2C2  with  the 
straight  line  drawn  perpendicular  to  the  axis  at  M3;  and 
so  on  from  one  surface  to  the  next.  Provided,  therefore,  we 
know  the  path  of  one  paraxial  ray  through  the  system,  it 
is  easy  to  construct  the  path  of  a second  ray. 

But  the  best  graphical  method  of  tracing  the  path  of  a 
paraxial  ray  through  a centered  system  of  spherical  refract- 
ing surfaces  consists  in  applying  the  construction  described 
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Fig.  159. — Graphical  method  of  tracing  path  of  paraxial  ray  through  cen- 
tered system  of  spherical  refracting  surfaces. 

in  § 76,  as  follows:  If  the  straight  line  M1B1  (Fig.  159)  rep- 
resenting the  path  of  the  ray  in  the  first  medium  meets  the 
perpendicular  erected  to  the  optical  axis  at  the  center  Oi  in 
the  point  Xi,  and  if  on  this  perpendicular  a second  point  X/ 
is  taken  such  that  C1X1  : CiXi'  = n2  :nh  then  the  straight 
line  BiXi'  will  determine  the  path  BiB2  01  me  ray  in  the 
second  medium.  Draw  C2Y2  parallel  to  ChXi,  and  let  Y2 
designate  the  point  of  intersection  of  the  straight  lines 
BiB2  and  C2Y2;  and  on  C2Y2  take  a point  Y2'  such  that 
C2Y2:  C2Y2'  = n3:  n2,  and  draw  the  straight  line  Y2'B2  meeting 
the  third  refracting  surface  ir  h>:  and  intersecting  in  Z3  the 
straight  line  drawn  through  parallel  to  C2Y2.  If  on  C3Z3 
a point  Z3'  is  taken  such  mat  C3Z3  : C3Z 3'  = n4  : n3,  then  the 
straight  line  B3Z3'  whl  determine  the  path  of  the  ray  after 
, refraction  at  the  third  surface.  This  process  is  to  be  re- 
peated until  the  r;iy  has  been  traced  into  the  last  medium. 
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118.  Calculation  of  the  Path  of  a Paraxial  Ray  through 
a Centered  System  of  Spherical  Refracting  Surfaces —Ob- 
viously, just  as  in  the  case  of  a single  spherical  refracting 
surface  (§  80),  any  figure  lying  in  a plane  in  the  object-space 
perpendicular  to  the  optical  axis  of  a centei  ed  system  of 
spherical  refracting  surfaces  will  be  reproduced  by  means 
of  paraxial  rays  by  a similar  figure  in  the  image-space  also 
lying  in  a plane  perpendicular  to  the  optical  axis.  ( 

Moreover,  if  we  put 

AkMk  = wk,  AkMk+i  wk  , 

the  abscissa-formula  (§  78)  for  the  feth  surface  may  be  writ- 
ten: 


nk  +i  _ nk  . nk+i— nk 
Ilk  Tk 


7/k 


If  also  we  employ  the  symbol 

dk  = Ak  Ak  +i 

to  denote  the  distance  of  the  vertex  of  the  (i-f-l)th  surface 
from  that  of  the  kth  surface  or  the  so-called  axial  thickness 
of  the  (/c+l)th  medium,  then,  evident!}  : 

^k4-l  = ^k  ~ ^k  y 

which  enables  us  to  pass  from  one  surface  to  the  next. 

If  in  these  so-called  recurrent  formulae  we  give  k in  suc- 
cession the  values  k = 1,  2,  . . , (m— 1),  and  if  also  in  the 

first  formula  we  put  finally  k = m,  we  shall  obtain  (2m  1) 

equations;  and  if  the  constants  of  the  system  are  all  known, 
that  is,  if  the  vamts  of  all  the  magnitudes  denoted  by  n,  r 
and  d are  given,  together  with  the  initial  value  u\,  which 
denotes  the  abscissa  of  the  axial  object-point,  these  (2m— 1) 
equations  "nil  enable  us  to  determine  the  value  of  each  of 
the  w’?  m succession.  The  position  of  the  image  point  Mm+i 
conic  gate  to  the  axial  object-point  Mi  will  have  been  ascer- 
tailed  when  we  have  found  the  value  of  the  abscissa  um  . 

The  secondary  focal  point  of  the  system  is  the  point  F 
where  a paraxial  ray  which  is  parallel  to  the  axis  in  the  fiist 
medium  crosses  the  axis  in  the  last  medium;  and  if  we  put 
ao  , then  um'  = AmY'  will  be  the  abscissa  of  the  second- 
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ary  focal  point  with  respect  to  the  vertex  of  the  last  surface. 
Similarly,  the  'primary  focal  point  is  the  point  F where  a par- 
axial ray  must  cross  the  axis  in  the  first  medium  if  it  is  to 
emerge  in  the  last  medium  in  a direction  parallel  to  the  axis. 
In  this  case,  therefore,  we  must  put  um'=  oo  and  solve  for 
Ml  = AiF  in  order  to  obtain  the  abscissa  of  the  focal  point  F 
with  respect  to  the  vertex  of  the  first  surface  of  the  system. 
The  focal  planes  are  the  planes  at  right  angles  to  the  axis 


■\ 


at  the  focal  points  F,  F'. 

Moreover,  if  we  put  ijk  = MkQk,  then  according  to  the 
formula  for  the  lateral  magnification  in  a spherical  refracting 
surface  (§  82),  we  can  write  for  the  A;th  surface: 

yk+ 1_  nk  _Uk'. 
yk  Wk+l  Uk  ’ 

and  if  we  give  k all  integral  values  from  k = 1 to  k = m,  we 
shall  obtain  m equations,  one  for  each  surface,  wherein  the 
denominator  of  the  ratio  on  the  left-hand  side  of.  each  of 
these  proportions  will  be  the  same  as  the  numerator  of  the 
corresponding  ratio  in  the  preceding  one  of  the  series.  Hence, 
if  we  multiply  together  all  of  these  equations,  and  if,  finally 

we  put 

y = y 1,  y'  = ym+i,  n = nh  n'  = nm+ 1, 

we  shall  obtain : 

t / / • 
y nu\.U2  . . . um 

/ y 

y n wi.it2.  . . um 
•which  may  be  written  also: 

k = m 

-■-.ny. 

y k 

k=: 

where  the  symbol  II  placed  hi  front  of  an  expression  in  this 
way  means  merely  that  Li  e continued  product  of  all  terms 
of  that  type  is  to  be  tahen.  Thus  having  found  the  values 
of  all  the  u’ s,  both  mimed  and  unprimed,  we  can  calculate 
by  this  formula  the  lateral  magnification  produced  by  the 
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entire  centered  system  of  spherical  refracting  surfaces  for 
any  given  position  of  the  object-point. 

Moreover,  for  the  kth  surface  the  so-called  Smith- 
Helmholtz  formula  (§  86)  will  have  the  form : 

@k  +l’?/k  +1*  0k  +U 

where  0k  = ZAkMkBk;  and  if  here  also  we  give  k all  values 
in  succession  from  fc  = l to  k = m,  we  shall  obtain: 

^l-2/l*  01  02  • • • Wm+rl/m+l*  0m+l> 

and  finally: 

n'.y'.  d'  = n.y.  0, 

where  n,  n'  and  y,  y'  have  the  same  meanings  as  above,  and 

0 = 0i,  6'=  dm+l. 

119.  The  so-called  Cardinal  Points  of  an  Optical  System. 

The  methods  which  have  just  been  explained,  although 
perfectly  simple  in  principle,  involve  a more  or  less  tedious 
process  of  tracing  the  path  of  a paraxial  ray  from  one  surface 
to  the  next  throughout  the  entire  system.  We  have  now 
to  explain  the  celebrated  theory  of  Gauss  (IT 7 7-1855)  which 
was  developed  (1841)  in  order  to  avoid  as  much  of  this  labor 


as  possible,  by  keeping  steadily  in  view  the  fundamental  re- 
lations between  the  object-space  o,r>d  die  image-space.  It  is 
easy  to  show  that  the  imagery  produced  by  a symmetrical  op- 
tical instrument  in  the  vicim'ty  of  the  axis  is  completely  de- 
termined so  soon  as  we  know7  tne  positions  of  the  focal  points 
and  one  pair  of  conjugate  points  on  the  axis,  together  with 
the  ratio  of  the  indices  o:  iefraction  of  the  first  and  last  media 
of  the  system.  However,  for  this  purpose  certain  pairs  of 
conjugate  axial  joints  are  distinguished  above  others  on 
account  of  their  simple  geometrical  relations;  and  of  these 
the  most  important  are  the  'principal  points  and  the  nodal 
points.  Tnese  two  pairs  of  conjugate  points,  together  with 
the  focal  points,  are  sometimes  called  the  cardinal  points  of 
the  optical  system.  We  shall  explain  now  how  these  points 
are  defined. 

(1)  The  Focal  Planes  and  the  Focal  Points. — In  every 
centered  system  of  spherical  refracting  surfaces  there  are 


) 
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two  (and  only  two)  transversal  planes  at  right  angles  to  the 
axis  which  are  characterized  by  the  following  properties: 

A bundle  of  paraxial  object-rays  which  all  meet  in  a point 
in  one  of  these  planes  ( called  the  primary  focal  plane)  will 
emery e from  the  system  as  a cylindrical  bundle  of  parallel 
image-rays;  and,  similarly,  a cylindrical  bundle  of  pa)  alb  l 
object-rays  will  emerge  from  the  system  as  a bundle  of  image- 
rays  which  all  meet  in  a point  in  the  other  one  of  these  planes 
(called  the  secondary  focal  plane).  The  points  in  which  these 
focal  planes  are  pierced  by  the  axis  are  the  primary  and  sec- 
ondary focal  points  F and  F',  respectively. 

(2)  The  Principal  Planes  and  the  Principal  Points—  Again, 
in  every  symmetrical  optical  system  there  is  one  (and  only 
one)  pair  of  conjugate  transversal  planes  characterized  by 
the  property,  that  in  these  planes  object  and  image  ate  con- 
gruent; and,  therefore,  any  straight  line  drawn  parallel  to  the 
axis  will  intersect  these  planes  in  a pair  of  conjugate  points. 
These  are  the  so-called  principal  planes , one  belonging  to 
the  object-space  ( the  primary  principal  plane)  and  the  other 
belonging  to  the  image-space  (the  secondary  principal  plane,. 
The  points  H,  H'  where  the  optical  axis  crosses  the  orm- 
cipal  planes  are  the  principal  points  of  the  system.  Atten- 
tion was  first  directed  to  these  points  by  Moebius  in  1829, 
but  it  was  Gauss  who  recognized  their  significance  for  the 
development  of  simple  and  convenient  general  formulae  in 

the  theory  of  optical  imagery. 

In  the  principal  planes  the  lateral  1 lagucfication  is  unity , 
that  is,  y'  = y.  (And  hence  the  principal  planes  and  principal 
points  are  called  also,  especially  by  English  writers,  the  unit 
planes  and  the  unit  points.)  Consider,  for  example,  the  case  of 
a single  spherical  refracting  surface,  for  which  we  found  (§  85) 

y'  f f'+u' 

y f+u  r ’ . u , 

If  we  put  y' = y , wo  find  u'  = u = 0;  which  means  that  the 
principal  points  cf  a spherical  refracting  surface  coincide  with 
each  other  at  ih°.  vertex  of  the  surface  (§  81).  We  saw  likewise 
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that  these  points  coincided  with  each  other  at  the  optical 
center  of  an  infinitely  thin  lens  (§  94). 

A useful  rule  is  as  follows: 

To  any  ray  in  one  region  (object-space  or  image-space) 
which  goes  through  the  focal  point  belonging  to  that  region, 


there  will  correspond  a ray  in  the  other  region  which  is  par- 
allel to  the  axis,  and  the  rectilinear  portions  of  the  path  of 


337 


§ 119]  Nodal  Planes  and  Nodal  Points 

the  ray  in  these  two  regions  will  intersect  in  a point  lying  in 
the  principal  plane  of  that  region  to  which  the  focal  point  in 
question  belongs;  as  is  illustrated  in  the  accompanying  dia- 
grams at  W and  at  V'  (Fig.  160,  a and  b). 

(3)  The  Nodal  Planes  and  the  Nodal  Points. — Finally,  in 
every  centered  system  of  spherical  refracting  surfaces  there  * 
is  also  a pair  of  conjugate  transversal  planes  characterized 
by  the  property,  that  the  angle  between  any  pair  of  object - 


Fig.  161— Principal  points  (H,  H')  and  nodal  points 

(N,  NO. 


rays  which  intersect  in  a point  lying  in  the  so-called  pri^iCi  y 
nodal  plane  will  be  exactly  equal  to  the  angle  between  'he  cor- 
responding pair  of  image-rays  which  meet  in  the  conjugate 
point  of  the  secondary  nodal  plane.  The  nodal  ppnts  N,  N' 
where  the  axis  meets  these  planes  were  remarked  first  by 
Moser  in  1844,  but  they  were  brought  into  prominence 
through  the  work  of  Listing  (1845)  with  whose  name  there- 
fore they  are  generally  associated.  The  distinguishing  fea- 
ture of  this  pair  of  conjugate  axia1  points  is  that  object-ray 
and  image-ray  cross  the  axis  at  the  * todal  points  at  exactly  the 
same  slope.  For  example,  if  die,  straight  line  NU  (Fig.  161) 
represents  the  path  of  an  o cject-ray  which  crosses  the  axis 
at  the  primary  nodal  point  and  meets  the  primary  principal 
plane  in  the  point  marked  U,  the  path  of  the  corresponding 
image-ray  will  be  represented  by  a straight  line  N,U/  which 
is  drawn  parallel  o NU  and  which  meets  the  secondary  prin- 
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% 

cipal  plane  in  the  point  marked  U',  so  that  if  Z HNU  = 6, 

Z H'N'U'  = 6',  then  d'  = 6. 

Obviously,  the  quadrilateral  NUU'N'  is  a parallelogram, 
and  hence  H'N'  = HN;  that  is,  the  step  from  one  of  the  prin- 
cipal points  to  the  corresponding  nodal  point  is  identical  with 
%the  step  from  the  other  principal  point  to  its  corresponding  nodal 
point.  The  nodal  points,  therefore,  lie  always  on  the  same 
side  of  the  corresponding  principal  points  and  at  equal  dis- 
tances from  them.  If  the  primary  nodal  point  and  principal 
point  coincide,  the  same  will  be  true  of  the  secondary  nodal 
point  and  principal  point.  Moreover,  since  NN'  = UU/  = 
HIP,  the  interval  between  the  nodal  planes  is  precisely  the 
same  as  the  interval  between  the  principal  planes.  I 

If  in  the  Smith-Helmholtz  formula  (§  118)  we  put  6'  = 

6,  we  find  for  the  lateral  magnification  in  the  nodal  planes 
of  a centered  system  of  spherical  refracting  surfaces 

I 

y n”  I 

where  n and  n'  denote  the  indices  of  re.raction  of  the  first 
and  last  media,  respectively.  Applying  this  result  to  the 
case  of  a single  spherical  refracting  surface,  we  obtain  for 
the  nodal  points  N,  N'  the  conditions  u'  = u = r,  that  is,  | 

AN'  = AN  = AC.  Consequently,  the  nodal  points  of  a spher- 

, ♦ 

ical  refracting  surface  coincide  with  each  other  at  the  center  I 
C of  the  surface;  as  might  have  been  inferred  at  once  from 
the  fact  that  a central  ray  is  not  deviated  by  refraction  at  a 
spherical  surface.  I 

(4)  Various  writers  on  optics  have  distinguished  other 
pairs  of  conjugate  axial  points  besides  the  principal  points 
and  nodal  points,  but  none  of  these  can  be  said  to  have 
achieved  a permanent  place  in  the  literature  of  the  subject. 

Wc  may  mention  the  so-called  negative  principal  points,  in- 
troduced by  Toepler  in  1871,  which  are  characterized  by 
the  fact  that  for  this  pair  of  points  the  lateral  magnification  is 
equal  to  — 1 ; that  is,  y’  = —y,  so  that  the  image  is  inverted 
and  of  same  size  as  object.  Professor  S.  P.  Thompson,  hav- 
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ing  this  property  in  view,  has  re-named  them  much  more 
happily  the  symmetric  'points  of  the  optical  system. 

120.  Construction  of  the  Image-Point  Q'  conjugate  to  an 
Extra-axial  Object-Point  Q. — If  the  principal  planes  and 
focal  planes  have  been  determined,  it  will  not  be  necessary 
to  trace  the  path  of  a ray  in  the  interior  of  the  system.  Sup-* 


pose,  for  example,  that  Q (Fig.  162)  designates  the  position 
of  an  object-point  not  on  the  axis;  the  position  of  the  point 
Q'  conjugate  to  Q may  be  constructed  as  follows: 

Through  Q draw  a straight  line  QV  parallel  ro  the  axis 
meeting  the  secondary  principal  plane  in  the  pcmt  marked 
V'  and  also  another  straight  line  QF  meeting  the  primary 
principal  plane  in  the  point  marked  W.  The  required  point 
Q'  will  be  found  at  the  point  of  intersection  of  the  straight 
line  V'F'  with  the  straight  line  W Q drawn  parallel  to  the 
axis.  The  feet  of  the  perpendiculars  let  fall  from  Q,  Q'  on 
to  the  axis  will  locate  also  a pair  of  conjugate  axial  points 
M,  M'.  The  construction  i c seen  to  be  entirely  similar  to 
that  given  in  §§  71,  81  anu  92.  The  case  represented  in  the 
figure  is  that  of  a co:,vergent  optical  system , in  which  parallel 
object  rays  are  converged  to  a real  focus  at  a point  in  the 
secondary  focal  plane.  The  student  should  draw  for  him- 
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self  the  corresponding  diagram  for  the  case  of  a divergent 
optical  system. 

121.  Construction  of  the  Nodal  Points  N,  N'.— Having  de- 
termined the  position  of  the  point  Q'  conjugate  to  Q,  we  can 
easily  locate  the  positions  of  the  nodal  points  N,  N'.  For 
example,  on  the  straight  line  WQ'  (Fig.  162)  take  a point  Z 
such  that  ZQ'  = HH',  and  draw  the  straight  line  QZ  meeting 
the  primary  principal  plane  in  the  point  U.  Draw  UU'  par- 
allel to  the  axis  meeting  the  secondary  principal  plane  in 
the  point  U\  Evidently,  the  straight  lines  QU  and  Q'U'  will 


F 

U 

u' 

F' 

• 

• 

• 

w 

w7  ^ 

I' 

• 

Fig.  163. — Construction  of  nodal  poinib  (N,  N')>  and  proof  of 

relation  I'  jf'  —FA. 


be  parallel,  and  the  points  whcre  they  cross  the  axis  will  be 

the  nodal  points  N,  N'  (§  119) 

A simpler  way  of  const’ noting  the  nodal  points  N,  N'  is 

as  follows: 

Through  the  primary  focal  point  F draw  a straight  line 
FW  meeting  the  primary  principal  plane  in  the  point  marked 
W,  and  througii  W draw  a straight  line  parallel  to  the  axis 
meeting  the  secondary  focal  plane  in  a point  marked  F in 
Fig.  163.  This  point  I'  is  the  image-point  of  the  infinitely 
distent  point  I of  the  straight  line  FW.  The  straight  line 
drawn  through  F parallel  to  FW  will  meet  the  axis  in  the 
secondary  nodal  point  Nr;  and  the  position  of  the  other  nodal 
point  N can  be  found  immediately. 

The  diagram  shows  also  that 

FH  = N'F'; 
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H whence  it  follows  (§  119)  that 

F'H'  = NF. 

■ Accordingly,  the  step  from  one  nodal  point  to  the  correspond- 
fi  ing  focal  point  is  identical  ivith  the  step  from  the  other  focal 
cj  point  to  its  corresponding  principal  point.  In  fact,  the  three 
segments  of  the  axis  FF',  HN'  and  H'N  all  have  a common 
5 1 half-way  point. 

I Incidentally,  another  useful  relation  may  be  seen  at  a 
1 glance  in  Fig.  163.  Let  R designate  the  point  where  the  ray 
I HI  which  passes  through  the  primary  principal  point  crosses 
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Fig.  164. — Construction  of  image-point  Q'  conjugate  to  object-pc’nt  in 

an  optical  system. 


the  primary  focal  plane;  the  corresponding  image-ray  will 
pass  through  the  secondary  principal  point  F'  and  cross  the 
secondary  focal  plane  at  I';  and,  obviously,  since  FRHW 
and  HWI'F'  are  both  parallelograms, 

F I'F'  = FR; 

Consequently,  a pair  of  conjugate  rays  passing  through  the 
principal  points  H,  IF  will  cross  itie  focal  planes  at  equal  dis- 
tances from,  the  axis,  but  on  opposite  sides  thereof . 

This  result  may  be  utilized  in  the  construction  of  the 
point  Q'  (Fig.  164)  conugate  to  the  object-point  Q.  Let 
X designate  the  point  where  the  straight  line  QH  crosses 
the  primary  focal  plane;  and  take  a point  Y'  in  the  secondary 
focal  plane  such  Fiat  F'Y'  = XF.  Then  the  required  point  Q' 
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will  be  at  the  point  of  intersection  of  the  straight  line  H'Y' 
with  either  of  the  straight  lines  W'Q'  or  V'F'  shown  in  the 
figure. 

122.  The  Focal  Lengths  f,  f'. — Let  us  employ  the  symbols 
co,  co'  to  denote  the  slopes  of  a pair  of  conjugate  rays  which 
pass  through  the  principal  points  H,  H';  thus,  in  Fig.  164 
ZFHX=  co,  ZF'H'Y'  = co';  and  since  in  the  case  of  paraxial 
rays  we  may  write  co  andco'  in  place  of  tanco  and  tanco'  I 
(see  § 63),  we  have: 

FH  F'H'  " ’ III 

Accordingly,  dividing  one  of  these  equations  by  the  other, 
and  taking  account  of  the  fact  that  F'Y' = XF  (§  121),  we 
obtain : 

FH  _ _ co'  III 

F'H'  co  ’ 

Since  the  lateral  magnification  in  the  principal  planes  is 
equal  to  +1,  that  is,  since  y'  = y (§  119),  the  Smith-Helm- 
holtz  formula  (§  118)  for  the  pair  o4  conjugate  points 
H,H' takes  the  form:  I 

n'.o)'=n.  oo,  I 

where  n and  n'  denote  the  in J ices  of  refraction  of  the  first 
and  last  media  of  the  optical  system. 

If,  therefore,  the  focal  lengths  of  the  optical  system  are  de- 
fined as  the  abscissce  of  iuc  principal  points  with  respect  to  their  I 
corresponding  focal  points,  that  is,  if  we  put/=FH,/'  = F'H', 
where/ and/'  denc+o  the  primary  and  secondary  focal  lengths,  [ 
respectively,  then  combining  the  relations  found  above  so  || 

as  to  eliminate  the  angles  co  and  c o',  we  find: 

/ =_  n . 

/'  n" 

which  may  be  put  in  words  as  follows:  The  focal  lengths  of 
n e entered  system  of  spherical  refracting  surfaces  are  propro- 
iional  to  the  indices  of  refraction  of  the  first  and  last  media, 
and  are  opposite  in  sign;  except  in  the  single  case  when  the 
optical  system  includes  an  odd  number  of  reflecting  surfaces, 
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in  which  case  the  focal  lengths  will  have  the  same  sign  (that  is, 
in  this  exceptional  case,  ///'  = +n/n'). 

It  appears,  therefore,  that  the  formula, 

n'./+n./'  = 0, 

which  was  found  (§§  79  and  96)  to  hold  for  a single  spherical 
refracting  surface  and  for  an  infinitely  thin  lens,  expresses, 
in  fact,  a perfectly  general  relation  which  is  true  of  any 
centered  system  of  spherical  refracting  surfaces.  Consider, 
for  example,  the  optical  system  of  the  human  eye  in  which 
the  first  medium  is  air  (n=l)  and  the  last  medium  is  the 
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Fig.  165. — Focal  lengths  (/,/')  of  an  optical  system. 
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so-called  vitreous  humor  whose  index  of  refraction  is  n'  - 
1.336.  In  Gullstrand's  schematic  eye  (see  § 130)  ilie 
primary  focal  length  is  found  to  be  /=  + 17.055  mm., 
whence,  according  to  the  above  formula,  the  s3Condary 
focal  length  is  /'  = —22.785  mm. 

In  particular,  when  the  media  of  object-space  and  image- 
space  are  identical  ( n'  = n ),  the  focal  lengths  are  equal  in  mag- 
nitude^ but  opposite  in  sign  (/'  = — /).  This  is  the  case  with 
most  optical  systems,  since  they  mo  usually  surrounded  by 
air.  According  to  the  definitions  of  the  focal  lengths  given 
above,  it  follows  from  § 121  thov 

FH  = N'F'  =/,  F'H'  = NF  =/'; 
and  hence  we  see  that  fhc  y.odal  points  (N,  N')  of  an  optical 
system  surrounded  by  ike  same  medium  on  both  sides  coincide 
j with  the  principal  vnc>its  (H,  H') ; for  when  nf  = n,  then 
FH  ~/'  = FN,  F'H'  =/'  = — /= F'N'. 


c Mifciy,  . 
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The  focal  lengths  of  a centered  system  of  spherical  re- 
fracting surfaces  may  be  defined  also  exactly  as  in  §§  83 
and  95.  If  in  Fig.  165  we  put  ZHFW  = 0,ZH'F'V'  = 0', 
we  can  write: 


/=FH  = 


HW 


/'  = F'H'  = 


H'V' 


tan  6 ' ''  " tan  6'  ’ 

and  since  HW  = FT,  H'V'  = FJ,  tan0  = 0,  tan0'=0',  we 
have: 


/= 


FT 


f'  = 


FJ 


e ’ J d'’ 

Accordingly,  we  may  also  define  the  focal  lengths  as  follows: 
The  focal  length  of  the  object-space  (/)  is  equal  to  the  ratio  of 
the  linear  magnitude  of  an  image  formed  in  the  focal  plane 
of  the  image-space  to  the  apparent  (or  angular ) magnitude  of 
the  correspondingly  infinitely  distant  object;  and,  similarly,  the 
focal  length  of  the  image-space  if')  is  equal  to  the  ratio  of  the 
linear  magnitude  of  an  object  lying  in  the  fecal  plane  of  the 
object-space  to  the  apparent  (or  angular ) magnitude  of  its  in- 
finitely distant  image. 

The  focal  lengths  may  be  said,  therefore,  to  measure  the 
magnifying  power  of  the  optical  msti  ament,  for  if  the  appara- 
tus is  adapted  to  an  emmetropic  eye  (§  153),  the  image  will 
be  formed  at  infinity,  and  the  magnifying  power  will  be  deter- 
mined by  the  ratio  of  the  apparent  size  of  the  image  to  the 
actual  size  of  the  object  (see  Chapter  XIII). 

123.  The  Imago-Lquations  in  the  case  of  a Symmetrical 
Optical  System.  —The  image-equations  are  a system  of  re- 
lations which  enable  us  to  find  the  position  of  an  image- 
point  Q'  (Fig.  162)  conjugate  to  a given  object-point  Q. 
The  position  of  the  point  Q will  be  given  by  its  two  co- 
ordinates referred  to  a system  of  rectangular  axes  in  the 
object-space  in  the  meridian  plane  in  which  the  point  Q lies. 
Naturally,  the  optical  axis  will  be  selected  as  the  axis  of 
abscissae  and  either  the  primary  focal  point  F or  the  primary 
principal  point  H as  the  origin.  Thus,  if  we  put 

FM  = x,  HM = u,  MQ =y, 
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the  object-point  Q will  be  the  point  (x,  y)  or  the  point  (u,  y ), 
according  as  we  take  the  origin  at  F or  H,  respectively. 
Similarly,  in  the  image-space,  if  we  put 

F'M'  = x',  H'M'  = u',  M'Q'=Y, 

the  coordinates  of  Q'  will  be  denoted  by  (x',  y')  or  (u',  y') 
according  as  the  origin  of  this  system  of  axes  is  at  F'  or  H', 
respectively. 

a.  The  image-equations  referred  to  the  focal  points  F,  F'. — 
The  following  proportions  are  obtained  from  the  two  pairs 
of  similar  triangles  FHW,  FMQ  and  F'H'V',  F'M'Q': 

HW  _ FH  M'Q'_F'M' 

MQ~FM’  H'V'  f'h,; 

and  since 

H W = M'Q'  = y\  H'V'  = MQ  = y,  FH  =/,  F'H'  =/', 
we  find  immediately: 

y x f'  ’ 

whence  the  coordinates  x',  y'  can  be  found  in  terms  of  the 
given  coordinates  x,  y and  the  focal  lengths  /,  /'. 

These  formulae,  which  were  obtained  formerly  for  cer- 
tain simple  special  cases  (§§  69,  85  and  93)  are  seen,  tuer  3- 
fore,  to  be  entirely  general  and  applicable  always  to  any 
symmetrical  optical  system.  The  so-called  Newtonian 
form  of  the  abscissa-relation,  viz., 

x.x'  =/./', 

shows  that  the  product  of  the  focal-point  afccossse  is  constant. 

b.  The  image-equations  referred  to  the-  principal  points 
H;H'. — Again,  the  following  proportions  are  derived  from 
the  two  pairs  of  similar  triangles  FHW,  QVW  and  F'H'V', 
Q'W'V': 

WV  _ VQ  _ HM  V'W'  _ W'Q'  __  H'M'  . 

HW  FH  FH  ’ H'  V'  F'  H'  F'H'  ’ 
and  since  WV=WH+HV=  Q'M'+MQ=  -(y'-y)  and 
V'W' = V'H'+H'W'  = QM+M'Q'  = (1/ - y) , we  find: 

v'—y_  u y'  — y _u' 

7’  V f 
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These  relations  give  the  following  expressions  for  the  lateral 
magnification : 

y'  f _f'+u'_  f U' 

y f+u  f /'  u 

Clearing  fractions,  we  obtain: 

f.u,Jrf.u-\-u.u'  = 0, 

and  dividing  through  by  u.ur,  we  have  the  well-known 
abscissa-relation : 

L+l+l=0; 

u u 

which  may  also  be  obtained  directly  by  substituting  x=f-\-u, 
x'=f'-\-u'  in  the  equation  x.x'=f.f'. 

By  means  of  these  formulae,  the  coordinates  u',  y'  may 
be  found  in  terms  of  the  given  coordinates  u,  y and  the 
focal  lengths/,/'. 

Since  n'.f+n.f  = 0 (§  122),  we  have  also  another  expres- 
sion for  the  lateral  magnification,  viz., 


£ 

y 


n.u 

n'.u 


which  has  likewise  been  obtained  a1  ready  in  the  special  case 
of  a single  spherical  refracting  surface  (§  82). 

A simple  and  convenient  method  of  locating  the  positions 
of  pairs  of  conjugate  axial  points  is  suggested  by  the  ab- 
scissa-relation * ] 

* ff 

—4- —,+1=0; 

u u 

which  may  be  out  in  the  following  form : 

HF  . H'F'  , 

I f ^ * 

u u 

Suppose,  therefore,  that  the  axial  line  segment  H'F'  is  shoved 
along  the  optical  axis  until  the  secondary  principal  point  H' 
is  biought  into  coincidence  with  the  primary  principal  point 
tl,  and  that  then  the  optical  axis  in  the  image-space  (V)  is 
turned  about  H until  it  makes  a finite  angle  with  the  op- 
tical axis  in  the  object-space  (x),  as  represented,  for  example, 
in  Fig.  166.  Through  the  focal  points  F and  F'  draw  the 
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m straight  lines  FS  and  F'S  parallel  to  H'F'  and  HF,  respec- 
) tively,  and  let  S designate  their  point  of  intersection.  Then 
l any  straight  line  drawn  through  S will  intersect  x and  x'  in 
j a pair  of  conjugate  axial  points  M,  M';  for  if  we  put  u = HM 
l and  u'  = H'M'  in  the  equation  above,  the  equation  will 


Fig.  166. — Construction  of  point  M'  conjugate  to 
axial  object-point  M in  an  optical  system. 

I'M 

1 evidently  be  satisfied.  The  vertex  S of  the  parallelogram 
i i j HF'SF  is  the  center  of  perspective  of  the  two  point-ranges 


x and  x' . 

c.  The  image-equations  referred  to  any  pair  of  </ njugale 
axial  points  0,  O'. 

If  the  origins  of  the  two  systems  of  rectangular  axes  are 
a pair  of  conjugate  axial  points  0,  0'  whose  distances  from 
the  focal  points  F,  F'  are  denoted  bv  c,  a',  respectively,  so 
that  FO  = a,  F'O'  = a';  and  if  we  put 

OM=z,  0'M'=z', 

then 

x = a+z,  x'  = a'+z'; 

and  if  these  values  of  x and  x'  are  substituted  in  the  equa- 
tions 


y’f_x' 
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we  obtain : 


y 

y 


f a'+z' 


a+z  f 

Since  a.a'  the  relation  between  z and  z ' may  be  put  in 
the  form: 


[§  123 


-+“+1=0, 

z z 


where  the  constants  are  now  a and  a'  instead  of  f and  /'. 

Suppose,  for  example,  that  the  pair  of  conjugate  axia 
points  0,  O'  is  identical  with  the  pair  of  nodal  points  N,  N' 
then 

a = FO  = FN  = -/',  a'  = F'O'  = F'N'  = -/; 

so  that  the  image-equations  referred  to  the  nodal  pointy 
will  have  the  following  forms: 

yl=JL=z'~f 

y 

where  z = NM,  z'  = N'M'. 


++1=0, 
z z 


z-r  r 


d.  The  image-equations  in  terms  of  Ike  refracting  powers 
and  the  reduced  vergences  (see  §§  105  ^nd  i06). 

The  refracting  power  of  the  optical  system  is  definedii 
(§  105)  by  the  relations: 


„ _ n _ n 

r ~ ~7  ~~  77 

J J 


where  n,  n'  denote  the  indices  of  refraction  of  the  first  am 
last  media.  Similarly  the  reduced  vergences  (§  10G)  with| 
respect  to  the  principal  points  are: 

n' 


U = - 
u 


U'  = 


u 


If,  therefoie,  in  the  image-equations  referred  to  the  prin-l 
cipa!  points  we  eliminate  /,  /'  and  u,  u'  by  means  of  these! 
two  nairs  of  formulae,  we  obtain  the  image-equations  in  the! 
fodowing  exceedingly  useful  and  convenient  form:  I 


V u 


U’=v+F’  rv 


If  the  linear  magnitudes  are  measured  in  terms  of  the  meterd; 


3 §124] 
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as  unit  of  length,  the  magnitudes  denoted  here  by  U,  U' 
and  F will  all  be  expressed  in  dioptries  (§  107). 

124.  The  Magnification-Ratios  and  their  Mutual  Re- 
lations.— (a)  The  lateral  magnification  y.  This  has  al- 

ready been  defined  as  the  ratio  of  conjugate  line-segments 
lying  in  planes  at  right  angles  to  the  optical  axis.  The  fol- 
lowing expressions  were  obtained  for  this  ratio  in  § 123: 
_y_/_z'=  / _f'+iT  = f.iT _ n.u'  _ U . 

V~y~x~f  f+u  /'  f'.u  n’.u  U” 
whence  we  see  that  the  lateral  magnification  is  a function 
of  the  abscissa  of  the  object-point,  and  that  in  any  optical 
system  it  may  have  any  value  from  — oc  to  + oo  depending 
on  the  position  of  the  object. 

( h ) The  axial  magnification  or  depth-ratio  x.  If  x , x'  de- 
note the  abscissae  with  respect  to  the  focal  points  of  a pair 
of  conjugate  axial  points,  and  if  x+c,  x'+c'  denote  the  ab- 
scissae of  another  pair  of  such  points  immediately  adjacent 

to  the  former,  then,  since 

x.x'  =f  .f'  = (x-\-c)  (x'+c'), 

and  since  moreover  the  product  c.cf  is  a small  magnitude  oi 
the  second  order  as  compared  with  either  of  the  small  factor 
c or  c',  and  is  therefore  negligible,  we  find: 

c.x'  + c'.x  = 0. 

The  ratio  c'  : c of  small  conjugate  segments  oi  the  axis 
is  called  the  axial  or  depth-magnification.  1+  this  ratio  is 
denoted  by  the  symbol  x,  then,  according  10  the  equation 

above : 


4 


C X x2  ’ 

so  that,  whereas  the  lateral  magnification  is  inversely  pro- 
portional to  the  abscissa  x , the  depth-magnification  is  inversely 
proportional  to  the  square  oi  x.  In  fact,  the  relation  between 
the  axial  magnification  ana  the  lateral  magnification  may 

be  expressed  as  follows . 

x /'  n' 


/ n 


0 


» ft  ft  • 


• • • • * -• 
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The  axial  magnification  or  “depth-elongation”  of  a small  I 


object  is  proportional  to  the  square  of  its  lateral  magnification,  b 
If,  therefore,  we  take  a series  of  ordinates,  1,  2,  3,  4,  etc.  o 


(Fig.  167),  all  of  equal  height  and  at  equal  intervals  apart  pi 


V V' 


X 


f"l  \ I 

Fig.  167. — Relation  between  axial  or  depth-magnification  and  lateral 

magnification. 

(like  a row  of  telegraph  poles),  their  images  will  be  of  un-  c 


equal  heights  and  at  unequal  distances  apart;  but  the  in-  fa 


tervals  between  the  successive  images  will  in  c. "ease  or  di-  1J 
minish  far  more  rapidly  than  the  corresponding  changes  in  li 
their  heights.  Accordingly,  the  image  of  a col  id  object  can-  c 
not,  in  general,  be  similar  to  the  object,  'nit  will  be  distorted,  fa 
since  the  dimension  parallel  to  the  axis  of  the  optical  system  a 
is  altered  very  much  more  than  the  dimensions  at  right  angles  fa 
to  the  axis.  This  uneven  distribution  of  the  images  of  ob-  q 


M - F H H’  F*  M’ 


Fig.  1 6$. — Angular  magnification  or  convergence-ratio. 


jects  at  different  distances  explains  “the  curious  effect  no-p 


ticeatJe  in  modern  binocular  field-glasses  of  high  power,  ti 
but.  seen  also  in  opera-glasses  and  telescopes,  in  which  the  d 
successive  planes  of  landscapes  seem  exaggerated,  and  flat-  ), 
tened  almost  like  the  flat  scenery  of  the  theater.  Thin  trees  o 
and  hedges,  for  example,  seem  to  occupy  definite  planes;  and  ii 
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the  more  distant  objects  appear  to  be  compressed  up  toward 
those  in  front  of  them  ” (Professor  S.  P.  Thompson). 

( c ) The  angular  magnification  or  so-called  convergence- 
ratio  z.  If  the  slopes  of  conjugate  rays  are  denoted  by  6,  O', 
that  is,  if  we  put  0 = ZFMJ,  6'  = /. F'M'I'  (Fig.  168), 
where  M,  M'  designate  the  points  where  the  ray  crosses  the 
axis  in  the  object-space  and  image-space,  respectively,  and 
J and  I'  designate  the  points  where  it  crosses  the  primary 
and  secondary  focal  planes,  then  evidently : 


> 


:si 

! 

■4 

■ ii 

:is 

* 


tan  6 — 


FJ 


tan  6'  = 


FT 


MF’  M'F'  ’ 

But  the  focal  lengths  are  defined  by  the  equations  (§  122): 


FI' 
tan  d’ 


f = 


/'  = 


FJ 


tan  d 


/ > 


and  therefore: 


tan  9 = 


F'P 


/ 


tan  6'  = 


FJ 


Eliminating  the  intercepts  FJ  and  F'P,  we  obtain: 

_ tan  9' _ _x  _ _ / 
tan  9 /'  x'  ’ 

where  the  ratio  z= tan  9'  : tan  9 (or  9'  : 9)  is  called  the 
angular  magnification  or  the  convergence-ratio.  It  is  dhectly 
proportional  to  the  abscissa  x of  the  object-point  W . 

The  three  magnification-ratios  x , y and  2 net  connected 
by  the  following  relation: 


y 


X z 


= 1. 


* 


PROBLEMS 

1.  Taking  the  index  of  refraction  of  water =|,  show 
/ that  the  sun’s  rays  passing  through  a globe  of  water,  6 inches 
^ in  diameter,  will  be  converged  to  a focus  6 inches  from  the 

center  of  the  sphere. 

2.  A small  object  is  placed  at  a distance  u from  the  nearer 
side  of  a solid  acting  sphere  of  radius  r and  of  refractive 
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index  n.  Show  that  the  distance  of  the  image  from  the  other 
side  of  the  sphere  is 


1 


. 2 r(u—r)  — n.u.r 

qj  = . 

2(n  — l)u—  (n—  2 )r  1 

and  find  the  lateral  magnification. 

3.  A luminous  point  is  situated  at  the  first  focal  point  of 
an  infinitely  thin  symmetric  double  convex  lens  made  of 
glass  (of  index  1.5)  and  surrounded  by  air.  The  radius  of 
each  surface  is  15  cm.  Show  that  the  image  formed  by  rays 
which  have  been  twice  reflected  in  the  interior  of  the  lens 
before  emerging  again  into  the  air  will  be  on  the  other  side 
of  the  lens  at  a distance  of  2.5  cm.  from  it. 

4.  An  optical  system  is  composed  of  two  equal  double 
convex  lenses.  The  index  of  refraction  of  the  glass  is  n = 
1.6202,  and  the  radii,  thicknesses,  etc.,  are  as  follows: 


] 

] 

1 


6 


C 


ri=  -r4= 47.92243;  r3= -r2  = 9.39617; 


d\  — cf3 — 0.2;  d2 — 2.4287. 

If  an  incident  paraxial  ray  crosses  the  axis  at  a distance 
Mi  =—7.31101  from  the  vertex  of  the  first  surface,  show 
that  the  emergent  ray  will  cross  the  a: as  at  a distance  u\  = 
33.65725  from  the  vertex  of  the  last  surface. 

5.  A.  Gleichen  in  his  Lehrbuch  der  geometrischen  Oplik 
gives  the  following  data  of  P.  C'oerz’s  “double  anastigmat ” 
photographic  objective,  composed  of  three  cemented  lenses, 
the  first  being  a positive  meniscus  of  crown  glass,  the  second 
a double  concave  flint  glaso  lens,  and  the  third  a double  con- 
vex crown  glass  lens  • 

Indices  of  refraction: 

Mi  = nP  = l;  w2  = 1.5117;  n3  = 1.5478;  m4  = 1.6125 


6 

N 


* 

K 


Radii: 


r:  = -0.128965;  r2= -0.049597;  r3= +0.196423;  ; 

r\  = —0.1266629  I 

rl  hicknesses:  I 

dy=+ 0.01277;  c/2= +0.00664;  d3=  +0.02114. 

Show  that  the  second  focal  point  of  this  system  is  at  a dis-  I 
tance  of  +1.111095  from  the  vertex  of  the  last  surface.  (See  i 
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scheme  for  calculation  of  paraxial  ray  through  a centered 
system  of  spherical  refracting  surfaces,  § 181). 

6.  Define  the  nodal  points  N,  N'  and  show  that  FN  = 

F'N'  = — /,  where  F,  F'  designate  the  positions  of  the  focal 
points  and  /,  / ' denote  the  focal  lengths  of  the  optical  system. 
Under  what  circumstances  are  the  nodal  points  identical 
with  the  principal  points? 

7.  Derive  the  image-equations  referred  to  the  principal 
points. 

8.  Given  the  positions  on  the  optical  axis  of  the  principal 
points  and  of  the  focal  points  ] construct  the  nodal  points. 
Also,  construct  the  point  Q'  conjugate  to  a given  object- 
point  Q.  Draw  diagrams  for  convergent  and  divergent 

systems. 

9.  Prove  that 


n'  .f  —0, 

where  f and  Jf  denote  the  focal  lengths  of  the  optical  system, 
and  n and  nf  denote  the  indices  of  refraction  of  the  first  and 

last  media. 

10.  A small  cube  is  placed  on  the  axis  of  a symmetric?  l 
optical  instrument  with  one  pair  of  its  faces  peipendiciJax 
to  the  axis.  Find  the  two  places  where  the  image  of  the  cube 
will  also  be  a cube.  (Assume  that  the  instrument  is  sur- 
rounded by  the  same  medium  on  both  sides.) 

Ans.  At  the  points  for  which  the  lateral  magnification  is 


+ 1 or  — 1. 

11.  An  object  is  placed  3 inches  in  front  of  the  piimary 
focal  plane  of  a convergent  optical  system.  Show  that  the 
image  will  be  one-and-a-half  times  as  large  as  it  was  at  hist 
if  a plate  of  glass  (n  = 1.5)  of  thickness  3 inches  is  interposed 

between  the  object  and  the  instrument. 

12.  Show  that  the  axial  magnification  at  the  nodal  points 
has  the  same  value  as  the  lateral  magnification  in  the  nodal 


planes. 

13.  A symmetrical  optical  instrument  is  surrounded  by 
the  same  mechcm  on  both  sides.  If  the  images  of  two  small 


9 
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objects  A and  B on  the  axis  are  formed  at  A'  and  B',  show 
that  the  ratio  of  A'B'  to  AB  is  equal  to  the  product  of  the 
lateral  magnifications  for  the  pairs  of  conjugate  points  A,  A' 
and  B,  B'. 

14.  Show  that  in  a symmetrical  optical  instrument  there 
are  two  pairs  of  conjugate  points  on  the  axis  for  which  an 
infinitely  small  axial  displacement  of  the  object  will  cor- 
respond to  an  equal  displacement  of  the  image;  and  that  the 
focal  points  are  midway  between  these-  points. 

15.  Show  that  in  a symmetrical  optical  instrument  sur- 
rounded by  the  same  medium  on  both  sides  there  are  two 
points  on  the  axis  where  object  and  image  will  be  in  the  same 
plane;  and  that  if  a denotes  the  distance  between  the  prin- 
cipal planes,  the  distance  between  these  two  points  will  be 


H 


l 


- 

( 

t 


i 


\/a(a-\-4f).  I 

16.  In  a centered  system  of  m spherical  refracting  surfaces  I 
the  vertex  of  the  kth  surface  is  designated  by  Ac.  A par-  I 
axial  ray  crosses  the  axis  before  refraction  at  tne  first  surface  I 
at  a point  Mi  which  coincides  with  the  primary  focal  point  F I 
of  the  optical  system.  Before  and  after  refraction  at  the  I 
kth  surface  this  ray  crosses  the  ax:s  at  Mk  and  Mk+i,  re-  I 
spectively.  If  we  put  wk  = AkMi.,  uk'  = AkMk+1,  show  that  I 


U<l.Uz. 
V/\.  V/2» 


— 1 


•FAx, 


where  / denotes  the  primary  focal  length  of  the  optical  I 
system.  I 

17.  If  the  symbcL  ak,  wk,  employed  in  the  same  sense  as  I 
in  the  preceding  pioblem,  refer  to  a paraxial  ray  which  is  I 
incident  on  the  nrst  surface  of  the  system  in  a direction  | 
parallel  to  the  optical  axis,  show  that  I 


^ 71 


U 


m 


77-  XL  2,  •'ll  3 • • • XLixi 


/'=- 
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m 


U 


ra 


where  /,  /'  denote  the  focal  lengths  of  the  system  and  n,  n' 


• ieuf  te  the  indices  of  refraction  of  the  first  and  last  media.  I 

18.  Employing  the  formulae  of  No.  17,  determine  the  focal  3 
lengths  of  a hemispherical  lens  of  glass  of  refractive  index  | 
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1.5;  and  find  the  positions  of  the  principal  planes  and  the 
focal  planes. 

Ans.  If  r denotes  the  radius  of  the  curved  surface,  and  if 
distances  are  measured  from  the  vertex  of  this  surface,  the 
distances  of  the  focal  points  are  — 2 r and  +/?’/3,  and  the 
distances  of  the  principal  points  are  0 and  “t~r/3.  The  focal 
length  is  twice  the  length  of  the  radius. 

19.  If  a paraxial  ray,  proceeding  originally  in  a direction 
parallel  to  the  axis  of  a centered  system  of  spherical  refract- 
ing surfaces  (as  in  No.  17),  crosses  the  axis  in  the  medium  of 
index  nk  at  a point  Mk  whose  distance  from  the  vertex  of 
the  /cth  surface  is  wk  = AkMk  (Uk  = nk/uk),  show  that 

F1,k=F1,k.i(Uk+Fk) 

where  Fk  denotes  the  refracting  power  of  the  /cth  surface, 
Fhk  denotes  the  refracting  power  of  the  system  of  surfaces 
bounded  by  the  1st  and  /cth  inclusive  (Fi,i  = Fi  and  F i,o  = 0), 
and  4_i  = Ak_i  Ak  denotes  the  axial  thickness  between  the 

surfaces  bounding  the  medium  of  index  nk.  ^ 

20.  In  any  optical  system  surrounded  by  the  same  memum 
on  both  sides,  the  product  of  the  lateral  magnification  and 
the  angular  magnification  (§  124)  for  a given  posit  ion  of  the 

object  is  equal  to  unity. 

21.  The  principal  points  of  an  optical  system  are  desig- 
nated  by  H,  H',  and  M,  M'  designate  another  pair  of  conju- 
gate points.  Moreover,  the  first  focal  point  and  the  first 
nodal  point  are  designated  by  F and  N.  respectively.  Show 

that 

MF  MN 
MH  = MM7- HIT' 

How  is  this  formula  modified  for  the  case  of  a single  spherical 
refracting  surface?  and  for  the  case  of  an  infinitely  thin  lens? 


CHAPTER  XI 


i 


COMPOUND  SYSTEMS.  THICK  LENSES  AND  COMBINATIONS 

OF  LENSES  AND  MIRRORS 

125.  Formulae  for  Combination  of  Two  Optical  Systems 
in  terms  of  the  Focal  Lengths. — Suppose  that  the  optical 
system  consists  of  two  parts  I and  II,  each  composed  of 
a centered  system  of  spherical  refracting  surfaces  with  their 
optical  axes  in  the  same  straight  line.  On  a straight  line 
parallel  to  this  common  optical  axis  take  two  points  P,  P' 
(Fig.  169),  which  we  shall  assume  to  be  a pair  of  conjugate 
points  with  respect  to  the  compound  system  (1+11)  ; and 

I n I 


Fig.  169. — Combination  of  *v»o  optical  systems.  Letters  with  subscripts 
refer  to  component  systems;  letters  without  subscripts  refer  to  com- 
pound or  resulta  it  system. 


since  these  pom  is  are  on  the  same  side  of  the  optical  axis 
and  at  equcl  distances  from  it,  evidently,  they  must  lie  in 
the  principal  planes  of  the  compound  system  (§  119).  Ac- 
cordingly, the  feet  of  the  perpendiculars  drawn  from  P,  P' 
to  tbo  optical  axis  will  be  the  pair  of  principal  points  H,  H' 
ot  the  compound  system. 

On  the  optical  axis  select  a point  Fi  for  the  position  of 
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the  primary  focal  point  of  system  I;  and  select  also  the  posi- 
tions of  the  principal  points  Hi,  H/  and  H2,  H2'  of  systems 
I and  II,  respectively.  Through  Fi  draw  the  straight  line 
PWi  meeting  the  primary  principal  plane  of  system  I in  the 
point  Wi;  take  Hi'Wi'  = HiWi,  and  draw  the  straight  line 
W/G2  parallel  to  the  axis  meeting  the  primary  principal 
plane  of  system  II  in  the  point  G2;  take  H 2'G2'  = H2G2,  and 
draw  the  straight  line  G2'P',  which  must  necessarily  cross 
the  optical  axis  at  the  secondary  focal  point  F2'  of  system  II. 

Let  the  straight  line  drawn  through  P parallel  to  the  op- 
tical axis  meet  the  primary  and  secondary  principal  planes 
of  system  I in  the  points  designated  by  Vi  and  VY,  respec- 
tively; and  select  a point  on  the  optical  axis  for  the  position 
of  the  secondary  focal  point  F/  of  system  I.  Through  F/ 
draw  the  straight  line  V/Fi'  meeting  the  primary  principal 
plane  of  system  II  in  L2;  take  H2/L2'  = H2L2,  and  draw  the 
straight  line  L2'P',  which  will  cross  the  optical  axis  in  the 
secondary  focal  point  F'  of  the  compound  system. 

Let  the  straight  line  drawn  through  P'  parallel  to  the  op- 
tical axis  meet  the  primary  and  secondary  principal  plants 
of  system  II  in  the  points  K2  and  K/,  respectively;  and  Lt 
O designate  the  point  of  intersection  of  the  pair  of  straight 
lines  Wi'G2  and  Vi'L2.  The  point  where  the  straight  line  K20 
crosses  the  optical  axis  will  be  the  position  o'  die  primary 
focal  point  F2  of  system  II.  Let  the  straight  line  K2F2  meet 
the  secondary  principal  plane  of  system  I in  the  point  1Y, 
and  take  HiTi  = Hi'Ti';  then  the  straight  line  PTi  will  cross 
the  optical  axis  at  the  primary  foe/d  point  F of  the  com- 
pound system. 

The  diagram  constructed  according  to  the  above  direc- 
tions represents  a perfectly  general  case.  The  focal  lengths 
of  the  component  systems  are:  /i  = FiHi,  fi'  = Fi'Hi  and 
/2  = F2H2,  /2/=F2'H2';  and  the  focal  lengths  of  the  compound 
system  are:/=FH,  / -F'H'.  The  step  from  the  secondary  focal 
point  of  the  first  system  to  the  primary  focal  point  of  the  sec- 
ond system  wY  be  denoted  by  the  symbol  A ; thus,  A = F i'F2. 
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Now  if  we  know  the  positions  on  the  optical  axis  of  the 
focal  points  Fi,  F/and  F2,  F2'  of  the  two  component  systems, 
together  with  the  values  of  the  focal  lengths /i,  //  and/2,  //, 
it  is  easy  to  calculate  the  positions  of  the  focal  points  F,  F' 
and  the  values  of  the  focal  lengths  /,  /'  of  the  compound 
system ; as  will  now  be  shown. 

The  position  of  the  primary  focal  point  F of  the  compound 
system  may  be  found  from  the  fact  that  F and  F2  are  a pair 
of  conjugate  axial  points  with  respect  to  system  I,  and  hence 
(§  123,  a): 

F,F.  F/F2  =/!.//. 

And,  similarly,  the  position  of  the  secondary  focal  point  F' 
may  be  found  from  the  fact  that  F/  and  F'  are  a pair  of  con- 
jugate points  with  respect  to  system  II,  so  that 

F2'F'.F2F/=/2./2'. 

Accordingly,  the  positions  of  the  focal  points  F.  F'  with  re- 
spect to  the  known  points  Fi,  F2',  respectively,  ^re  given  by 
the  following  formulae : 


FiF  = 


/i./i' 


t * f 

P / JjV J 2 

A 


In  order  to  find  the  focal  lengths  f,  we  may  proceed 
as  follows: 

In  the  similar  triangles  FHt,  FHiTi  we  have: 

FI?  _H  P 
FHi“HiTi  ’ 

and  since 

HP=H2K2,  HiT^H/T/, 

the  proportion  above  may  be  written : 

FH  H2K2 

FHi  Hi'Ti'* 

Now  from  the  similar  triangles  F2H2K2,  F2Hi'Ti'  we  have 
a1  so: 

h2k2  f2h2  . 

Hi'Ti'  F2Hi'  ’ 
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and  hence: 


f2h2 

FH=  2 ' 


F2H 


vFHx. 


Now  fhi=ff!+FiHi= 

and  F2H  / = F2Fi'+ Fi'H  / =//  — A . 

Accordingly,  putting  FH=/,  F2H2=/2,  we  obtain: 

* A ’ 

whereby  the  primary  focal  length  of  the  compound  system 
may  be  calculated. 

Similarly,  from  the  figure  we  obtain  the  relations: 

F'H'  H'P'  Hi'Vi'  Fi'Hi'  . 

F'H?  = H2'L2' _ H2L2  Fi'H2  ’ 
and  since  F'H' =/',  Fi'Hi' =/i',  , , 

F'H2'  =F'F2'+F2'H2'  =M-+/2'  J-±(h+&), 

F1'H2=F1'F2+FoH2=/2+A, 

we  obtain  an  analogous  expression  for  the  secondary  foca. 
length  of  the  compound  system,  as  follows: 

» tt-ti 

) A 

By  varying  the  interval  A,  which  is  the  common  denom- 
inator of  all  these  expressions,  it  is  obvious  thaf  A is  possible 
with  two  given  component  systems  to  obtain  combinations 
of  widely  different  optical  effects.  In  particular,  when 
F/  coincides  with  F2,  so  that  the  imcival  A vanis  es,  e 
focal  points  F,  F'  will  be  situated  both  at  infinity,  so  that 
the  focal  lengths  /,  /'  will  be  infinite  also.  This  is  the  case, 
for  example,  with  the  optical  instrument  known  as  the  tele- 
scope; and,  accordingly,  any  optical  system  which  trans- 
forms a cylindrical  bundle  of  parallel  rays  into  another 
cylindrical  bundle  of  parallel  rays  is  called  a telescopic  { or 
afocal ) system.  Ti«s  simplest  illustration  of  such  a system 
is  afforded  by  a single  plane  refracting  surface  or  by  a plane 


mirror. 
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126.  Formulae  for  Combination  of  Two  Optical  Systems 
in  terms  of  the  Refracting  Powers. — Although  the  formulae 
derived  in  the  preceding  section  are  very  simple  and  con- 
venient, Gullstrand’s  system  of  formulae  in  terms  of  the 
refracting  powers  possesses  certain  advantages  and  is  even 
more  useful.  The  latter  formulae  may  be  derived  immedi- 
ately from  the  former,  as  will  now  be  shown. 

In  Gullstrand’s  system  the  interval  between  the  two 
component  optical  systems  is  expressed,  not  by  A,  but  by 
the  reduced  distance  (§  104)  c of  the  primary  principal  point 
H2  of  system  II  from  the  secondary  principal  point  Hi'. of 
system  I.  Thus,  if  n\,  n2  and  n2,  n3  denote  the  indices  of  • 
refraction  of  the  first  and  last  media  of  systems  I and  II, 
respectively,  then 

Hi'H2 
c = . 

ft2 

The  connection  between  the  two  magnitudes  c and  A is 
easily  obtained;  for  since 

F/F2 = Fi'HjH-  Hi'H2+ H2  F2, 

we  find  immediately: 

A=/i'+n2.c— />. 

Now  let  us  introduce  the  following  symbols: 

F _ni n%  F _nz n3  F_ni n3 

1 fi  fi'  2"  U /*'*  f~  f" 

where  F i,  F2  denote,  therefore,  the  refracting  powers  of  the 
component  systems  and  F denotes  the  refracting  power  of 
the  compound  system  (§§  105  and  123,  d).  Hence,  since 


we  mav  v rife : 

c 


) 


n2 

F1.F2 


(F  i+F  2 — c.F  1 .F  2). 


Now  if  this  value  of  A is  substituted  in  either  of  the  formulae 
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and  if  the  focal  lengths  are  expressed  in  terms  of  the  refract- 
ing powers,  we  find : 

F=Fi-\-F2  — C.F1.F2] 

which  is  Gullstrand’s  formula  for  the  refracting  power 
of  the  compound  system  in  terms  of  the  refracting  powers 
of  the  two  component  systems  and  of  the  interval  c between 
them. 

Likewise,  if  in  the  formulae 


FiF  = 


/1./1' 


Fo'F'  = - 


/2./2' 


F 


we  eliminate  /1,  f\  and  /2,  f2  and  put  A=_n2^  ’ we  ob" 

tain  for  the  reduced  steps  FiF  and  F2'F'  the  following  ex- 
pressions: 

F}F=F2_  F2'F'  F i 

m F.Fi  n3  F.F2 

The  positions  of  the  focal  points  F,  F'  of  the  compound  sys- 
tem with  respect  to  Hi,  H/,  respectively  are  obtained  as 
follows: 

HiF  = H1F,+F1F  = FiF-m/Fi, 

H/F'  = H2'F2'+F2,F'  = F2'F'+n3/F2; 
and  if  herein  the  values  of  FjF  and  F2'F'  are  substituted, 
and  if  also  we  note  that 

F-F1=F2(1-c.Fi),  F-F2=F.(l  -c.F2), 

we  obtain  finally: 

HiF.  I-C.F2  Ho'F'  \-c.Fx 


F 


F 


ni 

Moreover,  since 

H1H=HiF+FR=H1F+ru/F, 

H2'H'  = Hj'F'+F'H'  = H2'F'+n3/F, 
the  Gullstrand  system  of  formulae  for  the  combination  of 
two  optical  systems  may  be  written  as  follows : 

H!K  F2  H/H'  F 1 


— T?  *G 
n 1 t 


n 3 


= ~Fr'C’ 


F —F\-\-F  2 — c.F\.F  2. 

Accordingly,  if  the  positions  of  the  principal  points  Hi,  Hi' 
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and  H2,  H2'  of  the  two  component  systems,  the  refracting 
powers  F\,  F2  and  the  indices  of  refraction  n\,  n2  and  n3  are 
known,  we  can  calculate  the  reduced  interval  c and  find  the 
refracting  power  F of  the  compound  system  and  the  posi- 
tions of  the  principal  points  H,  H'.  We  shall  see  numerous 
applications  of  these  formulae  in  the  succeeding  sections  of 
this  chapter. 

127.  Thick  Lenses  Bounded  by  Spherical  Surfaces.— 

When  a centered  system  of  spherical  refracting  surfaces  con- 
sists of  two  surfaces,  it  constitutes  a spherical  lens  involving 
three  media,  viz.,  the  medium  of  the  incident  rays  (ni),  the 
medium  comprised  between  the  two  spherical  surfaces, 
sometimes  called  the  lens-medium  (n2),  and  the  medium  ol 
the  emergent  rays  (n3),  which  is  generally  but  not  necessarily 
the  same  as  that  of  the  incident  rays.  Usually,  a lens  is  de- 
scribed by  assigning  the  values  of  the  three  indices  of  re- 
fraction and  the  positions  of  the  centers  Ci,  C2  and  tie  ver- 
tices Ai,  A2  on  the  optical  axis;  the  usual  data  being  the 
radii  ri  = AiCi,  r2  = A2C2  and  the  thickness  d-- AiA2.  The 
lens  may  be  regarded,  therefore,  as  a combination  of  twc 
spherical  refracting  surfaces  whose  refracting  powers  F i,  F < 
are  given  by  the  formulae  (§  105) 

n2-ni  „ n3-n2 

1 1 = , F'i  = • 

n r 2 


Since  the  principal  points  cf  a spherical  refracting  surfac< 
coincide  with  each  other  at  the  vertex  of  the  surface  (§§  81 


and  119),  the  interval 


fliTL 

n 2 


AiA2 

n 2 


and  therefore 


Accordingly,  if,  by  way  of  abbreviation,  we  introduce  th< 
special  symbol 

ih--n2  j (w2-ni)r2-(n2  — n3)ri}  + (n2  - n3) (n2  — n\)d 
to  denote  a constant  of  the  lens,  we  obtain,  bv  substitutini 
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the  values  of  F 1,  F->  and  c in  the  formula  F = Fi+F2  — c.Fi.F 2, 
the  following  expression  for  the  refracting  power  F of  a lens: 


ri2.ri.r2 


where  the  value  of  F will  be  given  in  dioptries  in  case  the 
distances  riy  r2  and  d are  all  measured  in  meters  (§  107). 

The  positions  of  the  principal  points  (H,  H')  of  a lens  are 
determined  in  the  same  way  by  the  formulae : 


N 


and  the  positions  of  the  focal  points  (F,  F')  may  likewise  be 
calculated  from  the  following  expressions: 


When,  as  is  usually  the  case,  the  lens  is  surrounded  by  the 
same  medium  on  both  sidesy  we  may  put 


m = us  = n,  n2  = n'; 

and  then  the  above  formulae  become : 


N = (n' -ri){n'(r2-ri)+(n'-n)d}  ; 


The  nodal  points  (N,  N ')  of  a lens  surrounded  by  the  same 


medium  on  both  sides  coincide  v'nth  the  principal  points 

(§  122). 


The  positions  of  the  focal  points  and  principal  points 


may  be  exhibited  in  the  v^ase  of  a thick  convergent  lens  in 
the  following  manner,  as  described  in  Grimsehl’s  Handbuch 
der  Physik: 

Two  thin  piano-lenses,  each  4 cm.  in  diameter,  are  ce- 
mented with  Geuada  balsam  to  the  opposite  faces  of  a glass 


Fig.  170,  l,  b , c,  and  d. — Double  convex  lens:  (a)  Location  of  second  focal 
P'nnt  (F')  and  principal  point  (H');  ( b ) Location  of  first  focal  point  (F) 
a ad  principal  point  (H);  (c)  Location  of  focal  points  (F,  F')  and  principal 
points  (H,  H').  ( d ) Meniscus  convex  lens:  location  of  principal  points 

and  focal  points,  showing  their  unsymmetrical  positions  with  respect  to 
the  surfaces  of  the  lens. 


( 
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cube  of  edge  4 cm.  and  made  of  the  same  glass,  so  as  to  foim 
a thick  symmetric  double  convex  lens,  as  represented  in 
Fig.  170,  a,  b and  c.  A diaphragm  with  three  parallel  horizon- 
tal slits  is  placed  in  the  path  of  a cylindrical  beam  of  paiallel 
rays  so  as  to  separate  it  into  three  smaller  beams,  and  the 
lens  is  adjusted  so  that  the  middle  beam  proceeds  along 
the  axis  of  the  lens.  The  paths  of  the  rays  in  air  can  be 
rendered  visible  by  tobacco-smoke  and  may  be  photo- 
graphed. In  this  way  figures  will  be  obtained  similar  to 
those  shown  in  the  diagrams.  The  position  of  the  second- 
ary focal  point  F'  is  shown  by  the  point  of  convergence  of 
the  rays  on  emergence  (Fig.  170,  a).  A point  in  the  second 
principal  plane  of  the  lens  may  be  located  by  finding  the 
point  of  intersection  of  an  incident  ray  parallel  to  the  axis 
with  the  corresponding  emergent  ray  (§  119),  as  indicated 
by  the  dotted  lines  in  the  figure;  and  the  second  principal 
point  H'  will  be  at  the  foot  of  the  perpendicular  dropped 
from  this  point  on  to  the  axis.  If  the  rays  are  sent  through 
the  lens  from  the  opposite  side  (that  is,  from  right  to  left  in 
the  drawing,  Fig.  170,  b),  they  will  intersect  on  emergence 
in  the  primary  focal  point  F;  and  the  position  of  the  primary 
principal  point  H may  be  found  in  exactly  the  same  way 
as  above.  The  two  diagrams  Figs.  170,  a and  b,  me  com- 
bined in  one  in  Fig.  170,  c.  In  Fig.  170,  d,  the  ions  is  con- 
cave towards  the  incident  light  and  convex  when  viewed 
from  the  other  side;  and  this  figure  shows  very  clearly  how 

I the  focal  points  F,  F'  and  the  principal  points  H,  H'  may  be 
both  unsymmetrically  placed  with  respect  to  the  lens,  al- 
though here  also  we  have,  as  before,  1 H = 11  F . 

128.  So-called  “ Vertex  Refraction  ” of  a Thick  Lens.— 
The  step  from  the  second  vertex  (A2)  of  a lens  to  the  second 
focal  point  (F'),  which  may  be  denoted  by  v,  is  sometimes 
called  the  “back  focus'  of  the  lens;  that  is,-  v = A2F  . If 
the  lens  is  surrounded  by  the  same  medium  (n)  on  both 
sides,  then  t>/«~(l-c.Fi)/F,  where  F denotes  the  refract- 
! jng  power  of  the  lens,  Fi  denotes  the  refracting  power  of 


i® 
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the  first  surface,  and  c=d/n/  denotes  the  reduced  thickness. 
The  reciprocal  of  this  magnitude  vjn  is  called  the  vertex  re- 
fraction of  the  lens  (~~  = P)  and  its  relation  to  the  re- 
fracting power  is  given  by  the  formula: 


1 - c.F  i 


r i 


If  F is  given  in  dioptrics,  the  values  of  d and  r\  must  be  ex- 
pressed in  meters;  and  then  the  expression  above  will  give 
the  value  of  V in  dioptries.  The  importance  of  this  function 
V in  the  theory  of  modern  spectacle  lenses  has  been  pointed 
out  by  Von  Rohr;  it  is  measured  from  the  second  face  of  the 
lens  because  that  is  the  side  next  the  eye.  When  a lens 
(with  spherical  surfaces)  is  reversed  by  turning  it  through 
180°  around  any  line  perpendicular  to  its  axis,  the  refracting 
power  F remains  the  same,  whereas  the  verter  refriction  V 
will  be  different  unless  the  lens  is  a symmetric  lens  or  in- 
finitely thin,  in  which  latter  case  d = 0 aid  V=F.  Thus, 
whereas  the  refracting  power  of  a len.:  a*  the  same  whether 
the  light  traverses  it  from  one  side  or  ihe  other,  the  vertex 
refraction  depends  essentially  on  which  side  of  the  lens  is 
presented  to  the  incident  rays. 

129.  Combination  of  Two  Lenses. — Let  us  take  the  sim- 
plest case,  and  suppose  that  the  system  is  composed  of  two 
infinitely  thin  co-axial  hr,scs,  each  surrounded  by  air.  Let 
Ai  and  A2  designate  tire  points  where  the  optical  axis  meets 
the  two  lenses,  and  let  the  interval  between  them  be  denoted 

...  ji 

by  c;  that  is,  out  c = AiA2.  Since  the  principal  points  of 
an  infinitely  thin  lens  coincide  with  each  other  at  the 
point  A where  the  axis  crosses  the  lens,  and  since  the  inter- 
vening medium  is  assumed  to  be  air  of  index  unity,  this 
distance  c has  here  the  same  meaning  as  the  reduced  in- 
mr/al  c = Hi'H2/w2  in  the  general  formulae  of  § 126.  Ac- 
cordingly, we  may  write  immediately  the  following  system 
of  formulae  for  a combination  of  two  thin  lenses  of  refracting 


Combination  of  Two  Lenses 


3G7 


§ 129] 


powers  F i,  F2,  surrounded  on  both,  sides  by  air  and  sepa- 
rated by  the  distance  c: 

F —F  \-\-F  2— c.F \.F 2; 
c.F2 


AiH  = 


17 r > 


Ai  F = 


F 

1 - c.F* 


a2h'=-^  ; 


A2F'  = 


F 

1 — c.F\ 


F ' 7 F 

These  formulae  may  also  be  expressed  in  terms  of  the  focal 
lengths /1  and/2,  as  follows: 

* fi  -h 
J fi+f%-c’ 

* IT  / * TT,  / A T7<  /(/2— C)  A -p/  /(A  C ^ 

AiH  = L x}  A2H  = —t  -c>  AiF  = — T , A21<  - — J 

J2  J 1 . J1  • • 

The  positions  of  the  focal  points  F,  ' and  the  pnnci- 

* 

K J L 


£• 


n 


pal  points  H,  H'  of  a combination  of  two  infinitely  thin 
lenses  surrounded  by  air  may  be  constructed  geometrically 
as  follows: 
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Draw  a straight  line  to  represent  the  common  axis  of  the 
pair  of  thin  lenses,  and  mark  the  points  Ai  and  A2  (Fig.  171, 
a,  b,  and  c)  where  the  axis  crosses  the  lenses,  and  also  the 
positions  of  the  primary  focal  points  Fi  and  F2.  Through 
F2  draw  a straight  line  perpendicular  to  the  axis,  and  take 


on  it  a point  K such  that  F2K  = F2A2=/2;  this  point  K lying 


principal  point  (H) : Cast  when  first  lens  is  concave  and  second 
lens  convex. 


above  or  below  the;  axis  according  as  the  second  lens  is  con- 
vex or  concave,  r 3spectively . Through  K draw  a straight 
line  parallel  to  the  axis  and  through  Ai  a straight  line  per- 
pendicula’  A the  axis;  and  let  L designate  the  point  where 
these  two  lines  intersect.  Moreover,  let  P designate  the 
point  of  intersection  of  the  pair  of  straight  lines  LFi  and  KAi. 
The  foot  of  the  perpendicular  let  fall  from  P on  to  the  axis 
will  be  the  primary  focal  point  F of  the  compound  system; 
and  the  ordinate  FP  will  be  equal  to  the  primary  focal  length 
f of  the  compound  system;  and  hence  if  the  quadrant  of  a 
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circle  is  described  around  F as  center  with  radius  FP,  it  will 
cut  the  axis  at  the  primary  principal  point  H,  which  lies  to 
the  right  or  left  of  F according  as  the  point  P falls  above  oi 

below  the  axis. 

According  to  this  construction,  the  points  P and  K are 
a pair  of  conjugate  extra-axial  points  with  respect  to  the 


Fig.  171,  c.— Combination  of  two  thin  lenses.  Graphical  method  of  de- 
termining the  positions  of  the  first  focal  point  (F)  and  principal  point 
(H) : Case  when  first  lens  is  convex  and  second  lens  concave. 


first  lens;  so  that  the  construction  really  consists  in  locatii.g 
the  object-point  P which  is  imaged  by  the  first  lens  in  the 
point  K.  This  will  help  the  student  to  remember  ‘he  con- 
struction. ' 

In  order  to  show  that  the  construction  is  collect,  let  J 
designate  the  point  of  intersection  of  the  pair  of  stiaight 
lines  FP  and  LK.  Then  since  JP  and  FP  are  corresponding 
altitudes  of  the  similar  triangles  PLK  and  PF1A1,  we  have: 
JP  _L  K ' AiF2  AiAo+AiiF2  c-/2 
FPF1A1F1A1  FiAi  fi 
Now  JP=JF+FP  = KF2+F?  -FP-/2,  and  therefore: 


and  if  this  equation  ic  solved  for  FP,  we  find: 


FP  = 


fi-h 

fl+fi—C 

0 
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in  agreement  with  the  formula  found  above.  Moreover,  in 
the  similar  triangles  AiFP  and  AiF2K, 

AiF  AjF2 
FP  =F2K_’ 

and  since  AiF2  = c-/2,  F2K=/2,  FP=/,  we  find: 

Kh-c) 


AiF=  - 


h 


which  is  likewise  in  agreement  with  the  formula  found  above. 

Similarly,  mark  the  positions  of  the  secondary  focal  points 
Fi'  and  F2',  and  through  F/  draw  a straight  line  perpendic- 
ular to  the  optical  axis,  and  take  on  it  a point  O such  that 
Fi'0  = Fi'Ai=/i'.  Through  O draw  the  straight  line  OR  par- 
allel to  the  axis,  and  through  A2  a straight  line  perpendicular 
to  the  axis;  and  let  R designate  the  point  where  these  two 
lines  intersect.  Then  if  Q designates  the  point  of  intersec- 
tion of  the  straight  lines  F2'R  and  A20,  that  is,  if  Q is  the 
image  of  O in  the  second  lens,  the  secondary  focal  point  F'  of 
the  combination  will  be  at  the  foot  of  the  perpendicular 
drawn  from  Q to  the  optical  axis,  and  the  secondary  prin- 
cipal point  H'  will  lie  on  the  axis  at  i distance  F'H'  = F'Q. 
This  construction  may  be  proved  h:  a manner  entirely  an- 
alogous to  the  proof  given  above. 

130.  Optical  Constants  of  Cullstrand’s  Schematic  Eye. — 
As  a further  illustration  of  the  use  of  the  formulae  for  the 
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Fig.  172. — Schematic  eye. 

com  bination  of  two  optical  systems,  let  us  apply  them  to 
the  calculations  of  the  refracting  power  (F)  of  the  human 
eye,  together  with  the  positions  of  the  principal  points  (H,H') 
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and  the  focal  points  (F,  F').  For  this  purpose  we  shall  use 
the  data  of  Gullstrand’s  schematic  eye  (in  its  passive 
state,  accommodation  entirely  relaxed)  which  are  given 
in  the  third  edition  of  Helmholtz’s  Handbuch  der  physiolo- 
gischen  Optik , Bd.  I (Hamburg  u.  Leipzig,  1909),  pages  300 
and  301,  as  follows  (see  Fig.  172) : 

I ndices  of  ref  r action : 

Cornea 712  = 1.376 

Aqueous  and  vitreous  humors  n3  = n7  = 1.336 

Lens n\=n^  = l .386 

Lens-core n5  = 1.40f> 


Position  of  surfaces: 


Posterior  surface  of  cornea: 

AiA2  = 0.5 

mm. 

Anterior  surface  of  lens : 

A1A3  = 3.6 

fC 

“ “ “ lens-core: 

AiA4=4.146 

u 

Posterior  “ “ lens-core: 

AiA5  = 6.565 

u 

“ “ “ lens: 

AiA6  = 7.2 

u 

Radii  of  surfaces: 

Anterior  surface  of  cornea : 

n=+  7.7 

mm. 

. U 11  u 

Posterior 

72=+  6.8 

i i 

Anterior  “ “ lens: 

CO 

II 

+ 
t— 1 ■ 

0 

• 

0 

( ( 

“ “ “ lens-core: 

r4=+  7.911 

a 

-pv  1 • <<  U U (( 

Posterior 

r6=—  5.76 

a 

“ “ “ lens: 

r6=-  6.0 

i ( 

Consider,  first,  the  cornea-system  composed  of  the  an- 
terior and  posterior  surfaces  of  the  cornea.  The  refracting 
power  of  the  anterior  surface  is: 

Fi  = — — — = +48.831  dptr.; 
r 1 

and  that  of  the  posterior  surface  is: 

p^r^ZJ0l=  -5.882  dptr. 
n 

The  reduced  interval  between  the  two  surfaces  is: 

A1A2  0.0005 
Cl_  712  ~~ 1.376  ‘ 
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Hence,  if  F n denotes  the  refracting  power  of  the  cornea- 


system,  where 


we  find: 


F 12  = +43.053  dptr. 


The  positions  of  the  principal  points  of  the  cornea-system 
are  given  by  the  formulae: 


A1H12  C1.F2  A2H12'  C\.F \ 

■ . _ • 


m Fn  ’ nz  Fn  ’ 


whence  we  find: 

AiHi2  = — 0.0496  mm.,  AiHi2'  = — 0.0506  mm. 

The  lens-system  is  composed  of  four  refracting  surfaces. 
The  first  two  surfaces  form  the  so-called  anterior  cortex  and 
the  last  two  surfaces  the  posterior  cortex.  The  refracting 
power  of  the  anterior  surface  of  the  lens  is : 


and  that  of  the  anterior  surface  of  the  lens-cove  10: 


The  reduced  interval  between  these  tw  0 surfaces  is 

A3A4  0.000546 


ru  1.386 


Hence,  if  F 34  denotes  the  retracting  power  of  the  combina- 
tion, that  is,  if 


we  find:  F3 4= +7.523  uptr. 

If  the  principal  points  of  the  anterior  cortex  are  designated 
by  H34,  H34',  then 


A3H34  Cz-F  4 A4H34/ 

nz  Fzi  ’ 


whence  we  obtain: 


S 


A1H34  = +3.777  mm.,  AiH34'  - +3.778  mm. 

so  that  the  principal  points  of  the  anterior  cortex  are  coin- 
cident with  each  other. 


AiH34= +3.777  mm., 
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Proceeding  in  the  same  way  with  the  posterior  cortex,  we 
have: 

Ff>=n*--H?=  +3.472  dptr.,  F6=?l7~n-  = + 8.333  dptr., 
n r • 

A5A6  0.000635  . 

1.386  ’ 

and  hence  if 

F 56  = ft  b~\~F 6 C&.F 5 *F 6, 

we  find:  F56= +11*792  dptr. 

Moreover,  since 

A5H56  c^.F 6 AeHse c*).F $ 

n 5 Fbb  1 W7  Fbb 

we  have  finally  for  the  positions  of  the  principal  points  of 
the  posterior  cortex: 

A1H56=  +7.0202  mm.,  AiH56'=  +7.0198  mm.; 
so  that  H56  and  H5e'  may  also  be  regarded  as  coincident. 

If  the  refracting  power  of  the  lens-system  as  a whole  is 
denoted  by  L,  then 

L = F 34  ~\~F  56  S.Fu.F  56, 


where 

H 3 4'H 56  0.0032422^ 

S nt  1.406 

and  if  P,  P'  designate  the  principal  points  of  the  let  io  -system, 
then 

H34P  = s^56  HB6/P/_ 

nz  L ) m L 

Accordingly,  we  find: 

L= +19.1 10  dptr.; 

AiP  = +5.6780  mm.,  A XP'  = +5.8070  mm. 

Lastly,  combining  the  cornea-system  and  the  lens-system, 
we  obtain  for  the  refracting  power  of  the  entire  optical  sys- 


tem of  the  eye: 


where 


F -=F\2+L  — c.F  12  *L, 


c = 


Hvi'P  0.0057285 


12 

m 


1.336 
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Also, 


H12H  c.L  P'H'  c.F  12 


12 


where  H,  H'  designate  the  positions  of  the  principal  points  of 
the  eye.  Thus,  we  find : 


F = +58.64  dptr.; 


If  the  focal  lengths  of  the  eye  are  denoted  by  / and  /',  then, 
since / =ni/F  and /'  = — n7/F,  we  obtain: 


/=  +17.055  mm.,  /'  = —22.785  mm. 
The  focal  points  F,  F'  are  located  as  follows : 

AiF  = — 15.707  mm.,  AiF'  = +24.387  mm. 


In  Gullstrand’s  schematic  eye  the  length  of  the  eyeball 
is  taken  as  24  mm.,  and  therefore  the  second  focal  point  F' 
is  not  on  the  retina  but  0.387  mm.  beyond  it;  so  that  the 
schematic  eye  is  not  emmetropic  but  hypermetropic  (see 
§ 153)  to  the  extent  of  1 dptr. 

131.  Combination  of  Three  Optical  Systems. — It  is  fre- 
quently the  case,  especially  in  problems  connected  with 
physiological  optics,  that  we  desire  to  find  the  resultant  of 
three  co-axial  optical  systems  of  krovn  refracting  powers 
F i,  F2  and  F3  separated  by  giver  intervals  ci,  c2,  where 


the  principal  points  of  the  component  systems  being  desig- 


nated by  Hi,  Hi';  H2,  IV;  and  H3,  H3'.  The  indices  of  re- 
fraction of  the  first  ard  last  media  of  system  I are  denoted 
by  Wi,  w2;  of  system  T by  n2,  n3;  and  of  system  III  by  n3,  n4. 

Here  let  us  employ  the  symbol  D to  denote  the  refracting 
power  of  the  compound  system  (I +11),  and  the  letters  G,  G' 
to  designate  the  positions  of  the  principal  points  of  this  par- 
tial combination.  Evidently,  according  to  the  formulae 
derived  in  § 126,  we  may  write: 


D-F1+F2  C1.F1.F2  ; 
HiG  ci.F2  H2'G'  ci.Fi 


ni  D ’ m D 
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Now  let  F denote  the  refracting  power  of  the  combination 
of  systems  I,  II  and  III,  and  let  H,  H'  designate  the  posi- 
tions of  the  principal  points  of  this  compound  system.  Then 
if  the  reduced  interval  between  (I  +11)  and  III  is  denoted 
by  k,  that  is,  if 

G'H3 


1 

EP  1 


g 


k = 


m 


then  also: 


Since 


F=D+Fs~k.D.Fs, 
GK^LFs  H8'H'  k.D 
m 


F 


n 4 


F 


G'H3  G'H2'  H2'H, 


m 


ns 


ns 


we  find : 


/c  = 


C\.F i +c2.Z) 

~D 


n 


If  now  these  equations  are  combined  so  as  to  eliminate  D 
and  k , the  following  system  of  formula  for  the  combination  of 
three  optical  systems  will  be  obtained  finally: 

F = Fi(l  - c2.Ff)  +F2(1  ~ ci.Fi)  (1  - c2Fs)  +Fs(  1 - cx.Fi) ; 


HiH 

ni 

H/H' 


Cl  .C2.F3—C1.F1 


l-ci.Fi  F(l-ci.Fi)  ’ 
c2.Fs~c1.F1 


C2 


-1 


n4  1— C2.F3  F (l  c2.F 3) 

In  the  special  case  when  the  compound  system  is  symmet- 
rical with  respect  to  system  II,  that  is,  when  n3  = n2  and  n^  = n\ 
and  c2  = ci  = c and  Fs  = Fh  the  formulae  above  will  be  simpli- 

? fied  as  follows: 

F = (1  — c.F D (2FL+F2-c.Fi.F2)y 
Hfu  HT/  c 
ni  m 1-c.Fi 
’ Thus,  if  an  optTai  system  is  symmetrical  with  respect  to 
a middle  component  part  of  the  system,  the  principal 
points  (F,  F ) will  be  symmetrically  placed,  and  their  posi- 
tions will  be  independent  of  the  refracting  power  F2  of  the 
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middle  system.  These  latter  formulae  should  be  compared 
with  the  formulae  for  a “thick  mirror”  to  be  developed  in 

the  following  section. 

132.  “ Thick  Mirror.” — The  general  formulae  which  have'? 

been  derived  in  this  chapter  are  applicable  also  when 
the  centered  system  of  spherical  surfaces  includes  one  or 
more  reflecting  surfaces,  provided  that  reflection  is  treatedij 
as  a special  case  of  refraction,  according  to  the  method  ex- 
plained in  § 75.  Thus,  for  example,  if  the  rays  are  reflected 
at  the  fcth  surface  of  the  system,  we  must  put  nk+i=  -nk; 
and,  consequently,  if  the  reflecting  power  of  this  surface  isi| 
denoted  by  F k,  we  shall  have  Fk=nk//k=nk//'k,  in  accord 
ance  with  the  characteristic  requirement  that  the  focal 
lengths  of  a spherical  mirror  are  identical,  that  is,  f=f 

(see  § 77).  . 

A special  case  of  much  interest  and  practical  importance' j 

occurs  when  the  last  surface  of  the  system  acts  as  a mirror, 
the  rays  of  light  arriving  there  being  reflected  back  through 
the  system  as  so  to  emerge  finally  at  the  first  surface  intoj 
the  medium  of  index  m where  they  originated.  For  ex 
ample,  this  happens  always  in  the  case  of  an  ordinary  glas 
mirror  which  is  silvered  at  the  back.  The  rays  return  into 
the  air  in  front  of  ;<  mirror  of  this  kind  after  having  twicej 
traversed  the  thickness  of  the  glass,  and  the  failure  to  take 
account  of  the  refractions  from  air  to  glass  and  from  glass 
to  air  is  sometimes  responsible  for  serious  errors  in  the 
measurement  of  the  focal  length  of  a glass  mirror  silvered! 
at  che  uack.  The  image  produced  by  rays  which  have  beer 
partially  reflected  from  the  second  surface  of  an  ordinary  j 
lens  is  often  very  disturbing,  although  the  intensity  of  thtj 
reflected  light  is  usually  comparatively  feeble  unless  th< 
second  surface  of  the  lens  has  been  silvered. 

The  name  “thick  mirror ” has  been  applied  by  Dr.  Searle: 
to  any  combination  of  centered  spherical  refracting  surface; 

* G.  F.  C.  Searle:  The  determination  of  the  focal  length  of  a thicij 
mirror.  Proc.  Cambr.  Phil.  Soc.,  xviii,  Part  iii,  1915,  115—126. 
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wherein  the  rays  are  supposed  to  be  reflected  at  the  last  sur- 
ace  and  to  return  through  the  system  in  the  opposite  sense, 
t may  easily  be  shown  that  a “ thick  mirror”  as  thus  de- 
ned  acts  exactly  like  a single  spherical  reflecting  surface 
or  “thin  mirror,”  as  we  may  call  it,  having  in  mind  a cer- 
ain  analogy  which  exists  here  between  lenses  and  mirrors), 
hose  vertex  and  center  have  perfectly  definite  and  calcu 
able  positions  depending  on  the  constants  of  the  “thicl: 
irror.”  This  is  proved  by  Dr.  Searle  in  a simple  manner 
s follows : 

In  Fig.  173  the  system  is  represented  as  consisting  of 
hree  spherical  surfaces,  the  first  two  forming  a thick  lens 
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H 
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Fig.  173— Diagram  of  “thick  mirror”  system. 

nd  the  last  surface  being  a spherical  mirroi  with  its  vertex 
t a point  A on  the  axis  of  the  lens.  D»’aw  the  straight  line 
vV  parallel  to  the  axis  of  the  system  to  represent  the  path  of 
n incident  ray';  which  after  traversing  the  lens  and  being 
effected  at  the  mirror  will  again  emerge  from  the  len&  and 
cross  the  axis  at  the  secondary  focal  point  (FO  of  the  system. 
:he  point  V designates  toe  point  of  intersection  of  the  in- 
cident ray  QV  and  the  corresponding  emergent  ray  VF', 
d hence  this  point  must  lie  in  the  secondary  principal 
lane  of  the  system  (§  119).  Consequently,  the  foot  of  the 
n-pendicular  let  fall  from  V on  to  the  axis  will  be  the  sec- 
ndary  prnc’pai  point  H'.  But  by  the  principle  of  the  re- 
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versibility  of  the  light-path  (§  29),  if  the  straight  line  F'V  is 
regarded  as  an  incident  ray,  then  VQ  will  be  the  path  of  the  I 
corresponding  emergent  ray,  and  since  in  this  case  the  emer- 
gent ray  is  parallel  to  the  axis,  the  corresponding  incident 
ray  F'V  must  cross  the  axis  at  the  primary  focal  point  F, 
so  that  the  two  focal  points  F and  F'  will  be  coincident. 
Moreover,  the  point  V must  lie  in  the  primary  principal 
plane,  and  hence  the  two  principal  planes  are  coincident. 
But  these  are  the  characteristics  of  a spherical  mirror,  and 
it  is  evident  that  the  “thick  mirror”  is  equivalent  to  a “thi 
mirror”  with  its  vertex  at  H (or  H')  and  its  center  at  a poin 
K such  that  HK=2HF. 

% 

The  four  images  of  Purkinje  are  the  catoptric  image 
formed  in  the  eye  by  reflection  at  the  anterior  s nd  posterior 
surfaces  of  the  cornea  and  the  crystalline  lens;  which  are  of 
fundamental  importance  in  determining  the  curvatures  and 
jjositions  of  the  refracting  surfaces  in  ihe  optical  system  of 
the  eye.  The  first  image  is  produced  by  direct  reflection  at 
the  anterior  surface  of  the  ccrnta,  but  the  optical  system 
which  give  rise  to  the  thre:  other  images  are  more  or  les 
complicated.  However,  according  to  the  above  explanation 
each  of  these  systems  may  be  reduced  to  a single  reflectin 
surface  of  appropri?^  radius  with  its  center  at  a certai 
definite  place  to  bo  ascertained  by  the  conditions  of  th 
problem.  One  of  these  cases  will  be  investigated  presently,! 
as  soon  as  ti:°  formulae  for  a thick  mirror  have  been  devel 
oped. 

The  radius  and  positions. of  the  vertex  and  center  of  th 
hcab  alent  “thin  mirror”  may  easily  be  calculated  by  mean 
of  hie  general  formulae  which  were  obtained  in  the  preced 
ing  section  for  a combination  of  three  optical  systems.  Her 
idle  first  system  (I)  of  refracting  power  F i may  be  regarde 
a.-  composed  of  the  entire  lens-system  lying  in  front  of  th 
refecting  surface;  while  the  mirror  itself  of  reflecting  powe 
P2  nay  be  regarded  as  the  second  system  (II).  In  this  cas 
the  third  system  (III)  will  be  the  lens-system  reversed,  an 


A 


il  its  refracting  power  will  be  the  same  as  that  of  system  I, 
1 that  is,  F3  = Fl;  but  the  principal  points  H3  and  H/  of  system 
I III  will  coincide  with  the  principal  points  H/  and  Hi,  re- 
J:  spectively,  of  system  I.  Above  all  we  must  impose  here 
| the  conditions  that 

||  Ui=—  n2=  — n',  n4  = — ni=— n, 

m where  n denotes  the  index  of  refraction  of  the  medium  of 
the  object-space  and  n'  denotes  the  index  of  refraction  of 
the  medium  in  contact  with  the  reflecting  surface.  These 
|»  conditions  take  account  of  the  fundamental  fact  that  the 
t sense  of  propagation  of  the  light  is  reversed  by  the  mirror. 

The  principal  points  H2,  H2'  of  the  mirror  coincide  with  each 
|(  other  at  its  vertex  which  will  be  designated  here  by  the 
Ip  letter  A'.  If  therefore  Ci,  c2  denote  the  reduced  intervals 
,bl  between  the  first  system  and  the  mirror  and  between  the 
m mirror  and  the  third  system,  we  have: 

H/A'  _ A'H3  H/ A' 


c l = 


n 


c2  = 


and  hence 


n-s 


n 


c\  = c2  = c,  say. 

Moreover,  if  the  radius  of  the  reflecting  surface  is  denoted 

2 

by  r',  thenF2=— -p-.  Introducing  these  relations  in  the 

general  formulae  for  the  combination  of  three  optical  sys- 
tems (§  131),  we  obtain  the  following  expressions  fjr  finding 
dhe  reflecting  power  (F i3)  and  the  positions  of  Ike  principal' 
fLpoints  Hi3,  Hi3'  of  a u thick  mirror” : 

I Fu  = {l-c.Fi)  (2 Fi+F2-c.Fi.F2) 

I =(1— c.Fi)  \2Fi  — ~ (1— c.Fi)}; 


H,H13  H,H 


to 


n n 1-c.Fi' 

accordingly,  we  see  nof  omy  that  the  principal  points  of 
ia  “thick  mirror ” are  coincident  with  each  other,  but  that 
lithe  position  of  the  vertex  Hi3  of  the  equivalent  “thin  mirror” 
fis  entirely  indepencent  of  the  power  F2  or  the  curvature  of 
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the  actual  mirror.  The  position  of  Hi3  does  depend  on  the 
position  of  the  vertex  A'  of  the  actual  mirror;  but  for  any 
mirror  placed  at  A.'  the  vertex  of  the  equivalent  thin  mil 
ror”  will  be  at  the  same  point  H13.  It  may  be  noted  that 
the  formula  for  the  reflecting  power  of  a “thick  mirror”  is 
identical  in  form  with  the  expression  for  the  refracting  power 
of  a compound  system  which  is  symmetric  with  respect  to 

a middle  member  (see  end  of  § 131). 

If  the  center  of  the  equivalent  “thin  mirror”  is  designated 

by  K,  then  its  radius  will  be 

. h,3k=-2" 


and  hence 


HiK 


F 13 


c.F2  — 2 


n 2F1+F2—C.F1.F2 

If  the  surface  of  the  mirror  (II)  is  plane,  thei  F2=0,  and 
in  this  case  the  formulae  for  the  equivalent  “thin  mirror” 
become : 

ILH13  HjHi/  c 

" Fi' 


F13=2Fi(1  — c.Fi), 


n n x-c.Fi 1 n 

The  distinguishing  characteristic  of  the  imagery  in  a 
spherical  mirror  is  that  a pair  of  conjugate  axial  points  M,  M' 
is  harmonically  separated  by  the  vertex  H and  the  center  Iv 
of  the  mirror,  that  is,  fliHMM')  = — 1(§  68).  An  interest- 
ing special  case  occur*  vnen  one  of  the  points  K or  H is  at 
infinity;  for  in  that  .*ase  the  reflecting  power  of  the  mirror 
vanishes  (P= 01.  Alien  the  center  of  the  mirror  is  at  an 

infinite  distance  from  it,  the  mirror  lies  midway  between 
object  and  image  (MH  = HM/)  and  the  lateral  magnifica- 
tion is  equal  to  +1  (y'=y)]  which  is  the  case  of  an  ordinary 
plane  mirror.  But,  on  the  other  hand,  if  the  mirror  itself 
is  at  an  infinite  distance,  while  the  center  K remains  in  the 
legion  of  finite  space,  it  is  the  center  of  the  mirror  in  this 
case  that  is  always  midway  between  object  and  image,  that 
is,  MK  = KM',  and  now  the  lateral  magnification  will  be 
equal  to  - 1 , that  is,  the  image  will  be  of  the  same  size  as 
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the  object  but  inverted  ( y'=-y ).  Both  of  these  special 
cases  may  be  realized  by  a’ “thick  mirror”;  for  the  condi- 
tion that  the  reflecting;  power  of  the  equivalent  “thin  mirror” 
shall  vanish  (fT13  = 0)  requires  that  either 

2Fi+F2-c.Fi.F2  = 0,  \ 

or 

l-c.Fi=0. 

In  the  former  case  the  center  of  the  mirror  (K)  is  at  infinity, 
and  in  the  latter  case  the  vertex  of  the  mirror  (Hi3)  is  at 
infinity.  If  therefore  the  distance  between  the  anterior  lens- 
system  and  the  final  reflecting  surface  of  a “thick  mirror” 
is  c=l/Fi,  the  system  will  produce  an  inverted  image  of  the 
same  size  as  the  object,  no  matter  where  the  object  is  placed. 

As  an  illustration  of  the  use  of  the  formulae  for  “thick 
mirror,”  consider  the  optical  system  in  the  eye  which  pro- 
duces the  third  of  the  so-called  Purkinje  images,  to  which 
allusion  was  made  earlier  in  this  section.  The  third  image  is 
formed  by  rays  which  coming  from  an  external  source  enter 
the  eye,  and  after  having  traversed  the  cornea  system  and 
the  aqueous  humor  are  reflected  at  the  anterior  surface  of  Ibt 
crystalline  lens;  whence  returning  through  the  same  media 
in  the  reverse  order  they  issue  again  into  the  air.  In  order 
to  find  the  “thin  mirror”  which  is  equivalent  to  this  system, 
we  shall  employ  the  constants  of  Gullstranes  schematic 
eye  as  given  in  § 130.  The  vertex  of  the  an  ter1  or  surface  of 
the  cornea  will  be  designated  by  Ai  and  the  principal  points 
of  the  cornea-system  by  Hi  and  Hi'.  We  found  that  AiHi  = 
— 0.0496  mm.  and  AiHi'= —0.0505  mm.;  also,  Fi=  +43.05 
dptr.,  where  F i denotes  the  refracting  power  of  the  cornea- 
S3^stem.  The  reflecting  power  of  the  anterior  surface  of  the 
lens  is  given  by  the  formula: 


where  n3  = 1.336  and  >**  = +0.010  m.;  accordingly,  we  find: 

F2  = — 267.2  dptr. 
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The  reduced  distance  between  the  cornea-system  and  the  I 
first  surface  of  the  lens  is:  I 

Hi'Aa  I 

c= , 

n3  II 

where  A3  designates  the  vertex  of  this  suiface,  AiAj  I 

0.00036  m.  Thus,  we  obtain : I 

c= 0.0027325. 

Substituting  these  numerical  values  in  the  system  ot  for-  I 
mulae  for  a “ thick  mirror,  ” we  find  for  the  reflecting  power  of  | 
the  equivalent  ‘ ‘ thin  mirror  ’ ’ in  this  case : I 

Fu  =- 132.062  dptr. ; 

and  for  the  positions  of  its  vertex  Hi3  and  its  center  K:  I 

HiHi3= +3.0968  mm.,  HiK  = +18.2412  mm.  I 

Accordingly,  the  system  that  produces  the  third  of  the 
Purkinje  images  in  Gullstrand’s  passive  schematic  oie  I 
is  equivalent  to  a convex  mirror  of  radius  15.14  mm.  with  I 
its  vertex  at  a distance  of  3.047  mm.  from  the  vertex  of  the  I 

anterior  surface  of  the  cornea.  I 

Formulae  for  calculating  the  reflecting  power  F 13  of  a it 
“thick  mirror ’ ’ may  also  be  obtained  in  terms  of  diffeient  I 
data  from  those  employed  in  the  expressions  which  have  : 
been  deduced  above.  Suppose,  for  example,  that  we  are  I 
given  the  refracting  power  (F)  of  a centered  system  of  | 
spherical  refracting  surfaces,  the  positions  of  the  piincipal  I 
points  of  the  system  (II,  IF)>  and  the  indices  of  refraction  I 
of  the  first  and  last  media  (n,  n') ; together  with  the  radius  H 
(/)  and  the  position  of  the  vertex  (A')  of  the  last  surface;  ; 
and  that  it  is  req  nred  to  determine  in  terms  of  these  data  the  e 
characteristics  of  the  imagery  produced  by  light  which  pro-  | 
ceeding  Lem  the  object-space  through  the  system  is  partially  - 
reflected  at  the  last  surface  and  again  partially  refracted  at  | 
the  first  surface  into  the  original  medium.  In  order  to  solve  :> 
this  problem  in  the  simplest  way,  it  is  convenient  to  employ  I 
n mathematical  artifice  which  will  be  found  to  be  serviceable  » 
in  other  optical  problems.  The  refracting  power  of  an  in-  j 
finitely  thin  concentric  lens  is  equal  to  zero,  and  it  is  easy  to  | 
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cal  system  without  affecting  at  all  the  resultant  imagery 
(see  § 90).  Let  us  suppose,  therefore,  that  the  given  optical 
system  is  terminated  by  an  infinitely  thin  layer  of  material  of 
index  n',  bounded  by  two  concentric  spherical  surfaces,  the 
first  of  which  coincides  with  the  last  surface  of  the  given 
system.  Under  these  circumstances  the  resultant  system  may 
I be  considered  as  compounded  of  three  component  systems, 
namely,  (1)  the  given  system  of  refracting  power  F\  = F , 

2n' 

(2)  a mirror  of  reflecting  power  F2=  — — , and  (3)  the  given 
system  reversed  (F3  = F) . Hence,  if 


H'A' 


the  following  formulae  will  be  obtained  in  the  same  way  as 
above : 


9n'  1 


HH13  HH13'  c 


At#  • 

n 1 -c.F  1 


which  are  similar  in  form  to  the  previous  expressions,  but 
c here  has  a different  meaning  and  F denotes  the  refracting 
j power  of  the  entire  lens-system  and  not  merely  of  that  part 

c j i.  ± U*  U + fn.PP 


A of  the  system  which  is  in  front  of  the  reflecting  puvfs.ce. 

A problem  of  considerable  interest,  espec  ahy  in  connec- 
I tion  with  the  optical  system  of  the  human  eye,  is  the  inves- 
/|  tigation  of  the  procedure  of  the  light  wh:cli  after  being  par- 
tially reflected  at  the  last  surface  of  the  system  (as  in  the 
1 )|  case  above)  is  also  partially  reflected  at  the  first  surface,  so 
I that  it  emerges  finally  into  the  last  medium  of  index  n . T.he 
1 imagery  in  this  case  may  be  determined  by  adding  a second 
J infinitely  thin  concentric  lens,  which  is  assumed  to  be  made 
L^i  of  material  of  index  n and  whose  second  surface  coincides 
e|  with  that  of  the  first  surface  of  the  system.  Accordingly, 
I now  we  shall  haTTe  five  systems  in  all,  namely,  the  first  three 
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a fourth  system  consisting  of  the  first  surface  of  the  lens- 

O/w 

system  acting  as  a mirror,  whose  reflecting  power  is  F4  = — , 

r 

where  r denotes  the  radius  of  this  surface,  and  a fifth  system 
of  refracting  power  F*)  = F.  The  entire  system,  whose  refract- 
ing power  may  be  denoted  by  F i5,  and  whose  principal  points 
may  be  designated  by  Hi5,  Hi5',  may,  therefore,  be  considered 
as  compounded  of  3 systems  of  powers  F 13,  2 n/r  and  F,  sep- 
arated by  the  intervals  Ci  and  C2,  where  (if  A designates  the 
vertex  of  the  first  surface  of  the  lens-system) 

AHi3-  AH 

Ci  = > c2  = . 

n n 

0 

Accordingly,  by  substituting  Fn  in  place  of  Fi,  2 n/r  in  place 
of  F<i,  and  F in  place  of  F3  in  the  formulae  of  § 131  for  the 
combination  of  three  optical  systems,  we  obtain  here: 

Fls-Fn  (1-<*.F)+-  (l-Ci.F«)  (1-C2.F)+F  (l-Cj.Fu); 

r 

H13H15  ^ C\  c^.F  C{,F*  13 

u 1— ci.Fn  Fib  (I—C1.F13)  7 

H'H15'  C2  c»*F—Ci.Fis 

n7  = “ 1 — ci.F + F\T(1-C2.F) ' 

Being  given  the  magnitudes  ^tnoted  by  n,  n',  r,  r',  and  F 
and  the  positions  of  the  points  designated  by  A,  A'  and  H,  H', 
and  having  found  by  means  of  the  previous  formulae  the 
magnitude  denoted  by  F 13  and  the  position  of  the  point 
designated  by  H13  (or  Hi3'),  we  can  introduce  these  data  and 
results  in  the  expressions  above  and  thus  determine  the  re- 
fracting power  Z'  15  and  the  distances  AH  15,  A'His'  of  the  prin- 
cipal point?  His,  Hi5'  from  the  vertices  A,  A'  of  the  first  and 
last  surfaces,  respectively. 

PROBLEMS 

1.  Find  the  refracting  power  and  the  positions  of  the  focal 
points  and  principal  points  of  each  of  the  following  glass 
lenses  surrounded  by  air  (n  = 1,  w'  = 1.5);  and  make  an  ac- 


t 


Ch.  XI]  Problems  385 

curate  sketch  of  each  lens,  marking  the  positions  of  the 
points  mentioned. 

(a)  Double  convex  lens  of  radii  10  cm.  and  15  cm.  and  of 
thickness  3 cm. 

( b ) Double  concave  lens  with  same  data  as  above. 

(c)  Meniscus  lens  for  which  ri=+5cm.,  72= +10  cm., 

and  d=  +3  cm. 

(d)  Meniscus  lens  for  which  ri=+6  cm.,  r2=+3  cm.,  and 

d = +2.52  cm. 

( e ) A plano-convex  lens  with  its  curved  surface,  of  radius 
5 cm.,  turned  towards  the  incident  light;  d=  +0.5  cm. 

(/)  Symmetric  convex  lens,  the  radius  of  each  surface 

being  5 cm.;  d=+0.5  cm. 

(g)  Symmetric  concave  lens  with  same  data  as  above. 

(h)  A meniscus  lens  with  radii  ri=+5cm.,  r2=+8  cm., 
and  thickness  d=+0.5  cm. 

(j)  A meniscus  lens  with  radii  ri=+8cm.,  r2=+5  cm., 
and  thickness  d=  +0.5  cm. 

(j)  A meniscus  lens  with  radii  ri=+8cm.,  r2=+7  cm., 
and  thickness  d=  +3  cm. 

(k)  A plano-convex  lens  with  its  curved  surface,  of  r idi  is 
5 crp.,  turned  towards  the  incident  light;  d=+5  cm. 

Answers : 


F 

AiF 

a2f* 

AiH 

A2H' 

• 

in  dptr. 

in  cm 

in  cm. 

in  cm. 

in  cm. 

(a) 

+ 8.000 

-11.667 

+ 11.250 

-49.833 

- 1 .250 

(6) 

- 8.667 

+ 12.307 

- 12.692 

4-0.769 

-1.154 

(c) 

+ 6.000 

- 18.333 

+ 13.333 

- 1 .667 

-3.333 

(d) 

- 6.000 

+21.333 

— 14.333 

+4.667 

+2.333 

(e) 

+ 10.000 

- 10.000 

+ 9 607 

0.000 

- 0.333  , 

(J) 

+ 19.666 

- 4.915 

+ 4.915 

+0.170 

-0.170 

(g) 

-20.335 

+ 5.082 

--  5.082 

+0.164 

-0.164 

(h) 

+ 3.959 

-25.789 

+24.421 

-0.526 

1 —0.842 

(i) 

- 3.542 

+ 29  176 

-27.647 

+0.941 

+0.588 

(j) 

0.000 

00. 

oo 

00 

00 

(/c) 

+ 10.000 

-10.000 

+ 6.667 

0.000 

— 3.333 

2.  In  a symmetric  lens  (ri  = — r2— r)  surrounded  by  the 
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same  medium  (index  n)  on  both  sides,  show  that  we  have 
the  following  system  of  formulae: 

N =(n' —n)  | ( n'—n ) d— 2n'.r }; 

^ (n'—n)  d-n'.r 

n'r 2 n n N 

AiH  A2H'  n—n 


F = — 


r.d. 


n n N 

3.  If  the  first  face  of  a lens  is  plane,  and  if  the  radius  of 
the  curved  face  is  denoted  by  r,  show  that 


F = - 


n'—n  AiH  d 


n 


f > 


AXF 


+ 


d 


n 
A2F' 


A2H'=0; 


t ’ 


n n —n  n . n n —n 
And  if  the  second  face  of  the  lens  is  plane, 


F = 


n —n  . „ ^ A2H'  d 


r 


; AiH=0; 


n 


= — * pt  ° 

i y ^ 

n 


If  either  face  of  a lens  is  plane,  the  refractip^  power  of  the 
lens  is  equal  to  that  of  the  curved  surface  and  is  entirely  in- 
dependent of  the  thickness  of  the  lers,  and,  moreover,  one 
of  the  principal  points  coincides  with  the  vertex  of  the  curved 
face. 

4.  If  the  radii  r\  and  r2  of  the  two  surfaces  of  a lens  are 
both  positive,  and  if  r2  is  greater  than  n,  show  that  the  lens 
is  convergent,  provided  the  lens-medium  is  more  highly  re- 
fracting than  the  surrounding  medium. 

5.  A ulens  of  zero- ear vature’’  is  a crescent-shaped  menis- 
cus for  which  -'2  = ?1  = r.  Show  that  such  a lens  is  always 
convergent  unless  it  is  infinitely  thin;  and  that  this  is  the 
case  whethei  the  lens-medium  is  more  or  less  highly  refract- 
ing than  the  surrounding  medium. 

6 Shew  that  a meniscus  lens  for  which 

ri>r2>0  and  nr>n 

is  divergent  provided  its  thickness  is  less  than 

n'(n— r2) 
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7.  Show  that  in  any  meniscus  lens  surrounded  by  air  at 
least  one  of  the  principal  points  must  lie  outside  the  lens. 

8.  A so-called  concentric  lens  is  one  for  which  the  centers 
of  curvature  of  the  two  faces  are  coincident  ( d = i\  r^)*  It 
may  be  double  convex  or  meniscus.  Show  that  the  refract- 
ing power  of  a concentric  lens  surrounded  by  the  same  me- 
dium on  both  sides  is 


and  that  the  principal  points  coincide  at  the  common  center 
of  the  two  surfaces. 

9.  Find  the  refracting  power  and  the  positions  of  the  focal 
points  and  principal  points  of  each  of  the  following  concentric 
glass  lenses  (71/ = 1.5)  surrounded  by  air  (n  = l);  and  diaw 
accurate  sketch  of  each  lens  showing  the  positions  of  the 

points  named: 

(a)  Double  convex  lens  with  radii  r\  = +10  cm.,  7*2  = — 2 cm. 

( b ) Meniscus  lens  with  radii  r\=  +5  cm.,  7*2=  +2  cm. 

Ans.  (a)  F=+20  dptr.,  AiF=+5cm.,  A2F'  = +3  cm., 
AiH  = +10  cm.,  A2H'  = — 2 cm.;  (6)  F=-10  dptr.,  AXF  = 
+ 15  cm.,  A2F'=— 8 cm.,  AiH  = +5  cm.,  A2H'  = +2  cm 

10.  Find  the  focal  length  and  the  positions  of  the  prin- 
cipal points  of  a concentric  glass  lens  surrounded  by  air 
(n  = l,  n' = 1.5),  with  radii  n=  + 8 cm.,  r2  = +5  cm. 


Ans.  f=— 40  cm.,  AiH=+8  cm..  A?H'  = +5  cm. 


11.  What  is  the  refracting  power  of  a concentric  glass 

meniscus  lens  surrounded  by  air  (n  = l,  /i'  = 1.5),  the  ladii 
being  5 cm.  and  3 cm.?  Ans.  F=  — 4.44  dptr. 

12.  The  radius  of  the  second  surface  of  a concentric  glass 
lens  surrounded  by  air  (n  = 1,  /«/  -1.5)  is  +3  cm.,  and  its  re- 
fracting power  is  — 2 dptr.  Determine  its  thickness. 

Ans.  6.59  mm.  If  it  were  not  too  heavy,  this  would 
be  a fairly  good  form  of  spectacle  glass  for  a near-sighted 

person.  , 

13.  If  the  two  principal  points  of  a lens  surrounded  by 

the  same  mechi  m on  both  sides  coincide  with  each  other  at 


388 


Mirrors,  Prisms  and  Lenses 


[Ch.  XI 


a point  midway  between  the  two  vertices,  what  is  the  form 
of  the  lens?  Ans.  A solid  sphere. 

14.  The  refracting  power  of  a symmetric  glass  lens  sur- 
rounded by  air  (n=l,  n'  = 1.5)  is  +10  dptr.,  and  its  thick- 
ness is  0.5  cm.  Determine  the  radius  of  the  first  surface. 

Ans.  4 9.916  cm. 

15.  A solid  sphere  is  a symmetric  concentric  lens.  If  the 
radius  is  denoted  by  r (r  = AiC),  show  that  we  have  the  fol- 
lowing system  of  formulae  for  a solid  sphere  surrounded  by 
the  same  medium  (n)  on  both  sides : 

FJn(n’-n)  AiH_H/A  r . A2F'_FA1  = (2'i7,1')''  . 
n.r  2{n  —n) 

16.  If  the  plane  surface  of  a glass  hemisphere,  of  index  n' 
and  surrounded  on  both  sides  by  a medium  of  index  n,  is 
turned  towards  the  incident  light,  and  if  r denotes  the  radius 
of  the  curved  surface,  show  that 

n'~n  AiH  = — A2H'=0,  AiF= 


F=- 


9 

irr 


n'  9 
A,F'  = 


n'(n'-n ) ’ 


n.r 

n'  - n 


17.  An  object  is  placed  in  front  of  the  plane  surface  of 
a glass  hemisphere,  of  index  1 5 and  radius  3 inches,  at  a 
distance  of  10  inches  from  this  surface.  Find  the  position, 
nature  and  size  of  the  image. 

Ans.  A real,  inverted  in  age,  of  same  size  as  object,  will 
be  formed  at  a distance  of  25  inches  from  the  object. 

18.  What  is  the  retracting  power  of  a glass  sphere  (w'  = 
1.5),  16 1 cm.  i.i  diameter,  (a)  surrounded  by  air  (n=  1), 
and  (6)  surrounded  by  water  (n=|)? 

Ans.  (a)  +8  dptr.;  ( b ) +3|  dptr. 

19.  The  radius  of  each  surface  of  a symmetric  convex 

glass  ions  (n'  = 1.5)  is  10  cm.,  and  the  thickness  of  the  lens 
is  5 mm.  What  is  its  refracting  power  (a)  when  the  thick- 
ness is  neglected,  and  ( b ) when  the  thickness  is  taken  into 
account?  Ans.  (a)  +10  dptr.;  ( b ) +9||  dptr. 

20.  The  radii  of  a convex  meniscus  glass  lens  (n'  = 1.5't 
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surrounded  by  air  (n=l)  are  2.5  cm.  and  5 cm.  (a)  If  the 
lens  is  infinitely  thin,  what  is  its  refracting  power?  ( b ) If 
the  thickness  of  the  lens  is  1 cm.,  what  is  its  refracting  power? 

Ans.  (a)F  = +10  dptr.;  (b)  F=  +11^  dptr. 

21.  Determine  the  focal  length  (/)  of  a glass  lens  of  in- 
dex 1.5  surrounded  by  air  for  which  ri=+10,  7*2= +9, 
(1)  when  thickness  d = 0,  and  (2)  when  thickness  d=+l. 

[ ' Ans.  (1)  /=  — 180;  (2)  f=- 270. 

22.  A plane  object  is  placed  at  right  angles  to  the  axis  of 
a plano-convex  lens  at  a distance  of  8.77  cm.  in  front  oi  its 
curved  surface.  The  lens  is  made  of  glass  of  index  1.52, 
and  the  thickness  of  the  lens  is  0.5  cm.  The  radius  of  the 
curved  surface  is  4.56  cm.  Show  that  the  image  will  be  at 
infinity,  and  that,  in  order  to  see  distinctly  the  image  of  a 
point  in  the  object  which  is  2 cm.  from  the  axis,  an  eye  be- 
hind the  lens  must  look  in  a direction  inclined  to  the  axis 
of  the  lens  at  an  angle  of  nearly  12°  51'. 

23.  The  refracting  power  of  a meniscus  spectacle  glass  is 
+6  dptr.,  and  r2  = 2n,  d = 6 mm.  The  index  of  refraction 
is  1.5.  Find  the  radii  n and  r2  and  the  vertex  refrac- 
tion V. 

/ Ans.  n=+4.36  cm.,  7*2= +8.72  cm.,  F=+6.29  dptr. 
/ 24.  The  thickness  of  a spectacle  glass  is  4.75  mm.,  and 
the  index  of  refraction  is  1.5.  The  refracting  power  of  the 
first  surface  is  +15.4  dptr.,  and  that  of  the  second  surface 
is  —9.1  dptr.  Find  the  refracting  power  oi  the  lens  and  its 
vertex  refraction.  Ans.  F=  +6.74  dptr.;  V = +7.09  dptr. 

25.  A paraxial  ray  is  incident  on  the  cornea  of  Gull- 
strand’s  schematic  eye  (§  130)  in  a direction  parallel  to  the 
axis.  Trace  the  path  of  this  lay  through  the  eye  and  de- 
termine the  position  of  ti:e  secondary  focal  point  F'  (see 
calculation-scheme,  § 181);  and  calculate  the  focal  lengths 
/,  /'  according  to  th  ^ cormulae  derived  in  problem  No.  17 
at  the  end  of  Chapitr  X. 

Ans.  Distance  of  F'  from  the  vertex  of  the  cornea  is 
24.387  mm.;  f = +17.055  mm.,  /'=  -22.785  mm. 
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26.  The  reduced  thickness  of  a symmetric  spectacle  glass 
is  denoted  by  c.  If  V denotes  its  vertex  refraction,  show 
that 

„ V(V4  +c2.F2-c.F) 

2 

27.  A hollow  globe  of  glass  is  filled  with  water.  The  di- 
ameter of  the  water  sphere  is  8.5  inches  and  the  thickness  of 
the  glass  shell  is  0.25  inch.  Show  that  a narrow  beam  of 
parallel  rays  directed  towards  the  center  of  the  globe  will  be 
converged  to  a point  4.68  inches  from  the  outside  surface, 
the  indices  of  refraction  of  glass  and  water  being  f and 

, respectively.  ' / 

28.  What  is  the  focal  length  of  a combination  of  two  thin 

convex  lenses,  each  of  focal  length  /,  placed  at  a distance 
apart  equal  to  2//3?  Ans.  3//4. 

29.  An  optical  system  is  composed  of  two  thin  convex 
lenses  of  refracting  powers  +10  dptr.  and  +6|  dptr., 
the  stronger  lens  being  towards  the  incident  light.  Find 
the  refracting  power  of  the  combination  and  the  positions 
of  the  principal  points  and  focal  points  when  the  dis- 
tance between  the  lenses  is:  (a)  5 cm.;  ( b ) 25  cm.;  and 
(c)  40  cm. 

Ans.  (a)  Convergent  system:  F = 13j  dptr.;  AiH  = 
+2.5  cm.;  A2H'  = —3.75  cm.:  AiF  = —5  cm.;  AaF'  = +3.75  cm.; 
(b)  Telescopic  system:  F==0;  focal  and  principal  points 
all  at  infinity;  (c)  Divergent  system:  F = — 10  dptr.;  AiH  = 
— 26|  cm.;  A?II'-- +40  cm.;  AiF=  — 16|  cm.;  A2F'  = 
+30  cm. 

30.  An  optical  system  is  composed  of  two  thin  lenses, 
namely,  a Font  concave  lens  of  power  —10  dptr.  and  a rear 
convex  lens  of  power  +6|  dptr.  Find  the  refracting  power 
of  the  combination  and  the  positions  of  the  focal  points  and 
principal  points,  when  the  interval  between  the  lenses  is: 
(a)  2.5  cm.;  (6)  5 cm.;  (c)  6.25  cm.;  ( d ) 20  cm. 

Ans.  (a)  Divergent  system : F = — 1|  dptr. ; AxH  = — 10  cm. ; 
A2H'=  — 15  cm.;  AiF=+50  cm.;  A2F'=— 75  cm.;  (6)  Tele- 
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scopic  system:  F — 0,  focal  and  principal  points  all  at 
infinity;  (c)  dptr.;  AiH  = +50  cm.;  A2H'  = +75  cm.; 

AiF=-70  cm.;  A2F'=+195  cm.;  (d)  Convergent  system: 
F=+ 10  dptr.;  AiH  = +13^  cm.;  A2H'  = +20  cm.;  AiF  = 
+3^  cm. ; A2F'  = +30  cm. 

31.  Two  thin  convex  lenses  of  focal  lengths  f\  and  /2  are 
separated  by  an  interval  equal  to  2/2.  If  /i  = 3/2,  what  is 
the  focal  length  of  the  combination? 

Ans.  Convergent  system  of  focal  length  3/2/2. 

32.  Two  lenses,  one  convex  and  the  other  concave,  are 
separated  by  an  interval  2a.  The  convex  lens  is  the  front 
lens,  and  its  focal  length  is  a , while  that  of  the  concave  lens 
is  —a.  Find  the  focal  length  of  the  combination  and  the 
positions  of  the  principal  points  and  focal  points. 

Ans.  /=a/2;  AiH=A2H'  = — a;  AiF  = 3A2F'=  — 3a/2. 

33.  Where  are  the  principal  planes  of  a system  of  two  thin 
convex  lenses  of  focal  lengths  2 inches  and  6 inches,  separated 
by  an  interval  of  4 inches? 

Ans.  The  principal  planes  coincide  with  the  focal  planes 
of  the  stronger  lens. 

34.  The  objective  of  a compound  microscope  may  bo  re- 
garded as  a thin  convex  lens  of  focal  length  0.5.  inc  h.  The 
ocular  may  also  be  regarded  as  a thin  convex  ler  s of  focal 
length  1 inch.  The  distance  between  the  two  lenses  is  6 
inches.  Where  must  an  object  be  placed  in  o rder  that  its 
image  may  be  seen  distinctly  by  a person  whose  distance  of 

distinct  vision  is  8 inches? 

Ans.  inch  in  hont  of  the  objective. 

35.  The  focal  lengths  of  the  objective  and  ocular  of  a com- 

pound microscope  are  0.5  inch  ar.d  1 inch,  respectively.  If 
the  distance  of  distinct  vision  is  12  inches,  find  the  distance 
between  the  objective  ana  ocular  when  the  object  viewed  is 
0.75  inch  from  the  objective.  Ans.  2.42  inches. 

36.  A thin  convex  lens,  of  focal  length  5 inches,  is  placed 
midway  between  two  thin  convex  lenses  each  of  focal  length 
10  inches.  The  distance  between  the  first  lens  and  the  second 
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is  5 inches.  Find  the  focal  length  of  the  system  and  the  po- 
sitions of  the  principal  points. 

Ans.  / = +6§  inches;  the  principal  points  are  at  the 

vertices  of  the  outside  lenses. 

37.  In  the  preceding  problem,  suppose  that  the  two  out- 
side lenses  are  concave,  everything  else  remaining  the  same. 

Ans.  / = +6|  inches.  The  principal  points  are  on  op- 
posite sides  of  the  middle  lens  and  1^  inches  from  it. 

38.  A thin  convex  lens,  of  focal  length  10  inches,  is  placed 
in  front  of  a concave  mirror  of  focal  length  5 inches,  the  dis- 
tance between  them  being  5 inches.  The  light  traverses  the 
lens,  is  reflected  at  the  mirror,  and  again  passes  through  the 
lens.  Find  the  focal  length  of  this  so-called  “thick  mirror” 

and  the  positions  of  the  principal  points. 

Ans.  / = +6|  inches;  the  principal  points  coincide  with 

each  other  at  a point  5 inches  behind  the  vertex  of  the  mirror. 

39.  In  the  preceding  problem,  suppose  that  the  lens  is 
concave,  everything  else  remaining  the  same. 

Ans.  / = +6 1 inches;  the  principal  points  coincide  with 
each  other  at  a point  between  the  lers  a id  the  mirror  and 
34g-  inches  from  the  former. 

40.  In  front  of  each  of  the  systems  described  in  Nos.  36, 
37,  38,  and  39,  an  object,  one  in'*i:  high,  is  placed  at  a distance 
of  5 inches  from  the  first  member  of  the  system.  Find  the 
position,  size  and  nature  of  the  image  in  each  case. 

Ans.  In  No.  36:  A real,  inverted  image,  2 inches  beyond 
the  third  lens  and  0.8  in.  high.  In  No.  37:  A real,  inverted 
image,  30  inches  beyond  the  third  lens  and  4 inches  high. 
In  No.  38:  A real,  inverted  image,  2 inches  in  front  of  the 
lens  and  0.8  in.  high.  In  No.  39:  A real,  inverted  image, 
30  inches  in  front  of  the  lens  and  4 inches  high. 

41.  The  center  of  a concave  mirror,  of  radius  r,  coincides 
with  the  optical  center  of  a thin  lens,  of  focal  length  /,  and 
the  ixes  of  lens  and  mirror  are  in  the  same  straight  line.  The 
light  traverses  the  lens,  is  reflected  at  the  mirror,  and  again 
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traverses  the  lens.  Show  that  the  system  is  equivalent  to  a 
thin  mirror  of  radius  r.//(r+/),  with  its  center  at  the  same 
place  as  the  center  of  the  given  mirror. 

42.  A centered  system  of  lenses  (I)  is  placed  in  front  of 
a spherical  mirror  (II),  and  the  whole  constitutes  a “thick 
mirror/ ’ as  explained  in  § 132.  Show  that  the  vertex  A and 
the  center  C of  the  actual  mirror  are  the  images  of  the  vertex 
H and  the  center  K,  respectively,  of  the  equivalent  “thin 
mirror/’  which  are  produced  by  the  lens-system  I in  the 
medium  of  index  n2  between  systems  I and  II. 

43.  A “thick  mirror”  consists  of  a thin  lens  of  focal  length 
/i  and  a spherical  mirror  of  focal  length /2  placed  co-axially 
so  that  the  focal  point  of  the  mirror  coincides  with  the  opti- 
cal center  Ai  of  the  thin  lens.  Show  that  the  focal  length  of 

(the  equivalent  “thin  mirror”  is 

j rO  i*2  } 

Jl~J2 

and  that  the  positions  of  the  vertex  H and  the  center  K are 
given  by  the  following  expressions : 


AiH  = 


/1-/2 


AiK=- 


A-  A 


/1—/2 ’ A+A 

Does  it  make  any  difference  whether  the  lens  is  convex  or 
concave? 

44.  At  each  of  the  focal  points  of  a thin  convex  lens  of 
focal  length /2  is  placed  a thin  lens  of  foctJ  -ength  /1.  Find 
the  focal  length  of  the  combination  of  the  three  lenses  and 
the  positions  of  the  principal  points.  Does  it  make  any  dif- 
ference whether  the  two  equal  outside  lenses  are  convex  or 
concave? 


Ans. 


Jl-fa 

Jl-fi 


> ’ 


AiH  = H'A3  = 


A A 


A “A 


45.  A thin  convex  lenb  of  focal  length  10  cm.  is  placed  in 
front  of  a plane  mi*  vor  at  a distance  of  8 cm.  from  it.  Find 
the  radius  of  the  equivalent  “thin  mirror”  and  the  position 
of  its  vertex  F. 
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Ans.  The  equivalent  “thin  mirror”  is  a concave  mirror  of 
radius  50  cm.  with  its  vertex  32  cm.  behind  the  plane  mirror. 

46.  The  axes  of  three  thin  convex  lenses  are  all  in  the 
same  straight  line,  the  interval  between  the  first  and  second 
lenses  being  one  inch  and  the  interval  between  the  second 
and  third  lenses  being  half  an  inch.  The  focal  lengths  of  the 
first,  second  and  third  lenses  are  f,  ^ and  § inch,  re- 
spectively. A plane  object  is  placed  at  right  angles  to  the 
axis  of  the  lens-system;  show  that  an  inverted  image  of  the 
same  size  as  the  object  will  be  formed  in  the  plane  of  the 
object. 

47.  A plano-concave  flint  glass  lens  of  index  1.618  is  ce- 
mented to  a double  convex  crown  glass  lens  of  index  1.523. 
The  radii  and  thicknesses  are  as  follows:  n=oo,  r2  = 
+50.419  mm.,  r3  = — 74.320  mm.;  di=+2.15  mm.,  d2  = 
+4.65  mm.  Find  the  focal  length  of  the  combination  and 
the  positions  of  the  principal  points. 

Ans.  / = +192.552  mm.;  distances  of  principal  points  from 
the  plane  surface,  +5.466  and  +7.908  mm. 

48.  A plano-concave  flint  glass  lens  of  index  1.618  is  ce- 
mented to  a double  convex  crowr.  g+ss  lens  of  index  1.523. 
The  radii  and  thicknesses  are  as  follows:  ri= +22.00  mm., 
r2=  — 19.65  mm.,  r3=  go;  eh~.i-2.60  mm.,  <L=+2.00  mm. 
Find  the  focal  length  of  the  combination  and  the  positions  of 
the  principal  points. 

Ans.  /=  +52.26  mm  ; distances  of  principal  points  from 
plane  surface,  —5.03  and  —3.36  mm. 

49.  The  radii  and  thickness  of  a symmetric  double  convex 
lens  are  10  cm.  and  1 cm.,  respectively.  The  lens  is  made  of 
glass  of  index  1.5  and  surrounded  by  air  of  index  unity. 
A portion  or  the  light  which  enters  the  lens  will  be  reflected 
at  the  second  surface  and  partially  refracted  at  the  first 
surface  from  glass  back  into  the  air.  Find  the  radius,  re- 
fiecting  power  and  position  of  the  vertex  of  the  equivalent 
“thin  mirror.” 

Ans.  Concave  mirror  of  radius  —53.050  mm.,  reflecting 


Ch.  XI] 


Problems 


395 


power  +37.7  dptr.,  with  its  vertex  +6.90  mm.  from  the  ver- 
tex of  the  first  face  of  the  lens. 

50.  In  the  case  of  the  lens  in  the  preceding  problem,  as- 
sume that  the  light  is  reflected  internally  twice  in  succession 
and  issues  finally  at  the  second  face  into  the  air.  Find  the 
refracting  power  and  the  positions  of  the  principal  points 
for  the  imagery  produced  by  these  rays. 

Ans.  Refracting  power,  +53.08  dptr.;  distances  of  prin- 
cipal points  from  vertex  of  first  surface  of  the  lens,  +10.94 
and  — 0.94  mm. 

51.  In  Gtjllstrand’s  schematic  eye  in  its  state  of  maxi- 
mum accommodation  the  crystalline  lens  consists  of  an  outer 
symmetric  double  convex  lens  of  index  n4  = n6  = 1.386  (see 
§ 130),  enclosing  an  inner  symmetric  double  convex  “core” 
lens  of  index  n5  = 1.406;  the  inner  portion  being  symmetri- 
cally placed  with  respect  to  the  surrounding  outer  part. 
The  radii  of  the  surfaces  are  as  follows: 

Outer  portion:  r3  = A3C3  = +5.3333  mm.  = — r6  = C6A6; 

Inner  portion:  r4  = A4C4  = +2.6550  mm.  = — r5  = C5As. 
Moreover, 

A3A4  = A3C5  = A5A6  = C4A6  = 0.6725  mm.; 

A4A5  = C5C4  = A4C4  = C5A5  = 2.6550  mm. 

The  entire  lens  is  surrounded  by  a medium  of  index  n3  = 
n7  = 1.336.  Show  (1)  that  the  refracting  power  +1  the  inner 
portion  or  “core”  lens  is  F45= +14.959  dptr  , and  that  its 
principal  points  are  1.9905  mm.  from  the  anterior  and  pos- 
terior surfaces.  Moreover,  employing  the  formulae  of  § 131, 
show  (2)  that  the  refracting  power  of  the  entire  lens  in  case 
of  maximum  accommodation  is  F* <,“+  33.056  dptr.  and  that 
A3H36  = H36'A6=  +1.9449  mm. 

52.  Using  the  data  of  the  preceding  problem,  find  the 
refracting  power  (F)  and  the  positions  of  the  principal  points 
(H,  H')  of  Gullstrani/s  schematic  eye  in  its  state  of  maxi- 
mum accommodation:  oeing  given,  according  to  the  results 
of  § 130,  that  th  s refracting  power  of  the  cornea  system  is 
F12 =43.053  dpti.  and  that  AiHi2  = -0.0496  mm.,  AiH'i2  = 
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-0.0506  mm.,  and  also  that  for  maximum  accommodation 
AiA3=  +3.2  mm. 

Ans.  F= +70.575  dptr.;  AiH  = +1.772  mm.;  AiH'  = 
+2.086  mm. 

53.  Two  thin  lenses  of  focal  lengths /i  and  f2  are  placed  on 
the  same  axis  with  the  second  focal  point  (F/)  of  the  first 
lens  coincident  with  the  first  focal  point  (F2)  of  the  second 
lens,  so  as  to  form  an  afocal  or  telescopic  system.  Show 
that  the  lateral  magnification  is  constant  and  equal  to 
-f2/fh  and  that  the  angular  magnification  is  likewise  con- 
stant and  equal  to  the  reciprocal  of  the  lateral  magnification. 

54.  If  (as  in  Huygens’s  ocular)  two  thin  lenses  are  placed 
on  the  same  axis  with  their  second  focal  points  in  coincidence, 
show  that  the  second  focal  point  of  the  combination  is  mid- 
way between  this  common  focal  point  and  the  second  lens, 
and  that  the  deviation  produced  by  the  second  lens  is  twice 
that  produced  by  the  first  (assuming  that  the  angles  are 

small) . 

55.  Show  that  the  optical  center  (O)  of  a lens  surrounded 
by  the  same  medium  on  both  sides  is  the  image  of  the  first 
principal  point  of  the  lens  (H)  in  Its  first  surface;  and,  sim- 
ilarly, that  the  second  principal  point  (H')  is  the  image  of  O 
in  the  second  surface. 

56.  Magnifying  glasses  of  high  power  were  formerly  made 
in  the  form  of  small  “spherules”  of  glass,  as  suggested  first 
by  Robert  Hooke  ;n  his  “ Micrographia ” (1665).  The 
most  powerful  “spherules”  ever  made  are  said  to  have  been 
those  sent  to  the  Royal  Society  by  Di  Torr£  of  Naples, 
one  of  which  was  rurth  of  an  inch  in  diameter.  Assuming  that 
the  inde>  ct  refraction  was  1.5,  what  was  its  focal  length? 

Ans  ~9  ^ inch. 
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APERTURE  AND  FIELD  OF  OPTICAL  SYSTEM 

133.  Limitation  of  Ray-Bundles  by  Diaphragms  or  Stops. 

— The  geometrical  theory  of  optical  imagery  which  has  been 
developed  in  Chapter  X was  based  on  the  assumption  of 
punctual  correspondence  between  object-space  and  image- 
space,  whereby  each  point  of  the  object  is  reproduced  by 
one  point,  and  by  one  point  only,  in  the  image;  and  on  this 
hypothesis  simple  relations  in  the  form  of  the  so-called 
image-equations  (§  123)  were  obtained  for  determining  the 
position  and  size  of  the  image  in  terms  of  the  focal  lengths 
of  the  optical  system.  When  we  attempted  to  realize  the 
imagery  expressed  by  these  equations,  we  were  obliged  to 
confine  ourselves  to  the  so-called  paraxial  rays  comprised 
within  the  narrow  cylindrical  region  immediately  surround  * 
ing  the  axis  of  symmetry  or  optical  axis  of  the  centered  ey®  * 
tem  of  spherical  refracting  or  reflecting  surfaces.  Pastd  on 
the  same  assumptions,  certain  rules  were  given  for  con- 
structing the  image-point  Q'  corresponding  to  a p /en  object- 
point  Q.  For  example,  a pair  of  straight  lke^  was  drawn 
through  Q (Fig.  174),  one  parallel  to  the  optical  axis  and 
meeting  the  second  principal  plane  of  the  system  in  a point 
V',  and  the  other  going  through  the  pnmary  focal  point  F 
and  meeting  the  first  principal  plane  in  a point  W.  The 
required  point  Q'  was  shown  to  lie  at  the  point  of  intersec- 
tion of  the  straight  line  Y'Q',  drawn  through  the  second 
focal  point  F',  with  the  straight  line  WQ'  drawn  parallel  to 
the  axis.  The  position  of  the  point  Q'  having  been  located, 
the  problem  was  considered  as  solved,  and  we  were  not  par- 
ticularly concerned  with  inquiring  whether  the  straight 
lines  used  in  tli3  construction  represented  the  paths  of  ac- 
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tual  rays  that  formed  the  image  at  Q'.  As  a matter  of  fact, 
the  pair  of  geometrical  lines  which  is  employed  here  will 
generally  not  belong  to  the  bundle  of  optical  rays  by  which 
the  imagery  is  actually  produced;  and  a glance  at  the  dia- 
gram will  show  how  the  diameter  of  the  lens  and  the  size  of 


Fig.  174. — Effective  rays  as  distinguished  from  ray'o  uccd  in  making  geo- 
metrical constructions. 

the  object  control  the  selection  of  the  rays  that  are  really  I 
effective  in  producing  the  image.  I 

In  Chapter  I attention  wan  called  to  the  fact  that  every  I 
optical  instrument  is  provided  with  some  means  of  cutting  I 
out  such  portions  of  a bundle  of  rays  as  for  one  reason  or  I 
another  are  not  desiraOk;  which  is  usually  accomplished,  I 
as  has  been  explained,  by  interposing  in  the  paths  of  the  I 
rays  at  some  convenient  place  a plane  opaque  screen  at  I 
right  angles  to  the  axis  containing  a circular  aperture  with  I 
its  center  on  the  axis.  There  may,  indeed,  be  several  such  • I 
diaphragns  or  stops  disposed  at  various  places  along  the  I 
axis  of  the  instrument.  A perforated  screen  of  this  kind  is  I 
cahod  a front  stop , a rear  stop  or  an  interior  stop , according  I 
as  it  lies  in  front  of,  behind  or  within  the  system,  respect- 
ively. The  rims  and  fastenings  of  the  lenses  act  in  the  same  I 
way  as  the  diaphragms  to  limit  the  ray-bundles.  The  stops  I 
have  various  duties  to  perform,  their  chief  functions  being 


399 


§ 134]  Aperture-Stop 

to  cut  off  the  view  of  indistinct  parts  of  the  image  (limita- 
tion of  the  field  of  view) , to  cut  out  such  rays  as  would  tend 
to  mar  the  perfection  of  that  part  of  the  image  which  is  to 
be  inspected  (limitation  of  the  aperture  of  the  system),  and, 
finally,  to  nullify  injurious  reflections  from  the  sides  of  the 
tube  or  other  parts  of  the  instrument. 

134.  The  Aperture-Stop  and  the  Pupils  of  the  System  — 
To  an  eye  looking  into  the  instrument  from  the  side  of  the 
object,  a front  stop  (which  may  be  the  rim  of  the  first  lens 
of  the  system)  will  be  the  only  one  that  will  be  visible  di- 
rectly. Any  other  stop  or  lens-rim  will  be  seen  only  by  means 
of  the  real  or  virtual  image  of  it  that  is  cast  by  that  part  of 
the  optical  system  which  is  between  it  and  the  eye.  Simi- 
larly, if  the  eye  is  directed  towards  the  instrument  from  the 
image-side,  an  interior  stop  or  a front  stop  may  be  seen  by 
means  of  the  image  of  it  that  is  produced  by  the  part  of  the 
system  that  lies  between  it  and  the  eye.  Now  these  impal- 
pable stop-images,  whether  visible  or  not,  are  just  as  effect- 
ive in  cutting  out  the  rays  as  if  they  were  actual  material 
stops;  because,  obviously,  any  ray  that  goes  thiough  a-u. 
actual  stop  must  necessarily  pass  either  really  or  virtually 
through  the  corresponding  point  of  the  stop-image;  whereas 
a ray  that  is  obstructed  by  a stop  will  not  go  thiough  the 
opening  in  the  stop-image. 

That  one  of  the  stops  which  by  virtue  of  its  eize  and  po- 
sition with  respect  to  the  radiating  object  most  effective 
in  cutting  out  the  rays  is  distinguished  as  the  aperture-stop 
of  the  system  (§  11),  and  in  order  to  determine  which  of  the 
several  stops  performs  this  office,  h is  necessary,  first  of  all, 
to  assign  the  position  of  the  axial  object-point  M,  without 
which  the  aperture  of  the  system  can  have  no  meaning.  Ac- 
cordingly, we  must  suppose  that  the  instrument  is  focused 
on  some  selected  point  ivT  on  the  axis,  which  is  reproduced 
by  an  image  at  the  conjugate  point  M'.  The  transversal 
planes  at  right  angles  to  the  axis  at  M and  M'  will  be  a pair 
of  conjugate  planes,  for  it  is  assumed  here  that  the  imagery 
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is  ideal  and  of  the  same  character  as  that  produced  by  par- 
axial rays.  Now  this  pair  of  conjugate  planes  plays  a very 
important  role  in  the  theory  of  an  optical  instrument,  so 
that  hereafter  we  shall  refer  to  the  object-plane  as  the  focus- 
plane  (or  the  plane  which  is  in  focus  on  the  screen)  and  to 
the  conjugate  plane  in  the  image-space  as  the  screen-plane. 

Now  if  the  eye  is  supposed  to  be  placed  on  the  axis  at  the 
point  M and  directed  towards  the  instrument,  the  stop  or 
stop-image  whose  aperture  subtends  the  smallest  angle  at  M 
is  called  the  entrance-pupil  of  the  system.  All  the  effective 
rays  (§11)  in  the  object-space  must  be  directed  towards 
points  which  lie  within  the  circumference  of  the  circular 
opening  of  the  entrance-pupil.  In  general,  the  entrance- 
pupil  is  the  image  of  the  aperture-stop  as  seen  by  looking  into 
the  instrument  in  the  direction  of  the  light  coming  from  the 
object;  but  if  the  aperture-stop  is  a front  stop,  it  will  also 
be  the  entrance-pupil. 

On  the  other  hand,  when  the  eye  is  pieced  on  the  axis  at 
the  point  M'  so  as  to  look  into  the  instiument  through  the 
other  end,  the  stop  or  stop-image  which  subtends  the  smallest 
angle  at  Mr  is  called  the  exit-pup  d,  and  all  the  effective  rays 
when  they  emerge  from  the  instrument  must  go,  really  or 
virtually,  through  the  opening  of  the  exit-pupil.  In  this 
statement  it  is  tacitly  assumed  that  Mr  is  a real  image  of  M; 
otherwise,  it  would  not  r>e  possible  for  the  eye  placed  at  Mr 
to  look  into  the  instrument  through  the  end  from  which  the 
rays  emerge.  But  in  any  case  the  exit-pupil  is  the  stop  or 
stop-image  which  subtends  the  smallest  angle  at  M\  Gen- 
erally, the  e:  >t  -pupil  will  be  the  image  of  the  aperture-stop 
as  seen  by  muking  into  the  instrument  from  the  image-side; 

but  if  the  aperture-stop  is  a rear  stop,  it  will  be  itself  the 
exit- pupil. 

Since  the  effective  rays  enter  the  system  through  the 
er trance-pupil  in  the  object-space  and  leave  it  through  the 
exit-pupil  in  the  image-space,  it  is  evident  that  the  exit- 
pupil  is  the  image  of  the  entrance-pupil,  so  that  the  pupil- 
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centers,  designated  by  O and  O',  are  a pair  of  conjugate  axial 
points  with  respect  to  the  entire  system. 

The  apertures  of  the  ray-bundles  in  the  object-space  are 
determined  by  the  entrance-pupil  of  the  system;  and  the 
exit-pupil  has  a similar  office  in  the  image-space.  Each  of 
the  pupils  is  the  common  base  of  the  cones  of  effective  rays 
in  the  region  to  which  it  belongs. 

135.  Illustrations— The  name  “pupil”  applied  to  these 
apertures  by  Abbe  was  suggested  by  an  analogy  with  the 
optical  system  of  the  eye.  The  pupil  of  the  eye  is  the  con- 
tractile aperture  of  the  colored  iris,  the  image  of  which 
produced  by  the  cornea  and  the  aqueous  humor  is  the  en- 

! trance-pupil  of  the  eye  corresponding  to  what  is  popularly 
called  the  “black  of  the  eye,”  because  it  looks  black  on  the 
dark  background  of  the  posterior  chamber  of  the  eye.  Since 
the  center  O of  the  entrance-pupil  is  the  image  of  the  center 
K of  the  iris-opening  formed  by  rays  that  are  refracted  from 
the  aqueous  humor  through  the  cornea  into  the  air,  then, 
by  the  principle  of  the  reversibility  of  the  light-path,  we 
may  also  regard  K as  the  image  of  O formed  by  rays  whicc 
are  refracted  from  air  (n=  1)  through  the  cornea  into  the 
aqueous  humor  (n'  = 1.336).  The  apparent  place  of  the  eye- 
pupil  varies  slightly  in  different  individuals  and  in  tire  same 
individual  at  different  ages.  If  we  assume  that  the  point  0 
is  3.03  mm.  from  the  vertex  (A)  of  the  cornea,  „hat  is,  if  we 
put  m = 0.00303  m.,  then  C/  = n/w  = 330  dpi".  And  if  we  take 
the  refracting  power  of  the  cornea  as  E = 42  dptr.  (§  130), 
then,  since  U'=  U+F,  we  find  U'= 372 dptr.  and  consequently 
u1  = AK  = n'/E'  = 0.0036  m.;  so  that  with  these  data  the 
plane  of  the  iris  is  found  to  be  at  a distance  of  3.6  mm.  from 
|[  the  vertex  of  the  cornea.  ?hus  we  see  that  the  entrance- 
pupil  of  the  eye  is  very  nearly  0.6  mm.  in  front  of  the  iris. 

As  a simple  illustration  of  these  principles,  consider  an 
optical  system  which  consists  of  an  infinitely  thin  convex 
lens,  with  a stop  placed  a little  in  front  of  it.  In  the  dia- 
gram (Fig.  1 76)  the  straight  line  DG  perpendicular  to  the 
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axis  of  the  lens  represents  the  diameter  of  the  lens  which 
lies  in  the  meridian  plane  of  the  paper.  The  diameter  of 
the  stop-opening  is  shown  by  the  straight  line  BC  parallel 


to  DG.  The  centers  of  the  lens  and  stop  are  designated  by 
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Fig.  175. — Optical  system  composed  of  thin  comvcx  lens  with  front 

stop. 

A and  K,  respectively.  The  position  of  the  focus-plane  is 
determined  by  the  axial  object-point  M,  which  in  the  figure 
is  represented  as  lying  in  freni  of  the  lens  beyond  the  pri- 
mary focal  plane.  The  solid  angle  subtended  at  M by  the 
opening  in  the  stop  is  supposed  to  be  smaller  than  that 
subtended  by  the  dm  of  the  lens;  that  is,  as  here  shown, 
Z AMC<Z  AMG;  ai  d,  consequently,  the  front  stop  acts  here 
both  as  apertuiv-st  op  and  entrance-pupil,  so  that  the  center  K 
of  the  aperture-stop  is  likewise  the  center  O of  the  entrance- 
pupil.  Looking  through  the  lens  from  the  other  side,  one 
will  see  at  O'  a virtual,  erect  image  B'C'  of  the  aperture-stop 
BC,  ana  hence  this  image  is  the  exit-pupil  of  the  system. 
The  angle  BMC  is  the  aperture-angle  of  the  cone  of  rays 
ti'.a’j  come  from  the  axial  object-point  M in  the  focus-plane; 
after  passing  through  the  system,  these  rays  meet  at  M'  in 
the  screen-plane,  the  aperture-angle  of  the  bundle  of  rays 
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in  the  image-space  being  ZB'M'C'.  The  effective  rays 
coming  from  a point  Q in  the  focus-plane  are  comprised 
within  Z BQC  in  the  object-space  and  ZB'Q'C'  in  the 
image-space.  If  the  object-point  does  not  lie  in  the 
focus-plane,  and  yet  not  too  far  from  it,  the  opening  BOC  will 
act  as  entrance-pupil  for  this  point  also.  Thus,  for  example, 
in  order  to  construct  the  point  R'  conjugate  to  an  object- 
point  R which  does  not  lie  exactly  in  the  focus-plane,  we 
have  merely  to  draw  the  straight  lines  RB,  RO,  RC  until 
they  meet  the  lens,  and  connect  these  latter  points  with  B', 
O',  C',  respectively,  by  straight  lines  which  will  intersect  in 
the  image-point  R'. 

Again,  consider  a system  composed  of  two  equal  thin 
convex  lenses  whose  centers  are  at  Ai  and  A2  (Fig.  176), 


Fig.  176. — Optical  system  composed  of  two  equal  th.n  '■jnvex  lenses  with 
interior  stop  placed  midway  between  the  t\70  lenses. 


with  a stop  UV  placed  midway  between  them;  if  the  centei 
of  the  stop  is  designated  by  K,  then  AiK  = KA2.  The  image 
of  the  stop  as  seen  through  the  front  lens  is  BOC,  and  its 
image  as  seen  by  looking  through  the  other  lens  in  the  op- 
posite direction  is  B'O'C';  these  images  being  equal  in  size 
and  symmetrically  situated  with  respect  to  the  stop  itself. 
The  image  of  the  rim  of  each  lens  cast  by  the  other  lens 
should  also  be  constructed,  but  for  the  sake  of  simplicity 
these  images  ore  not  drawn  in  the  figure,  because  the  di- 
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ameters  of  the  lenses  are  taken  sufficiently  large  as  com- 
pared with  the  diameter  of  the  stop  interposed  between 
them  at  K to  insure  that  the  latter  acts  as  aperture-stop 
with  respect  to  the  axial  object-point  M on  which  the  in- 
strument is  supposed  to  be  focused.  Consequently,  since 
the  stop-image  BC  subtends  at  M an  angle  less  than  that 
subtended  by  the  rim  of  the  front  lens  or  by  the  image  of 
the  rim  of  the  second  lens,  it  will  be  the  entrance-pupil  of 
the  system;  and,  similarly,  B'C'  which  is  the  image  of  BC 
formed  by  the  system  as  a whole  will  be  the  exit-pupil. 
Thus,  in  order  to  construct  the  image-point  M'  conjugate 
to  the  axial  object-point  M,  we  have  merely  to  draw  the 
straight  line  MC  and  to  determine  the  point  where  this  line 
meets  the  first  lens;  and  from  the  latter  point  draw  a straight 
line  through  the  point  V in  the  edge  of  the  stop  to  meet  the 
second  lens;  and,  finally,  draw  the  straight  line  which  joins 
this  latter  point  with  the  point  C'  in  the  edit,  of  the  exit- 
pupil;  this  line  will  cross  the  axis  at  the  required  point  M' 
in  the  screen-plane.  Similarly,  drawing  from  the  object- 
point  Q the  three  rays  QB,  QO  and  QC,  we  can  continue 
the  paths  of  these  rays  from  t ie  first  lens  to  the  second 
through  the  points  U,  K and  V,  respectively,  in  the  stop- 
opening; and  since  the  rays  must  issue  from  the  second  lens 
so  as  to  go  through  B',  O'  and  C',  respectively,  in  the  exit- 
pupil,  their  common  p'vnt  of  intersection  in  the  image- 
space  will  be  the  point  Q'  conjugate  to  Q.  In  the  diagram 
the  point  Q is  taken  in  the  focus-plane;  but  the  same  con- 
struction will  apply  also  to  determine  the  position  of  an 
image-point  IC  conjugate  to  an  object-point  R which  does 
not  lie  in  the  focus-plane. 

136.  Aperture-Angle.  Case  of  Two  or  More  Entrance- 
Pup:ls. — The  angle  OMC=i7  (Figs.  175  and  176)  subtended 
at  the  axial  object-point  M by  the  radius  OC  of  the  entrance- 
pupil  is  called  the  aperture-angle  of  the  optical  system.  If 
we  put  OC  = p (where  p is  to  be  reckoned  positive  or  neg- 
ative according  as  the  point  C lies  above  or  below  the  axis) 
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and  OM=z,  then  tamj  = — p/z.  In  like  manner,  if  r)'  = 
ZO'M'C'  denotes  the  angle  subtended  at  the  point  M'  con- 
jugate to  M by  the  corresponding  radius  of  the  exit-pupil 
(O'C ' = p')>  and  if  also  0'M'=z',  then  tan  17'  = “ P'lz'* 

The  pupils  of  an  optical  system  depend  essentially,  as  has 
been  stated,  on  the  position  of  the  axial  object-point  M on 


Fig.  177. — Case  of  two  entrance-pupils. 

which  the  instrument  is  focused.  In  the  diagram  (Pig.  177) 
I and  II  represent  a pair  of  stops  or  stop-images  as  seen 
by  an  eye  looking  into  the  front  end  of  the  instrument.  Join 
one  end  of  the  diameter  of  one  of  these  openings  by  straight 
lines  with  both  ends  of  the  diameter  of  the  other  opening; 
and  let  the  points  where  the  straight  lines  cross  the  axis  be 
designated  by  X and  Y.  The  two  apertures  subtend  equal 
angles  at  these  points,  and  he  ice  if  the  object-point  M co- 
incides with  either  X or  Y,  the  entrance-pupil  of  the  system 
may  be  either  I or  II;  in  fact,  for  these  two  special  positions 

of  M there  will  be  two  entrance-pupils,  and,  of  course,  also 

% 

two  exit-pupils.  If  the  object-point  M lies  between  X and 
Y,  then  in  the  ca:^  represented  in  the  figure  the  opening  II 
will  subtend  j.  smaller  angle  at  M than  the  opening  I so 
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that  the  former  will  act  as  the  entrance-pupil.  But  for  any 
other  position  of  the  axial  object-point  M besides  those 
above  mentioned  the  opening  I will  be  the  entrance-pupil. 

137.  Field  of  View. — The  limitation  of  the  apertures  of 
the  bundles  of  effective  rays  is  not  the  only  office  of  the 
stops  and  lens  fastenings.  One  of  their  most  important 
functions  is  to  define  the  extent  of  the  object  that  is  to  be 
reproduced  in  the  instrument  as  has  been  pointed  out  in 
several  simple  illustrations  in  the  earlier  pages  of  this  book 
(see  §§  9,  16,  73  and  98).  In  the  adjoining  diagram  I 

(Fig.  178),  where  the  entrance-pupil  of  the  system  is  repre-  I 

sented  by  the  opening  BC,  the  other  stops  or  stop-images  in  the  I 
object-space  act  like  circular  windows  or  port-holes  through 
which  the  rays  that  are  directed  from  the  various  parts  of  I 
the  object  towards  points  in  the  open  space  of  the  entrance-  I 

pupil  will  have  to  pass  if  they  are  to  succeed  ’n  getting  I 

through  the  "instrument  without  being  intercepted  on  the 
way.  Evidently,  that  one  of  these  openin  j;s  which  subtends  I 
the  smallest  angle  at  the  center  O of  the,  entrance-pupil  will  I 

limit  the  extent  of  the  field  of  view  in  the  object-space.  This  I 

opening  which  is  represented  in  the  ogure  by  GH  is  called  I 

the  entrance-port;  and  the  material  stop  or  lens-rim  which  I 
is  responsible  for  it  is  called  the  field-stop  (§9). 

Let  the  straight  line  CH  drawn  through  the  upper  extrem-  I 
ities  of  the  diameters  BG  and  GH  of  the  entrance-pupil  and  I 
entrance-port  meet  the  optical  axis  in  the  point  designated  I 
by  L and  the  focus-plane  in  the  point  designated  by  U.  If  I 
this  straight  line  is  revolved  around  the  axis  of  the  instru- 
ment, the  p^int  U will  describe  a circle  in  the  focus-plane 
around  the  axial  object-point  M as  center;  and  it  is  obvious 
that  any  point  in  this  plane  within  the  circumference  of  this  I 
circ’e,  or,  indeed,  any  object-point  contained  inside  the  I 
conical  surface  generated  by  the  revolution  of  the  straight  I 
l>ne  passing  through  C and  H,  may  send  rays  to  all  parts 
of  the  entrance-pupil  which  will  not  be  intercepted  any- 
where in  the  instrument.  Thus,  the  entire  aperture  of  the  I 
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entrance-pupil  will  be  the  common  base  of  the  cones  of  ef- 
fective rays  emanating  from  sources  which  lie  within  this 
region  of  the  object-space. 


Fig.  178. — Field  of  view  of  opticul  system  on  side  of  object,  determined 
by  the  entrance-puph  and  the  entrance-port. 

Again,  the  straight  hne  OH  drawn  through  the  center  of 
the  entrance-pupil  and  the  upper  edge  of  the  entrance-port 
will  determine  a second  limiting  point  V in  the  focus-plane 
which  is  farthei  trom  the  optical  axis  than  the  first  point  U ; 
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and  in  case  of  object-points  lying  in  the  focus-plane  between 
U and  V the  sections  of  the  bundles  of  effective  rays  made 
by  the  plane  of  the  entrance-pupil  will  have  areas  that  are 
comprised  between  the  entire  area  of  the  opening  of  the 
entrance-pupil  and  half  that  area;  and  this  will  be  true  like- 
wise with  respect  to  all  those  points  in  the  object-space  that 
are  contained  between  the  two  conical  surfaces  generated 
by  the  revolution  of  the  straight  lines  CH  and  OH  around 
the  axis  of  symmetry.  Such  points  will  not  lie  outside  the 
field  of  view,  but  although  they  can  utilize  more  than  half 
the  opening  of  the  entrance-pupil,  they  are  not  in  a position 
to  take  advantage  of  the  entire  opening. 

Finally,  the  straight  line  BH  drawn  through  the  lower 
edge  of  the  entrance-pupil  and  the  upper  edge  of  the  entrance- 
port,  which  crosses  the  optical  axis  at  the  point  marked  J, 
will  determine  an  extreme  point  W in  the  focus-p’ane  which 
is  more  remote  from  the  axis  than  the  point  7 , and  it  is  evi- 
dent from  the  figure  that  object-points  m the  focus-plane 
which  lie  in  the  annular  space  between  the  two  circles  de- 
scribed around  M as  center  with  radii  MY  and  MW  are 
even  more  unfavorably  situate  1 iu  sending  rays  into  the 
entrance-pupil,  because  they  cannot  utilize  as  much  as  half 
of  the  pupil-opening.  In  fact.  the  effective  rays  which  come 
from  the  farthest  point  W pass  through  the  circumference 
of  the  pupil,  and  any  point  lying  beyond  W will  be  wholly 
invisible,  that  is,  entirely  outside  the  field  of  view  of  the 
instrument. 

Thus,  we  see  that  the  focus-plane  is  divided  into  zones  by 
three  concentric  circles  of  radii  MU,  MV  and  MW.  Object- 
points  lying  in  the  interior  central  zone  send  their  light 
through  the  entrance-pupil  without  let  or  hindrance  on  the 
part  of  the  field-stop;  so  that  this  is  the  brightest  part  of 
the  field.  But  in  the  two  outer  zones  there  is  a gradual  fad- 
ing away  of  light  until  we  reach  finally  the  border  of  complete 
darkness.  The  three  regions  of  the  field  of  view  in  the  object- 
space  are  usually  defined  by  the  angles  2yi,  2y , and  272 
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whose  vertices  are  on  the  optical  axis  at  the  points  L,  0 and 
J,  respectively;  so  that  Yi  = ZSLH,  y=ZSOH  and  72  = 
ZSJH.  If  the  radii  of  the  entrance-pupil  and  entrance- 
port  are  denoted  by  p = OC  and  b = SH,  and  if  the  distance 
of  the  entrance-pupil  from  the  entrance-port  is  denoted  by 
c = SO,  then 

b — p . b b-\-p 

tan Yi=  — — tan 7=  tan 72=— — - . 

/ c c c 

The  field  of  view  in  the  image-space  is  determined  in  like 
manner.  The  image  of  the  entrance-port  GH  with  its  center 
at  S,  which  is  produced  by  the  entire  optical  system,  is  the 
exit-port  G'H'  with  its  center  at  S';  and  by  priming  all  the 
letters  in  the  expressions  above  a similar  system  of  equations 
will  be  obtained  for  defining  the  three  regions,  2 7/,  2y' 
and  272',  of  the  field  of  view  in  the  image-space.  Generally, 
the  edge  of  the  field  is  considered  as  determined  by  the  cen- 
ter of  the  pupil,  that  is,  by  the  angle  27  in  the  object-space 
and  the  angle  2 7'  in  the  image-space. 

138.  Field  of  View  of  System  Consisting  of  a Thin  Lens 
and  the  Eye. — A simple  but  very  instructive  illustration  of 
the  principles  explained  in  the  foregoing  section  is  afforded 
by  an  ordinary  convex  lens  used  as  a magnifying  glass.  In 
order  to  obtain  a virtual,  magnified  image  with  a Lens  of 
this  kind,  the  distance  of  the  glass  from  the  ob  i esc  must  not 
exceed  the  focal  length  of  the  lens,  and  then  when  the  image 
is  viewed  through  the  glass,  the  iris  of  the  observer’s  eye 
will  act  as  the  aperture-stop  of  the  system,  no  matter  where 
the  eye  is  placed,  provided  the  diameter  of  the  pupil  of  the 
eye  is  less  than  that  of  the  lens,  ac  is  practically  nearly  al- 
ways the  case.  Moreover,  sinrfc  the  pupil  of  the  eye  is  the 
common  base  of  the  bundles  of  rays  which  come  to  it  from 
the  various  parts  of  the  image,  it  is  the  exit-pupil  of  the 
system,  and  its  image  : 1 the  glass  is,  therefore,  the  entrance- 
pupil.  If  the  eye  is  placed  on  the  axis  of  the  lens  between 
the  lens  and  its  second  focal  point  (Fig.  179),  the  entrance- 
pupil  will  be  c ri;*tual  image  of  the  pupil  of  the  eye  and  will 
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lie  on  the  same  side  of  the  lens  as  the  eye;  if  the  eye  is  placed 
at  the  second  focal  point  of  the  glass,  the  entrance-pupil  will 
be  at  infinity  (see  § 144) ; and,  finally,  if,  as  represented  in 


Fig.  179. — Field  of  view  of  thir  ccir'ox  lens  when  the  eye 
is  between  the  lens  and  i s second  focal  plane. 


Fig.  180,  the  eye  is  placed  rt  a point  O'  beyond  the  second 
focal  point  of  the  convex  Vos  GH,  the  center  of  the  entrance- 
pupil  will  be  at  a point  O on  the  same  side  of  the  lens  as  the 
object  MQ.  The  distance  between  the  eye  and  the  second 
focal  point  of  » xnvex  lens  used  as  a magnifying  glass  is 
never  very  great,  and,  consequently,  the  distance  of  the  cen- 
ter O of  the  entrance-pupil  from  the  first  focal  point  is  rela- 
tively always  quite  large.  The  rim  of  the  glass  acts  as  the 
field-stop,  and  it  is  at  the  same  time  both  the  entrance-port 
and  the  exit-port  of  the  system;  and  hence  the  field  of  view 
exposed  to  the  eye  in  the  image-space  is  entirely  analogous 
10  the  field  which  would  be  seen  by  an  eye  looking  through 
a circular  window  of  the  same  form,  dimensions  and  position 
as  the  lens.  Since  the  exit-port  is  represented  here  as  being 
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at  a considerable  distance  from  the  exit-pupil,  the  field  of 
view  will  appear  vignetted,  that  is,  the  border  will  not  be 
sharply  outlined,  but  the  field  will  fade  out  imperceptibly 


a' 


Fig.  180. — Field  of  view  of  thin  convex  lens  when  the  eye  is  placed 

beyond  the  second  focal  plane. 

towards  the  edges.  If  the  diameter  of  the  lens  is  denoted 
by  2b,  and  if  the  distance  of  the  eye  from  the  lens  is  denoted 
by  c = AO',  then  tan  7'=—  b/c,  where  7'  = ZA0'H  The 
extent  of  the  field  as  measured  by  the  angle  2y'  is  indepen- 
dent of  the  size  of  the  pupil  of  the  eye.  If  the  focus-plane 
coincides  with  the  first  focal  plane  of  the  magnifying  glass, 
the  diameter  of  the  visible  portion  of  the  object  will  be  2 y = 
- 2/. tan 7'. 

In  a compound  microscope  or  in  an  astronomical  telescope 
the  object-glass  produces  a real  ir  oerted  image  of  the  object, 
and  this  image  is  magnified  by  the  ocular,  which  is  essen- 
tially a convergent  optical  system  on  the  order  of  a convex 
lens  used  as  a magnifying  glass.  In  the  interior  of  the  in- 
strument between  the  object-glass  and  the  ocular,  at  the 
place  where  the  real  image  is  cast  by  the  object-glass, 
there  is  usually  inserted  a material  stop,  which  cuts  off  the 
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“ ragged  edge”  of  the  field  of  view,  so  that  only  the  central 
portion  which  sends  complete  bundles  of  rays  through  the 
instrument  is  visible  to  the  eye. 

In  the  Dutch  telescope  the  ocular  is  a divergent  optical 
system  which  may  be  represented  in  a diagram  by  a con- 


Fig.  181. — Ocular  system  of  Galileo’s  telescope  repi'scnted  in  the  dia- 
gram  by  a thin  concave  lens.  Diagram  shows  ho>/  the  rays,  after 
having  passed  through  the  object-glass,  enter  the  pupil  of  the  observ- 
er’s eye  B'C'.  Inverted  image  of  distant  objec ir  the  object-glass  of  the 
telescope  is  formed  at  MQ;  M'Q'  is  the  image  of  MQ  in  the  ocular. 
G'H'  is  the  image  of  the  rim  of  the  object-glass  in  the  ocular.  B'C'  is 
the  image  of  BC  in  the  ocular. 

cave  lens  (Fig.  181)  which  ;s  piaced  between  the  object- 
glass  and  the  real  image  of  rhe  object  in  the  object-glass; 
so  that  so  far  as  the  ocu’ar  is  concerned,  this  image  is  a vir- 
tual object,  shown  in  t..e  figure  by  the  line-segment  MQ. 
The  eye  in  this  cace  is  usually  adjusted  very  close  to  the 
concave  lens.  Cha  pupil  of  the  eye  is  represented  in  the 
figure  by  the  opening  B'C'  with  its  center  on  the  axis  at  O'; 
its  image  Li  ihe  lens  is  BC.  Here  also,  just  as  in  the  case  of 
a conve.’g*  ait  ocular,  the  pupil  of  the  eye  will  act  as  the  exit- 
pupil  unless  the  diameter  of  the  lens  is  so  small  that  the 
lens- rim  itself  performs  this  office.  The  image  of  MQ  is 
M'Q',  which  latter  will  be  erect  if  MQ  is  inverted,  and  since 
MQ  is  always  inverted  in  the  simple  telescope,  the  final 
image  in  the  Dutch  telescope  is  erect.  In  the  case  of  the 
Dutch  telescope  the  rim  of  the  ocular  lens  does  not  limit 
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the  field  of  view;  but  this  is  limited  by  the  rim  of  the  object- 
glass,  which  is  the  entrance-port  of  the  telescope.  Hence, 
the  image  of  the  object-glass  in  the  ocular  is  the  exit-port. 
This  image  (called  the  “eye-ring,”  § 159)  is  represented  in 
the  diagram  by  the  opening  G'H'  with  its  center  on  the 
axis  at  S'.  The  object-point  Q,  as  shown  in  the  figure,  is 
just  at  the  edge  of  the  field,  because  the  image-ray  coming 
from  Q'  which  is  directed  towards  the  center  O'  of  the  exit- 
pupil  is  made  to  pass  through  the  edge  of  the  exit-port  (7'  = 
ZS'O'H'). 

139.  The  Chief  Rays. — Every  bundle  of  effective  rays 
emanating  from  a point  of  the  object  contains  one  ray  which 
in  a certain  sense  is  the  central  or  representative  ray  of  the 
configuration  and  which  may  therefore  be  distinguished  as 
the  chief  ray  (see  § 11).  The  ray  which  is  entitled  to  this 
preeminence  is  evidently  that  one  which  in  traversing  the 
medium  in  which  the  aperture-stop  lies  passes  through  the 
center  K of  this  stop.  If  the  optical  system  is  free  from  the 
so-called  aberrations,  both  spherical  and  chromatic  (as  is 
assumed  in  the  present  discussion),  the  chief  ray  of  the 
bundle  may  also  be  defined  as  that  ray  which  in  the  object- 
space  passes  through  the  center  O of  the  entrance -pupil; 
but  the  first  definition  is  preferable  because  it  is  applicable 
to  actual  as  well  as  to  ideal  optical  systems. 

The  totality  of  the  chief  rays  coming  from  sil  carts  of  the 
object  constitute,  therefore,  a homocentne  bundle  of  rays 
in  the  medium  where  the  aperture-stop  hcs,  and  these  rays 
proceed  exactly  as  though  they  had  onginated  from  a lu- 
minous point  at  K. 

If  the  aperture-stop  is  very  narrow,  comparable,  say,  with 
the  dimensions  of  a pin-hole,  the  apertures  of  the  bundles  of 
effective  rays  will  be  correspondingly  small;  and  in  the  limit 
when  the  opening  in  tin  stop  may  be  regarded  as  reduced  to 
a mere  point  at  its  colter  K,  the  ray-bundles  will  have  col- 
lapsed into  mere  skeletons,  so  to  speak,  each  one  represented 
by  its  chief  rr.y  It  is  because  the  chief  rays  are  the  last 
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survivors  of  the  ray-bundles  that  it  is  particularly  impor- 
tant in  nearly  all  optical  problems  to  investigate  the  pro- 
cedure of  these  more  or  less  characteristic  rays. 

140.  The  so-called  “ Blur-Circles  ” (or  Circles  of  Dif- 
fusion) in  the  Screen-Plane. — Now  if  the  cardinal  points  of 
the  optical  system  are  assigned,  the  image-relief  correspond- 
ing to  a three-dimensional  object  may  be  constructed  point 
by  point,  according  to  the  methods  which  have  been  ex- 
plained. But,  as  a matter  of  fact,  the  image  produced  by 
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Fig.  182. — Diagram  showing  how  object-relief  and  image-relief  are  pro- 
jected in  focus-plane  and  screen  plane  from  entrance-pupil  and  exit- 
pupil,  respectively;  and  the  “blur  circles”  in  these  planes. 

an  optical  instrument,  instead  of  being  left,  as  it  were, 
floating  in  space,  is  almost  invariably  received  on  a surface 
or  screen  of  PvjiIiq  kind,  as,  for  example,  the  ground-glass 
plate  of  a photographic  camera.  In  case  the  image  is  vir- 
tual, as  ir  microscope  or  telescope,  it  is  intended  to  be 
viewed  Iv  the  eye  looking  into  the  instrument,  so  that  here 
also  in  tne  last  analysis  the  image  is  projected  on  the  sur- 
face of  the  retina  of  the  observing  eye.  This  receiving  sur- 
face is  called  technically  the  “screen,”  which  affords  also 
an  explanation  of  the  name  screen-plane  (§  134)  as  applied 
to  the  plane  conjugate  to  the  focus-plane. 

In  the  diagram  (Fig.  182)  the  screen-plane  is  placed  at 
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right  angles  to  the  axis  at  the  point  marked  M'  which  is 
conjugate  to  the  axial  object-point  M,  so  that  this  point  is 
seen  sharply  focused  on  the  screen.  Evidently,  however, 
the  optical  system  cannot  be  in  focus  for  all  the  different 
points  of  the  object-relief  at  the  same  time,  because  the 
screen-plane  is  conjugate  to  only  one  transversal  plane  of 
the  object-space,  namely,  the  focus-plane  perpendicular  to 
the  axis  at  M.  Thus,  for  example,  the  reproduction  of  a 
solid  object  such  as  an  extended  view  of  a landscape  on  the 
ground-glass  plate  of  a camera  is  not  an  image  at  all  in  the 
strict  optical  sense  of  the  term,  inasmuch  as  it  is  not  con- 
jugate to  the  entire  object  with  respect  to  the  photographic 
objective.  Only  such  points  of  the  object  as  lie  in  the  focus- 
plane  will  be  reproduced  by  sharp  clear-cut  image-points 
in  the  screen-plane  (as,  for  example,  the  point  marked  1 in 
the  figure);  whereas  object-points  situated  to  one  side  or 
the  other  of  the  focus-plane  will  be  depicted  more  or  less  in- 
distinctly on  the  screen-plane  by  small  luminous  areas  which 
are  sections  cut  out  by  this  plane  from  the  cones  of  image- 
rays  emanating  originally  from  points  of  the  object  such  a« 
those  marked  2,  3 in  the  diagram.  These  little  patches  of 
light  on  the  screen,  which  are  usually  elliptical  in  form,  and 
whose  dimensions  depend  on  obvious  geometrical  factors, 
such  as  the  diameter  and  position  of  the  exit-pupil,  etc., 
are  the  so-called  circles  of  diffusion  or  “ blvr-tircles ,”  in 
consequence  of  which  details  of  the  image  ns  projected  on 
the  screen  are  necessarily  impaired  to  a greater  or  less 
degree. 

It  is  a simple  matter  to  reconstruct  the  object-figure 
which  is  optically  conjugate  to  Ihis  configuration  of  image- 
points  and  “blur-circles”  in  the  screen-plane,  which  will 
obviously  be  a similar  configuration  of  object-points  and 
“blur-circles”  all  lying  in  the  focus-plane.  Moreover,  since 
the  exit-pupil  is  conjugate  to  the  entrance-pupil,  the  cones 
of  rays  in  the  object-space  corresponding  to  those  in  the 
image-space  may  be  easily  constructed  by  taking  the  points 
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of  the  object-relief  as  vertices  and  the  entrance-pupil  as  the 
common  base  of  these  cones.  The  tout  ensemble  of  the  sec- 
tions of  all  these  bundles  of  object-rays  made  by  the  focus- 
plane  will  evidently  be  the  figure  in  the  object-space  that 
corresponds  to  the  representation  on  the  screen,  and  ac- 
cording to  the  theory  of  optical  imagery  these  two  plane 
configurations  will  be  similar.  This  “vicarious”  object  in 
the  focus-plane  is  sometimes  called  the  projected  copy  of  the 
object-relief,  because  it  is  obtained  by  projecting  the  points 
of  the  object  from  the  entrance-pupil  on  the  focus-plane. 

141.  The  Pupil-Centers  as  Centers  of  Perspective  of 
Object-Space  and  Image-Space. — It  hardly  needs  to  be 
pointed  out  that  the  “blur-circles”  which  arise  from  this 


FOCUS 

Plane 


Screen. 

Plane 


Fig.  183. — Projection  ot  object-relief  and  image-relief  in  focus-plane  and 
screen-plane  from  th<  centers  of  entrance-pupil  and  exit-pupil,  respectively. 


mode  of  reproducing  a solid  object  on  a plane  (or  curved) 
surface  are  Tie  to  no  faults  of  the  optical  system  itself,  but 
are  necessary  consequences  of  the  mode  of  representation, 
havmg  their  origin,  in  fact,  in  the  object-space  by  virtue  of 
the  process  employed.  The  only  possible  way  of  diminish- 
ing or  eliminating  the  indistinctness  or  lack  of  detail  in  the 
reproduction  of  parts  of  the  object  that  do  not  lie  in  the 
focus-plane  consists  in  reducing  the  diameter  of  the  aperture- 
stop,  or  in  “stopping  down”  the  instrument,  as  it  is  called. 
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If  the  stop-opening  is  contracted  more  and  more  until  finally 
it  is  no  larger  than  a fine  pin-hole,  the  pupils  likewise  will 
tend  to  become  mere  points  at  their  centers  0,  O'  (Fig.  183), 
and  the  “blur-circles”  both  in  the  focus-plane  and  in  the 
screen-plane  will  diminish  in  area  pari  passu  and  ultimately 
collapse  also  into  the  points  where  the  chief  rays  cross  this 
pair  of  conjugate  planes.  The  points  marked  I,  II,  III, 
etc.,  where  the  chief  rays  belonging  to  the  object-points  1, 
2,  3,  etc.,  cross  the  focus-plane,  and  which  are  the  centers  of 
the  so-called  “blur-circles”  in  this  plane,  are  obtained, 
therefore,  by  projecting  all  the  points  of  the  object  from  the 
center  of  the  entrance-pupil  on  to  the  focus-plane.  This 
mode  of  representing  a three-dimensional  object  is,  however, 
in  no  wise  peculiar  to  the  optical  system  itself,  but  is  the 
old  familiar  process  of  perspective  reproduction  by'  central 
projection  on  a plane.  Thus,  the  pupil-centers  0,  O are  to 
be  regarded  as  the  centers  of  perspective  of  the  object-space 

and  image-space,  respectively. 

142.  Proper  Distance  of  Viewing  a Photograph. — These 
principles  explain  why  it  is  necessary  to  view  a photograph 
at  a certain  distance  from  the  eye  in  order  to  obtain  a cor- 
rect impression  of  the  object  which  is  depicted.  Suppose, 
for  example,  that  0,  O'  (Fig.  184)  designate  the  centers  of 
the  pupils  of  a photographic  lens,  and  that  an  object  NR  is 
reproduced  in  the  screen-plane  by  the  perspective  copy 
M'Q'  whose  size  is  one  /cth  of  that  of  the  projection  MQ  of 
the  object  in  the  focus-plane.  Now  if  the  picture  is  to  pro- 
duce the  same  impression  as  was  produced  by  the  original 
itself  on  an  observer  with  his  eye  placed  at  0,  the  photo- 
graph must  be  held  in  front  of  the  eye  at  a place  P such  that 
the  visual  angle  KOP  whicu  rr  subtends  at  the  centei  of 
rotation  of  the  eye  shall  be  equal  to  the  angle  QOM ; that  is, 
the  distance  PO  in  the  figure  must  be  equal  to  one  /cth  of 
the  distance  of  the  center  of  the  entrance-pupil  from  the 
focus-plane,  or  PO-IvlO //c.  If  (as  is  usually  the  case  with 
a landscape  lens)  the  focus-plane  is  at  infinity,  then  PO  will 
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be  equal  to  the  focal  length  (/)  of  the  objective.  Generally 
speaking,  we  may  say,  therefore,  that  the  correct  distance 
for  viewing  a photograph  of  a distant  object  is  equal  to  the 
focal  length  of  the  objective,  this  distance  being  measured 
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Fig.  184. — Correct  distance  of  viewing  photograph. 

from  the  picture  to  the  center  of  rotation  of  t-Ue  observer’s 
eye.  Accordingly,  if  the  focal  length  is  less  than  the  dis- 
tance between  the  near  point  of  the  eye  and  the  center  of 
rotation,  which  in  the  case  of  a normal  emmetropic  eye  of 
an  adolescent  is  about  10  or  12  cm.,  it  will  be  impossible  to 
see  the  picture  distinctly  with  the  naked  eye  and  at  the  same 
time  under  the  correct  visual  angle.  Moreover,  even  if  the 
focal  length  of  the  photo  o aphic  lens  were  not  less  than  this  | 
least  distance  of  distinct  nsion,  the  effort  of  accommodation 
which  the  eye  has  to  make  in  order  to  focus  the  image  sharply 
on  the  retina  u^dei  die  correct  visual  angle  will  superinduce 
an  illusion  which  will  be  different  from  the  impression  of 
reality  which  it  is  the  purpose  of  the  picture  to  convey.  In 
the  case  of  a photograph  made  by  an  objective  of  very  short 
focal  length  it  is  possible  indeed  to  make  an  enlarged  copy 
which  may  be  viewed  at  the  correct  distance,  but  this  is  \ 
a’ ways  more  or  less  troublesome  and  expensive.  Dr.  Von  ; 
Rohr  has  invented  an  instrument  called  a verant  which  is  I 
ingeniously  designed  to  overcome  as  far  as  possible  the  dif- 
ficulties  above  mentioned;  so  that  viewed  through  this  ap- 
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paratus  the  photograph  is  seen  more  or  less  exactly  as  the 
object  appeared. 

143.  Perspective  Elongation  of  Image.  If  the  scieen- 
plane  is  not  focused  exactly  on  the  image-point  R (Fig.  18o) , 

Scrcct\ 

PVa xve 

Q,' 


Fig.  185. — Perspective  elongation  of  image. 

this  point  will  be  shown  on  the  screen  by  a “blur-circle” 
whose  center  will  be  at  the  point  Q'  which  is  the  projection 
of  R'  from  the  center  O'  of  the  exit-pupil.  Let  e = LM 
denote  the  distance  of  the  screen-plane  M'Q'  from  the  image- 
plane  L'R',  where  L',  M'  designate  the  feet  of  the  perpen- 
diculars dropped  from  R',  Q',  respectively,  on  the  axis. 
From  the  diagram  we  obtain  the  proportion : 

M'Q'  O'M'  O'M' 

L/R7  O'L'  O'M'+M'L" 
which  may  be  written : 

y'ly"=z'Kz'-e), 

where  j/'  = M'Q',  y"  = L'R'  and  z'=0'M'.  Moreover,  since 
e may  be  regarded  as  small  in  companion  with  z , we  obtain . 

y'—y"=-,y",  approximately. 

The  difference  (y'-y")  is  '-he  measure  of  the  perspective 

elongation  due  to  imperfect  focusing. 

If  the  exit-pupil  is  at  .‘nfinity,  then  R'Q'  will  be  parallel 
to  the  axis  and  y'-  y";  and  under  these  circumstances,  the 
perspective  reproduction  in  the  screen-plane  will  be  of  the 
same  size  as  the  linage,  no  matter  how  much  it  is  out  of  focus. 
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144.  Telecentric  Systems. — A common  laboratory  use  of 
an  optical  instrument  is  to  ascertain  the  size  of  an  inacces- 
sible or  intangible  object  from  the  measured  dimensions  of 
its  image  as  determined  by  means  of  a scale  on  which  the 


R 


Fig.  186. — Telecentric  optical  system:  Case  of  a thin  convey  lens  with  front 
stop  in  first  focal  plane.  Object  represented  by  jlK;  blurred  image 
M'Q'  appears  of  the  same  size  as  sharp  image  L'K'. 


image  is  projected;  but,  in  general,  urlesc  the  scale  is  exactly 
in  the  same  plane  as  the  image,  there  will  be  a parallax  error 
in  the  measurement  of  the  image  due  to  its  perspective 
elongation.  However,  if  the  chief  rays  in  the  image-space 
are  parallel  to  the  axis,  whi  jh  may  be  effected  by  placing  the 
aperture-stop  so  that  the  entrance-pupil  lies  in  the  primary 
focal  plane  of  the  instrument,  as  illustrated  in  Fig.  186,  the 
perspective  elongadtn  vanishes  (y'—y"  = 0,  as  explained 
in  § 143);  and,  consequently,  the  image  y"  = L'IV  will  ap- 
pear of  the  same  size  as  its  projection  ?/'  = M'Q',  no  matter 
whether  it  lies  in  the  same  plane  as  the  scale  or  not. 

Similarly,  if  the  aperture-stop  is  placed  so  that  the  en- 
trance- pupil  is  at  infinity  and  the  exit-pupil  lies  therefore  in 
the  secondary  focal  plane,  the  chief  rays  in  the  object-space 
wrl  then  all  be  parallel  to  the  optical  axis. 

Systems  of  this  description  in  which  one  or  other  of  the 
two  projection  centers  O,  O'  is  at  infinity  are  said  to  be 
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telecentric.  This  is  the  principle  of  nearly  all  systems  foi 
micrometer  measurements  of  optical  images. 

A simple  illustration  of  a device  of  this  kind  that  is  tele- 
centric  on  the  side  next  the  object  is  afforded  by  the  oph- 
thalmic instrument  called  a keratometer,  which,  as  the  name 
implies,  is  intended  primarily  to  measure  the  diameter  of  the 
cornea  or  the  apparent  diameter  of  the  eye-pupil.  It  is  used  , 
also  to  measure  the  distance  of  a correction-glass  (§  154) 
from  an  ametropic  eye  (§  153),  which  is  an  important  factor 
in  the  prescription  of  spectacles.  The  instrument  consists 
essentially  of  a long  narrow  tube,  near  the  middle  of  which 
is  mounted  a convex  lens  of  low  power  adjusted  so  that  its 
second  focal  point  F'  coincides  exactly  with  the  center  of  a 
small  aperture  in  a metal  disk  placed  at  the  end  of  the  tube 
where  the  observer  puts  his  eye.  At  the  opposite  end  of  the 
tube  a scale  graduated  in  half-millimeters  is  mounted  so  that 


Lens 


Scale 


.—Diagram  of  instrument  called  keratometer,  a-  used  to  measure 
the  distance  of  spectacle  glass  from  the  cornea  of  the  eye. 


Fig.  187. — 


its  upper  edge  coincides  with  a hor  cental  diameter  of  the 
tube  at  this  place.  The  upper  par  i of  this  end  of  the  tube 
is  cut  away  in  order  to  admit  sufficient  light  to  illuminate  the 


scale. 


When  the  keratometer  is  used  to  measure  the  distance 
between  the  vertex  of  ike  cornea  and  the  vertex  of  the  coi- 
rection-glass,  it  is  placed  with  its  axis  at  right-angles  to  the 
line  of  sight  of  the  patient,  as  represented  in  the  diagram 
(Fig.  187),  the  scale  being  brought  as  near  as  possible  to 
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the  patient  between  his  eye  and  the  spectacle-glass.  The 
distance  AB  to  be  measured  is  projected  on  the  scale  by 
rays  that  are  parallel  to  the  axis  of  the  lens,  so  that  when 
the  observer  looks  through  the  instrument  he  can  read  off 
this  distance  on  the  image  of  the  scale. 

Practically  the  same  principle  is  employed  also  in  Badal’s 
optometer  for  measuring  the  visual  acuity  of  the  eye.  It 


Fig.  188. — Badal’s  optometer,  with  second  focal  point  (F)'  of 
convex  lens  at  first  nodal  point  of  patient’s  eye;  fanning  in 
conjunction  with  the  eye  a telecentric  system. 


consists  of  a single  convex  lens  mounted  at  one  end  of  a long 
graduated  bar  which  is  provided  with  a movable  carrier 
holding  a test-chart  of  some  kind.  If  tUc  lens,  which  usually 
has  a refracting  power  of  about  LI  dioptries,  is  adjusted 
about  9 cm.  in  front  of  the  cornea  so  that  its  second  focal 
point  F'  coincides  with  the  ncd&l  point  of  the  eye  (Fig.  188), 
a ray  meeting  the  lens  in  a Jirection  parallel  to  the  axis  will 
emerge  from  it  so  as  to  so  through  the  nodal  point  of  the 


Fig,  189. — Badal’s  optometer,  with  second  focal  point  (F')  of 
convex  lens  at  first  focal  point  of  patient’s  eye;  forming  in 
conjunction  with  the  eye  a telescopic  system. 

eye  and  thence  to  the  retina  without  change  of  direction. 
Accordingly,  just  as  though  a narrow  aperture  were  placed 
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at  the  nodal  point  of  the  eye,  the  size  of  the  retinal  image 
will  not  be  altered  whether  the  object  or  chart  on  the  bar  be 
far  or  near;  whereas  the  distinctness  with  which  the  details 
of  the  object  are  seen,  which  affords  the  measure  of  the  visual 
acuity,  will  depend  on  the  distance  of  the  object. 

Another  method  of  using  this  optometer  is  to  place  the 
lens  about  2 cm.  farther  from  the  eye,  as  shown  in  Fig.  189, 
so  that  now  its  second  focal  point  lies  in  the  anterior  focal 
plane  of  the  eye.  Under  these  circumstances  an  incident 
ray  proceeding  parallel  to  the  axis  will  emerge  from  the  lens 
and  cross  the  axis  at  the  anterior  focal  point  of  the  eye,  so 
that  after  traversing  the  eye-media  it  will  again  be  parallel 
to  the  axis.  Consequently,  here  also  the  image  formed  on 
the  retina  will  be  of  the  same  size  no  matter  where  the  object 
is  placed  on  the  bar  in  front  of  the  lens,  just  as  if  theie  weie 
a narrow  stop  at  the  anterior  focal  point  of  the  eye.  In  this 
latter  adjustment  the  lens  and  the  eye  together  constitute 
an  optical  system  which  is  telecentric  on  both  sides,  that  is, 
a telescopic  system  (§  125). 


PROBLEMS 


1.  A cylindrical  tube,  2 cm.  in  diameter  and  10  cn.  long, 
is  closed  at  one  end  by  a thin  convex  lens  of  focaT  length  4 cm. 
If  this  end  of  the  tube  is  pointed  towards  a distant  object, 
what  will  be  the  position  and  diameter  of  the  entrance- 
pupil?  Ans.  6|  cm.  in  front  of  the  lens;  diameter,  1^  cm. 

2.  In  the  preceding  problem,  where  would  the  object  have 
to  be  in  order  that  the  lens  itself  might  act  as  entrance- 

pupil? 

Ans.  In  front  of  the  lens,  not  more  than  20  nor  less  than 
4 cm.  away. 

3.  If  in  No.  1 the  ether  end  of  the  tube  is  closed  by  a thin 


eye-lens  whose  focn  length  is  such  that  when  the  combina- 
tion is  pointed  av  an  object  24  cm.  from  the  object-glass,  the 
bundles  of  revs  issuing  from  the  eye-lens  are  cylindrical,  find 
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the  positions  of  the  pupils  of  the  system  and  the  focal  length 
of  the  eye-lens. 

Ans.  Entrance-pupil  6|  cm.  in  front  of  object-glass; 
exit-pupil  coincides  with  eye-glass;  focal  length  of  eye-glass, 
5.2  cm. 

4.  In  the  preceding  problem  what  will  be  the  answers  on 
the  supposition  that  the  object  is  12  cm.  from  the  object- 
glass? 

Ans.  Entrance-pupil  coincides  with  object-glass;  exit- 
pupil  is  6|  cm.  beyond  eye-glass;  focal  length  of  eye- 
glass, 4 cm. 

5.  A real  inverted  image  of  an  extended  object  is  formed 
by  the  object-glass  of  a simple  astronomical  telescope  in  the 
primary  focal  plane  of  the  eye-glass.  The  focal  lengths  of 
the  object-glass  and  eye-glass  are  2 feet  and  1.5  inches,  re- 
spectively, and  their  diameters  are  6 inches  and  1 inch, 
respectively.  If  the  distance  of  the  object  from  the  object- 
glass  is  240  feet,  find  the  position  and  diameter  of  the  en- 
trance-port and  the  diameter  of  the  poition  of  the  object 
that  is  completely  visible  through  the  telescope. 

Ans.  Entrance-port  is  30.21  ieet  trom  object-glass,  and 
its  diameter  is  1.175  feet;  diameter  of  visible  portion  of  ob- 
ject, 5.865  feet. 

6.  A thin  convex  lens  of  t'ocaf  length  10  cm.  and  diameter 

4 cm.  is  used  as  a magniL  ing  glass.  If  an  eye  adapted  for 
parallel  rays  is  placed  at  a distance  of  5 cm.  from  the  lens, 
what  will  be  the  d’ameter  of  the  portion  of  the  object  that 
can  be  seen  distinctly?  Ans.  8 cm. 

7.  The  diameter  of  a thin  convex  lens  is  1 inch,  and  its 
focal  length  is  10  inches.  The  lens  is  placed  midway  between 
the  eye  end  a plane  object  which  is  10  inches  from  the  eye. 
How  much  of  the  object  is  visible  through  the  lens? 

Ans.  1^  inch. 


CHAPTER  XIII 


OPTICAL  SYSTEM  OF  THE  EYE.  MAGNIFYING  POWER 

OF  OPTICAL  INSTRUMENTS 

145.  The  Human  Eye— The  organ  of  vision  is  composed 
of  the  eye-ball,  wherein  the  visual  impulses  are  produced  by 
the  impact  of  light)  the  optic  nerve  which  transmits  these 
excitations  to  the  brain;  and  the  visual  center  in  the  brain 
where  the  sensation  of  vision  comes  to  consciousness. 

The  eye-ball  (Fig.  190)  lying  in  a bony  socket  on  a cushion 
of  fat  and  connective  tissue,  in  which  it  is  free  to  turn  in  all 
directions  with  little  or  no  friction,  consists  of  an  almost 
spherical  dark  chamber,  filled  with  transparent  optical  media 
which  form  the  optical  system  of  the  eye  (Fig.  191).  The 
outer  protecting  envelope  of  the  eye-ball  is  the  tough,  white 
membrane  called,  from  its  hardness,  the  sclerotic  coat  or  sclera, 
popularly  known  as  the  “white  of  the  eye. ” This  opaque 
membrane  is  continued  in  front  by  a round  opening  c1  v/in- 
dow  called,  on  account  of  its  horny  texture,  the  com°c . The 
cornea  is  beautifully  transparent,  and  its  mirrordike  surface 
forms  a slight  protuberance  shaped  something  Hke  a watch- 
glass  or  a prolate  spheroid.  In  the  inteuc’  Oi  the  eye  the 
sclerotic  coat  is  overlaid  with  the  dark-coiored  choroid  which 
contains  the  blood-vessels  that  noui;sh  the  eye  and  also  a 
layer  of  brown  pigment  acting  to  protect  the  dark  chamber 
of  the  eye  from  diffused  light.  Behind  the  cornea  lies  the 
anterior  chamber  filled  wit  L transparent  fluid  called  the 
aqueous  humor.  This  anterior  chamber  is  limited  behind  by 
the  iris , which,  rich  in  b'ood-vessels,  imparts  to  the  eye  its 
characteristic  color.  This  is  an  opaque  screen  or  curtain  which 
contains  a centra!  hole,  the  pupil , which  is  circular  in  the 
human  eye.  The  aperture  of  a bundle  of  rays  entering  the 
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eye  from  a luminous  point,  in  proportion  to  the  dimensions 
of  the  eye,  is  enormous  as  compared,  for  example,  with  the 
same  magnitude  in  a telescoDe:  and  the  office  of  the  pupil  is 
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to  stop  down  this  aperture  to  suitable  proportions.  The 
pupil  contracts  or  dilates  involuntarily  and  regulates  the 
quantity  of  light  that  is  admitted  to  the  eye.  In  the  struc- 
ture of  the  iris  there  are  two  sets  of  fibers,  the  circular  and 


Human  Eye 


the  radiating;  when  the  circular  fibers  contract,  the  pupil 
I contracts,  and  when  the  radiating  fibers  contract,  the  pupil 
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1 dilates.  In  the  front  part  of  the  eye  the  choroid  lining  is 
bordered  at  the  edge  of  the  cornea  by  a kind  of  folded  drapery 
the  so-called  filmy  body , which  is  hidden  from  without  be- 
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hind  the  iris  and  which  contains  the  delicate  system  of 
muscles  which  control  the  mechanism  of  accommodation. 
The  crystalline  lens  composed  of  a perfectly  transparent 
substance  is  indirectly  attached  to  the  ciliary  body  by  a 
band  which  surrounds  the  edge  of  the  lens  like  a ring  and 
which  is  disposed  in  radial  folds  somewhat  after  the  manner 
of  a neck-frill.  This  band  is  the  suspensory  ligament  or  zonule 
of  Zinn.  The  lens  itself  is  double  convex,  the  posterior  sur- 
face being  more  strongly  curved  than  the  anterior  surface. 
The  substance  of  the  lens  consists  of  layers  of  different  in- 
dices of  refraction  increasing  towards  the  center  or  core  of  the 
lens.  The  entire  space  behind  the  lens  is  filled  with  a trans- 
parent jelly-like  substance  called  the  vitreous  humor,  which 
has  the  same  index  of  refraction  as  the  aqueous  humor, 
namely,  1.336. 

The  light-sensitive  retina  lying  on  the  inside  of  the  choroid 
is  exceedingly  delicate  and  transparent.  In  spite  of  its 
slight  thickness  which  nowhere  exceeds  0.4  mm.,  the  struc- 
ture of  the  retina  is  very  complicated,  and  no  less  than  ten 
layers  have  been  distinguished  (Fig.  192).  The  layer  next 
the  vitreous  humor  is  composed  oi  nerve-fibres  spreading 
out  radially  from  the  optic  nerve.  This  layer  is  connected 
with  the  following  layer  containing  the  large  ganglion  or 
nerve-cells,  and  this  in  turn  is  connected  by  an  apparatus 
of  fibers  and  cells  with  the  peculiar  light-sensitive  elements 
of  the  retina,  the  so-called  visual  cells  which  form  the  “bacil- 
lary layer.”  These  visual  cells  consist  of  characteristic 
elongated  bodies  which  are  distinguished  as  rods  and  cones. 
The  rods  arc;  slender  cylinders,  while  the  cones  or  bulbs  are 
somewhat  thicker  and  flask-shaped.  They  are  all  disposed 
perpendicularly  to  the  surface  of  the  retina,  closely  packed 
together,  so  as  to  form  a mosaic  layer  at  the  back  of  the 
i etina. 

Near  the  center  of  the  retina  at  the  back  of  the  eye,  a little 
to  the  temporal  side,  is  located  the  yellow  spot  or  macula  lutea, 
where  the  visual  cells  are  composed  mostly  of  cones.  This 
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is  the  most  sensitive  part  of  the  retina,  especially  the  minute 
pit  or  depression  at  the  center  of  this  area,  called  the  fovea 
centralis , which  consists  entirely  of  cones  densely  crowded 
together. 

As  compared  with  an  artificial  optical  instrument,  the 
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Fig.  192. — Structure  of  the  rl.^i  of  the  human  eye. 

field  of  view  of  the  immobile  eye  is  very  extensive,  amounting 
to  about  150°  laterally  and  120°  vertically.  The  diameter 
of  the  fovea  centralis  corresponds  in  the  field  of  vision  of  the 
eye  to  an  angular  soace  which  may  be  covered  by  the  nail 
of  the  fore  finger  extended  at  arm’s  length.  In  this  part  of 
the  field  vision  is  so  acute  that  details  of  an  object  can  be 
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distinguished  as  separate  provided  their  angular  distance  is 
not  less  than  one  minute  of  arc  ( cf . §10).  If  the  apparent  size 
of  an  object  is  so  small  that  its  image  formed  on  the  retina  at 
the  fovea  centralis  covers  only  a single  visual  cell,  the  object 
ceases  to  have  any  apparent  size  at  all  and  cannot  be  dis- 
tinguished from  a point.  The  size  of  the  retinal  image  corre-  l 
sponding  to  an  object  whose  apparent  size  is  one  minute  of 
arc  is  found  by  calculation  from  the  known  optical  constants  I 
of  the  eye  to  be  0.00487  mm.  Anatomical  measurements 
give  a similar  value  for  the  diameter  of  a visual  cell.  I 

The  inverted  image  cast  on  the  retina  of  the  eye  has  been 
compared  to  a sketch  which  is  roughly  outlined  in  the  outer  [ 
parts,  but  which  is  more  and  more  finely  executed  in  towards 
the  center,  until  at  the  fovea  centralis  itself  the  details  are 
exquisitely  finished.  Thus,  only  a comparatively  small 
portion  of  an  external  object  can  be  seen  di.:ti.octly  by  the  ! 
eye  at  any  one  moment.  If  all  the  parts  of  the  field  of  view 
were  portrayed  with  equal  vividness  at  the  same  time  and 
came  to  consciousness  at  once,  the  spectator  woruld  be  com- 
pletely bewildered  and  unable  to  concentrate  his  attention 
on  a particular  spot  or  phase  of  the  object. 

The  ends  of  the  rods  next  the  choroid  contain  a coloring 
matter  which  is  sensitive  to  light,  the  so-called  visual  purple, 
which  is  bleached  white  by  exposure  to  bright  light,  but 
which  is  renewed  in  darkness  by  the  layer  of  cells  lying  be- 
tween the  choroid  and  the  retina.  The  light-disturbance 
arriving  at  the  retina  penetrates  it  as  far  as  the  bacillary 
layer  of  rods  and  cones,  and  the  stimulus  is  transmitted  back 
through  file  interposed  apparatus  to  the  layer  of  nerve- 
fibers  and  thence  conducted  to  the  optic  nerve  in  communi- 
cation with  the  brain. 

Not  far  from  the  center  of  the  retina,  a little  to  the  nasal 
side,  the  optic  nerve  pierces  the  eye-ball  through  the  sclera 
and  choroid.  Here  the  retina  is  interrupted,  so  that  any  light 
which  falls  on  the  optic  nerve  itself  cannot  be  perceived. 
This  is  the  place  of  the  so-called  blind-spot  ( punctum  caecum ) 
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of  the  eye.  Corresponding  to  the  area  of  the  blind  spot, 
there  is  a gap  in  the  field  of  vision  of  the  eye  amounting  to 
about  6°  horizontally  and  8°  vertically.  The  dimensions  of 
the  blind  spot  are  great  enough  to  contain  the  retinal  im- 
ages of  eleven  full  moons  placed  side  by  side.  The  optic 
nerve  leaves  the  eyeball  through  a bony  canal  and  passes 
thence  to  the  visual  center  of  the  brain. 

The  mobility  of  the  eye  is  produced  by  six  muscles,  the 
four  recti  and  the  two  oblique  muscles  (Fig.  190).  The  lecti 
originate  in  the  posterior  part  of  the  socket  and  are  attached 
by  their  tendons  to  the  sclera  so  as  to  move  the  eye  up  or 
down  and  to  the  right  or  left.  The  procedure  of  the  oblique 
muscles  is  more  complicated.  The  superior  oblique,  which 
also  arises  in  the  posterior  part  of  the  socket,  passes  in  the 
front  of  the  eye  through  a loop  or  kind  of  pulley  lying  on 
the  upper  nasal  side  of  the  socket  and  then  turns  downwards 
to  attach  itself  to  the  sclera.  The  inferior  oblique  muscle  has 
its  origin  on  the  front  lower  nasal  side  of  the  eye-socket, 
and  passes  to  the  posterior  surface  of  the  eye-ball,  being  at- 
tached to  the  sclera  on  the  temporal  side.  The  superior  ob- 
lique turns  the  eye  downwards  and  outwards,  and  the  ioiCi’or 

oblique  turns  it  upwards  and  outwards. 

The  motor  muscles  of  the  two  eyes  act  together  so  that 
both  eyes  turn  always  in  the  same  sense,  to  the  right  or  to 
the  left,  up  or  down.  It  is  impossible  to  turn  one  eye  up 
and  the  other  down  at  same  time,  so  ac  to  look  up  to  the 
sky  with  one  eye  and  down  at  the  eartu  vi  oh  the  othei . 

146.  Optical  Constants  of  the  Eye..-  The  optical  axis  of  the 
eye  may  be  defined  as  the  normal  to  the  anterior  surface  of 
the  cornea  which  goes  through  the  center  of  the  pupil,  dhis 
line  passes  approximately  through  the  centers  of  curvature 
of  the  refracting  surfaces.  The  schematic  eye  (see  § 130)  is 
a centered  system  of  sphtrical  refracting  surfaces  symmetric 
with  respect  to  the  ootical  axis.  The  point  where  the  optical 
axis  meets  the  i nterior  surface  of  the  cornea  is  called  the 
cornea  vertex  or  anterior  pole  of  the  eye  and  is  designated 
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by  A;  and  the  point  where  the  optical  axis  meets  the  retina 
is  called  the  'posterior  pole  of  the  eye  and  is  designated  by  B.  I 
In  Gullstrand’s  schematic  eye  the  distance  from  A to  B 
is  equal  to  24  mm.,  therefore  somewhat  less  than  an  inch.  K 
The  motor  muscles  of  the  eye  (§  145),  acting  in  pairs,  turn  I 
the  eye-ball  around  axes  of  rotation  which  all  pass  through  I 
a fixed  point  or  pivot  called  the  center  of  rotation  of  the  eye  [ 
and  designated  by  Z.  This  point  may  be  considered  as  | 
lying  also  on  the  optical  axis  in  the  medium  of  the  vitreous  | 
humor  about  13  or  14  mm.  from  the  vertex  of  the  cornea  or  I 
about  10.5  mm  behind  the  pupil.  All  the  excursions  of  the  I 
eye  are  performed  around  this  point.  I 

The  object-point  which  is  sharply  imaged  on  the  retina  at  | 
the  fovea  centralis  (§  145)  is  called  the  point  of  fixation,  and  the  | 
straight  line  which  joins  the  point  of  fixation  with  the  centre  [ 
of  rotation  is  called  the  line  of  fixation.  This  line  indicates  I 
the  direction  in  which  the  eye  is  looking.  TLe  field  of  fixa-  I 
tion  is  measured  by  the  greatest  angular  distance  through  I 
which  the  line  of  fixation  can  be  turned;  which  amounts  to  I 
about  a right  angle  both  vertically  rnd  horizontally.  I 

In  Gullstrand’s  schematic  eye,  as  was  shown  in  § 130,  I 
the  primary  focal  point  F lies  in  front  of  the  eye  at  a dis-  | 
tance  of  15.707  mm.  from  toe  anterior  vertex  of  the  cornea,  I 
while  the  secondary  focal  point  F'  lies  on  the  other  side  of  I 
the  cornea  at  a distance  o.c  24.387  mm.  The  principal  points  I 
(H,  H')  lie  in  the  aqueous  humor  slightly  beyond  the  cor-  I 
nea  system  at  distances  AH  = +1.348  mm.,  AH' =+1.602  I 
mm.  Thus  the  focal  lengths  are:  /= +17.055  mm.  /'  = 

— 22.785  mm. ; the  ratio  between  them  being  equal  to  1.336,  I 
which  is  therefore  the  value  of  the  index  of  refraction  (n') 
of  the  vitreous  humor.  Accordingly,  the  refracting  power  I 
of  Gullstrand’s  schematic  eye  is  F=  58.64  dptr.  The  I 
mdal  points  (N,  N').lie  close  to  the  posterior  vertex  of  the  I 
crystalline  lens,  on  opposite  sides  of  it,  at  the  following  dis- 
tances from  the  vertex  of  the  cornea:  AN  = +7.078  mm.,  I 
AN' =+7.332  mm.  The  straight  line  which  joins  the  point  I 
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of  fixation  with  the  anterior  nodal  point  of  the  eye  is  called 
the  visual  axis.  It  is  parallel  to  the  straight  line  which  joins 
the  posterior  nodal  point  with  the  fovea  centralis.  Since  the 
nodal  points  are  so  close  together,  for  many  problems  con- 
nected with  the  eye  they  may  be  regarded  as  coincident ; so 
that  then  the  visual  axis  may  be  defined  as  the  line  diawn 
from  the  point  of  fixation  to  the  fovea  centralis.  The  visual 
axis  meets  the  cornea  a little  to  the  nasal  side  of  the  antei  ioi 
vertex  and  slightly  above  it,  forming  with  the  optical  axis  an 
angle  between  3°  and  5°. 

The  above  values  are  all  given  for  the  passive,  unaccommo- 
dated eye.  By  the  act  of  accommodation  the  positions  of 
the  focal  points,  principal  points  and  nodal  points  are  all  dis- 
placed, and  accordingly  the  focal  lengths  and  the  refracting 
power  of  the  eye  can  be  varied  within  certain  limits  depend- 
ing on  the  power  of  accommodation,  as  will  be  explained  in 


the  following  section. 

147.  Accommodation  of  the  Eye. — When  the  eye  is  at  rest, 
as  when  one  gazes  pensively  into  space,  it  is  adapted  foi  fai 


Fig.  193. — Accommodation  of  the  human  eye; 
indicating  ho >7  the  crystalline  lens  is  changed 
from  far  vis.on  to  near  vision. 
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vision,  so  that  in  order  to  see  distinctly  objects  which  are  close 
at  hand,  an  "Port  has  to  be  made  which  will  be  greater  in 
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proportion  as  the  object  fixed  is  nearer  to  the  eye.  This  proc- 
ess whereby  the  normal  eye  is  enabled  to  focus  on  the  retina 
in  succession  sharp  images  of  objects  at  different  distances 
is  called  accommodation,  and  it  is  this  marvelous  adapt- 
ability of  the  human  eye,  together  with  its  mobility,  which 
perhaps  more  than  any  other  quality  entitles  it  to  superior- 
ity over  the  most  perfectly  constructed  artificial  optical  in- 
struments. The  power  of  accommodation  is  achieved  by 
changes  in  the  form  of  the  crystalline  lens,  consisting  chiefly 
in  a change  in  the  convexity  of  the  anterior  surface,  produced 
through  the  mechanism  of  the  ciliary  muscle.  According 
to  the  generally  accepted  theory,  so  long  as  the  eye  is  passive, 
the  elastic  substance  of  the  lens  is  held  flattened  in  front  by 
the  suspensory  ligament;  but  in  the  act  of  accommodation 
the  ciliary  muscle  contracts,  and  this  is  accompanied  by  a 
relaxation  of  the  ligament  of  the  lens,  winch  in  thereby 

permitted  to  bulge  forward  by  virtue  of  its  own  elasticity 
(Fig.  193). 

148.  Far  Point  and  Near  Point  of  tho  Dye. — The  far  point 
of  the  eye  ( punctum  remotum)  is  thar  point  (R)  on  the  axis 
which  is  sharply  focused  at  the  posterior  pole  of  the  eye 
when  the  crystalline  lens  has  its  least  refracting  power;  it 
is  the  point  which  is  seen  distinctly  when  the  accommodation 
is  entirely  relaxed.  On  t^.e  other  hand,  the  near  point  (or 
punctum  proximum)  is  Put  point  (P)  on  the  axis  which  is 
seen  distinctly  when  the  crystalline  lens  has  its  greatest  re- 
fracting power,  that  is,  when  the  accommodation  is  exerted 
to  the  utmost.  The  region  of  distinct  vision  within  which  an 
object  must  h3  in  order  that  its  image  can  be  sharply  fo- 
cused on  tne  retina  of  the  naked  eye  is  comprised  between 
two  concentric  spherical  surfaces,  the  far  point  sphere  and 
the  near  point  sphere,  described  around  the  center  of  ro- 
ta!ion  of  the  eye  (Z)  with  radii  equal  to  ZR  and  ZP,  re- 
spectively. If  the  far  point  lies  at  infinity,  as  is  the  case  in  the 
normal  eye,  the  far  point  sphere  is  identical  with  the  infinitely 
distant  plane  of  space  (c/.  § 83),  as  represented  in  Fig.  194; 
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whereas  the  near  point  sphere  will  be  real  and  at  a finite 
distance  in  front  of  the  eye.  In  such  a case  the  eye  can  be 
directed  towards  any  point  in  the  field  of  fixation  (§  146) 
lying  on  or  beyond  the  near  point  sphere  and  accommodate 


Fig.  194. — Region  of  accommodation  of  emmetropic  eye. 

itself  to  see  this  point  distinctly.  In  a near-sighted  eye  both 
far  point  and  near  point  are  real  points  lying  at  finite  dis- 
tances in  front  of  the  eye;  but  the  far  point  of  a far-sighted 
eye  is  a “virtual”  point  lying  at  a finite  distance  behind  the 
eye,  and  hence  an  unaided  far-sighted  eye  cannot  see  dis- 
tinctly a real  object  without  exerting  its  accommodation  to 
a greater  or  less  degree. 

149.  Decrease  of  the  Power  of  Accommodation  with 
Increasing  Age. — The  faculty  of  accommodation  is  greatest 
in  youth  and  diminishes  rapidly  with  advancing  years. 
The  near  point  of  the  eye  gradually  recedes  farther  and  far- 
ther away,  which  is  commonly  supposed  to  be  due  to  a pro- 
gressive diminution  of  the  elasticity  of  the  crystalline  lens. 
Thus,  at  the  ages  of  10,  20  and  40  years  the  punctum  proxi- 
mum  of  a normal  eye,  according  co  Donders,  is  in  front  of 
the  eye  at  distances  from  tne  primary  principal  point  equal 
to  7.1,  10  and  22.2  cm.,  respectively.  When  the  near  point 
has  retreated  to  a distance  of  22  cm.,  so  that  it  is  no  longer 
possible  to  read  o’  write  or  do  “near  work”  conveniently 
without  the  aid  o’:  spectacles,  the  condition  of  qfepby&j&a 
or  old-age  vision  has  begun  to  set  in.  Meantime,  while  the 
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power  of  accommodation  of  the  eye  thus  continually  dimin- 
ishes as  the  near  point  recedes  farther  and  farther  away, 
the  position  of  the  far  point  remains  practically  fixed  until 
well  after  middle  life;  but  between  the  ages  of  55  and  60 
years  it  too  begins  to  separate  farther  from  the  eye,  and 
thereafter  both  the  near  point  and  the  far  point  travel  out- 
wards along  the  axis  of  the  eye,  the  former,  however,  con- 
stantly gaining  on  the  latter;  until  at  last  in  extreme  old  age 
the  near  point  actually  overtakes  the  far  point,  and  from 
that  time  until  death  they  remain  together,  the  power  of 
accommodation  having  been  entirely  lost.  Both  points  are 
displaced  along  the  axis  always  in  the  same  direction,  that  is, 
opposite  to  that  of  the  incident  light.  For  example,  the  far 
point  of  a normal  eye  is  infinitely  distant  up  to  about  55 
years  of  age,  whereas  ten  years  later,  according  to  Donders, 
this  point  will  be  about  133  cm.  behind  the  eye,  having 
moved  out  through  infinity,  so  to  speak,  and  approached 
the  eye  from  behind.  At  the  same  age  namely,  65  years, 
the  near  point  will  also  be  behind  the  eye  at  a distance  of 
400  cm.  At  75  years  of  age  the  two  points  will  be  together 
at  a distance  of  57.1  cm.  behind  ti  e eye.  Various  theories 
have  been  advanced  to  account  tor  the  senile  recession  of 
the  far  point  of  the  eye.  It  is  probably  due  to  a combina- 
tion of  causes,  partly  to  a cr  ange  in  the  form  of  the  lens  pro- 
duced by  the  increased  resistance  of  the  enveloping  coat  of 
the  eye-ball  and  tee  decreased  pressure  of  the  surrounding 
tissue,  and  partly  al  so  to  senile  changes  in  the  lens-substance 
itself  whereby  the  “ total  index”  of  the  lens  is  lowered  in 
value. 

150.  Change  of  Refracting  Power  in  Accommodation. — 

It  was  remarked  above  (§  146)  that  the  positions  of  the  car- 
dinal points  of  the  optical  system  of  the  eye  are  all  altered 
in  the  act  of  accommodation.  Thus,  for  example,  in  Gull- 
strand’s  schematic  eye,  which  is  calculated  for  an  adoles- 
cent youth,  the  near  point  is  at  a distance  AP  = — 10.23  cm. 
from  the  vertex  of  the  cornea;  and  for  this  state  of  maxi- 
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mum  accommodation  the  positions  of  the  focal  points  and 
principal  points  are  found  to  be  as  follows : 

AF  =-12.397  mm.,  AF'= +21.016  mm., 

AH  = + 1.772  nun.,  AH'  = + 2.086  nun.; 
and,  accordingly,  the  focal  lengths  and  the  refracting  power 
are: 

/= +14.169  mm.,  /'= — 18.930  mm.,  F=  +70.57  dptr. 

It  will  be  observed  that,  whereas  the  focal  points  have  un- 
dergone considerable  displacements  from  their  positions  in 
the  passive  eye,  the  corresponding  displacements  of  the 
principal  points  are  less  than  half  a millimeter ; and  since  in 
most  physiological  measurements  half  a millimeter  is  within 
the  limit  of  error,  we  can  usually  afford  to  neglect  altogether 
the  accommodative  displacement  of  the  principal  points  of 
the  eye,  that  is,  we  may  regard  the  positions  of  the  princi- 
pal points  H,  H'  as  practically  fixed  and  independent  of 
the  state  of  accommodation.  This  is  one  reason,  among 
others,  why  the  principal  points  of  the  eye  have  supei- 
seded  the  other  cardinal  points  as  points  of  reference.  Their 
proximity  to  the  cornea  is  another  advantage,  inasmuch  < s 
measurements  referred  to  them  are  easily  related  to  an  ex- 
ternal, visible  and  tangible  point  of  the  eye.  In  tiie  so- 
called  11  reduced  eye,  ” which  consists  of  a single  spherical 
refracting  surface  separating  the  outside  air  from  the  vitre- 
ous humor  and  so  placed  that  its  vertex  lies  at  the  primary 
principal  point  of  the  schematic  eye,  the  two  principal  points 
are,  in  fact,  coincident  with  each  other  cn  the  surface  of  this 
simplified  cornea. 

151.  Amplitude  of  Accommoaebon. — The  far  point  dis - 
tance(a)  and  the  near  point  distance  (b)  are  the  distances  of 
the  far  point  and  near  poinr,  respectively,  measured  from 
the  primary  principal  point  of  the  eye;  thus,  a = HR,  b = 
HP;  it  being  tacitly  assumed  here  that  the  position  of  the 
point  H remains  sensibly  stationary  during  accommodation, 
as  was  explained  c bove.  Each  of  these  distances  is  to  be 
reckoned  negative  or  positive  according  as  the  point  in  ques- 
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tion  lies  in  front  of  the  eye  or  behind  it,  respectively.  The 
reciprocals  of  these  magnitudes,  namely,  A = l/a,  B = l/b, 
are  termed  the  static  refraction  (A),  or  the  refraction  of  the 
eye  when  the  accommodation  is  completely  relaxed,  and  the 
dynamic  refraction  (B),  or  the  refraction  of  the  eye  when 
the  accommodation  is  exerted  to  the  highest  degree.  If  the 
distances  a and  b are  given  in  meters,  the  reciprocal  magni- 
tudes will  be  expressed  in  dioptries,  as  is  generally  the  case. 

The  range  of  accommodation  is  defined  to  be  the  distance 
of  the  near  point  from  the  far  point,  that  is,  RP  = b — a; 
whereas  the  amplitude  of  accommodation  is  the  value  obtained 
by  subtracting  algebraically  the  magnitude  of  the  dynamic 
refraction  from  that  of  the  static  refraction,  thus: 

Amplitude  of  Accommodation  =A—B. 

Imagine  a thin  convex  lens  placed  in  the  primary  principal 
plane  of  the  eye  with  its  axis  in  the  same  line  as  the  optical 
axis  of  the  eye,  and  of  such  strength  that  it  produces  at  the 
far  point  of  the  eye  an  image  of  the  near  point;  according  to 
the  above  definition,  the  amplitude  of  accommodation  of 
the  eye  is  equal  to  the  refracting  powoi  of  this  lens.  For  ex- 
ample, in  the  normal  eye  at  3 ) y sars  of  age,  a = oo  , b = 

— 14.3  cm.,  so  that  the  amplitude  of  accommodation  in  this 
case  amounts  to  7 dptr.;  whereas  at  60  years  of  age  a = 
+200  cm.,  b =—200  cm.,  and  hence  the  amplitude  of  ac- 
commodation will  have  been  reduced  to  1 dptr. . j 

The  distance  from  the  secondary  principal  point  (H')  to 
the  posterior  pole  (F>)  where  the  optical  axis  meets  the  retina 
may  be  regarded  as  a measure  of  the  length  of  the  eye-axis, 
especially  sinee  the  position  of  H'  is  sensibly  independent 
of  the  state  of  accommodation,  as  has  been  explained,  (§  150). 

It  this  distance  is  denoted  by  a',  that  is,  if  we  put  a' = 
H'U,  and  if  also  we  put  A'  = n'/a',  where  n'  denotes  the 
urlex  of  refraction  of  the  vitreous  humor,  then  we  may  write: 

A'=A+F, 

where  F denotes  here  the  refracting  power  of  the  passive, 
unaccommodated  eye.  Similarly,  if  the  symbol  Fa  is  em- 
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ployed  to  denote  the  refracting  power  of  the  eye  in  its  state 
of  maximum  accommodation,  we  shall  have: 

A'  = B+Fa. 

Consequently,  we  may  also  say  that  the  power  of  accommo- 
dation (. A-B ) is  equal  to  the  difference  (Fa  — F)  between 
the  greatest  and  least  values  of  the  refracting  power  of  the 
eye. 

152.  Various  Expressions  for  the  Refraction  of  the  Eye. 

— The  refraction  of  the  eye  in  a given  state  of  accommoda- 
tion is  measured  by  the  reciprocal  of  the  distance  from  the 
eye  of  the  axial  object-point  M for  which  the  eye  is  accom- 
modated. Thus,  if  u = HM,  x = FM  denote  the  distances  of 
M from  the  primary  principal  point  and  the  primary  focal 
point,  respectively,  the  magnitudes  U = l/u  and  X = l/x, 
usually  expressed  in  dioptries,  are  the  measures  of  the  prin- 
cipal point  refraction  and  the  focal  point  refraction.  The 
relation  between  U and  X may  be  given  in  terms  of  the  re- 
fracting power  of  the  eye  (F)  when  it  is  accommodated  for 
the  object-point  M,  as  follows: 

rr  F.X  v F.u  : 

U~F-X ’ F+U' 

If  an  arbitrary  point  0 on  the  axis  of  the  eye  is  selected 
as  the  point  of  reference,  and  if  we  put  OM  = z,  the.  refrac- 
tion of  the  eye,  referred  to  the  point  0,  will  be  measured  by 
Z = lfz.  If  the  distances  of  the  points  H ana  V from  0 are 
denoted  by  b and  gr,  that  is,  if  5 = OH,  g = 0 F,  then  since 
z = u+ b = x+g,  we  can  obtain  also  the  following  useful  re- 
lations between  U,  X and  Z in  terms  of  o and  g: 

7 v 

TT=  “ — • 

1-b.Z  l-(b-g)X’ 

Z U 

l-q.Z~l+(b-g)U’ 

U X 
l+b.U  1 +g.X* 

153.  Emmetropia  and  Ametropia. — When  the  static  re- 
fraction of  the  eye  is  equal  to  zero  (-4  = 0),  that  is,  when 


X 

Z 
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the  far  point  (R)  is  infinitely  distant,  the  eye  is  said  to  be 
emmetropic.  If  in  the  equation  A'  =A+F,  we  put  A = 0, 
we  obtain  A'  = F,  which  therefore  may  be  said  to  be  the 
condition  of  emmetropia.  Here  F denotes  the  refracting 
power  of  the  eye  when  accommodation  is  entirely  relaxed. 
In  emmetropia,  therefore,  the  second  focal  point  (F')  of 
the  passive  eye  lies  on  the  retina  at  the  posterior  pole  (B); 


Fig.  195. — Diagram  of  emmetropic  eye. 

so  that  in  a passive  emmetropic  eye  in  hdent  parallel  rays 
are  converged  to  a focus  on  the  re+i.ia,  as  represented  in 
Fig.  195,  and  the  length  of  the  eye -axis  is  a'=— The 
normal  position  of  the  far  poim  is  to  be  regarded  as  at  in- 
finity; and  in  this  sense  an  emmetropic  eye  is  a normal  eye, 
although,  strictly  speaking,  an  emmetropic  eye  may  at  the 
same  time  be  abnormal  in  various  ways. 

On  the  other  hand,  if  he  static  refraction  of  the  eye  is 
different  from  zero  (.4^0),  that  is,  when  the  far  point  (R) 
is  not  infinitely  distant,  the  eye  is  said  to  be  ametropic 
Thus,  the  concktxon  of  ametropia  may  be  said  to  be  charac- 
terized by  the  fact  that  the  refracting  power  (F)  of  the 
unaccommodated  eye  is  not  equal  to  A',  which  is  equiva- 
lent to  raying  that  the  length  of  the  eye-axis  (a')  is  numer- 
ically different  from  the  value  of  the  second  focal  length 
(/')•  In  other  words,  the  second  focal  point  (F')  of  an 
ametropic  eye  in  a state  of  repose  does  not  fall  on  the  retina. 

Two  general  divisions  of  ametropia  are  distinguished  de- 
pending, on  whether  the  far  point  (R)  lies  on  one  side  or  the 
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other  of  the  primary  principal  point  (H).  Thus,  if  Ac 0, 
that  is,  if  the  far  point  lies  at  a finite  distance  in  front  of  the 
eye,  the  ametropia  in  this  case  is  called  myopia  (Fig.  196). 
In  a myopic  eye  in  a state  of  repose  the  second  focal  point 


Fig.  196. — Ametropic  eye:  myopia. 


i 


(FO  lies  in  front  of  the  retina  (in  the  vitreous  humor),  so 
that  parallel  incident  rays  will  be  brought  to  a focus  be- 
fore reaching  the  retina.  On  the  other  hand,  if  A> 0,  the 
far  point  will  lie  at  a finite  distance  beyond  (or  behind)  the 


eye,  and  this  form  of  ametropia  is  known  as  hypermetropia 
(Fig.  197).  In  a hypermetropic  eye  in  a state  of  repose  the 
second  focal  point  (Fr)  falls  beyond  the  retina,  so  that  in- 
cident parallel  rays  arrive  at  the  retina  before  coming  to  a 
focus.  A myopic  eye  cannot  focus  for  a distant  object  with- 
out the  aid  of  a glass,  and  it  lacks  therefore  an  important 
part  of  the  capacity  of  an  emmetropic  eye.  On  the  other 
hand,  a hypermetropic  eye  must  make  an  effort  of  accom- 
modation each  time  in  order  to  focus  on  the  retina  the  image 
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of  a real  object;  which  frequently  produces  various  troubles, 
sometimes  very  annoying.  Accordingly,  both  conditions 
included  under  the  general  name  of  ametropia  are  disad- 
vantageous for  practical  vision. 

Theoretically,  ametropia  may  be  considered  as  due  to 
some  abnormality  in  the  values  of  one  or  of  both  of  the  mag- 
nitudes denoted  by  A'  and  F'  on  which  the  value  of  the 
static  refraction  (A)  depends;  so  that  the  following  cases 
are  possible: 

(1)  The  length  of  the  eye-ball  (a')  may  be  too  great 
(axial  myopia,  a'>  -/')  or  too  small  (axial  hypermetropia, 
a'<  — whereas  the  refracting  power  (F)  is  normal.  This, 
by  far  the  most  common,  type  is  known  as  axial  ametropia. 

(2)  On  the  other  hand,  while  the  length  of  the  eye-ball 
may  be  normal,  the  magnitude  of  the  refracting  power  (F) 
may  be  abnormally  great  or  small.  In  general  this  form  of 
ametropia,  which  is  comparatively  rare,  is  Jue  to  abnormal 
curvatures  of  the  refracting  surfaces  ( curvature  ametropia). 
Or  the  indices  of  refraction  of  the  eve -media  may  have  ab- 
normal values  ( indidal  ametropia) . Here  also  may  be  men- 
tioned the  condition  known  as  aonakia  produced  by  the 
extraction  of  the  crystalline  lens  in  the  operation  for  cataract. 

(3)  Finally,  it  may  happen  that  the  refracting  power  and 
the  length  of  the  eye-ball  are  both  abnormal.  In  fact,  these 
two  anomalies  might  exist  together  in  exactly  the  degree 
necessary  to  counteract  each  other,  so  that,  in  spite  of  its 
abnormalities,  the  eye  in  such  a case  would  be  emmetropic. 

In  the  case  axial  ametropia,  the  relation  between  the 
static  refraction  (A)  and  the  length  ( l ) of  the  eye-ball  is 
given  bv  tiie  following  formula: 

J=AB=AH' 


n 


A+F  ’ 

and  if  the  values  for  Gullstrand’s  schematic  eye  (§  146) 
are  substituted  in  this  formula,  it  may  be  written  as  follows: 

1 = 1 .602  4 — , . millimeters. 


A +58.64 
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According  to  this  formula,  the  length  of  the  eye  varies  from 
about  21.07  mm.  in  extreme  axial  hypermetropia  (A  = 
+ 10  dptr.)  to  about  36.18  mm.  in  case  of  the  highest  degree 
of  axial  myopia  (A=—  20  dptr.).  The  length  of  an  axially 
emmetropic  eye  04=0)  is  24.38  mm.  The  length  of  Gull- 


mm 


Fig.  198. — Curve  showing  connection  between  the  length  of 
the  eye-axis  and  the  static  refraction. 

strand’s  schematic  eye  is  24.01  mm.,  and  hence  thh  : eye 
has  1 dptr.  of  hypermetropia  04= +1  dptr.).  The  accom- 
panying diagram  (Fig.  198)  exhibits  graphically  the  relation 
between  the  magnitudes  denoted  by  l and  A . The  heights 
of  the  ordinates  indicate  the  axial  length  of  the  eye-ball  in 
millimeters  for  values  of  the  static  refraction  of  the  eye  com- 
prised between  —20  and  +10  dioptries. 

154.  Correction  Eye-Glasses. — V/  hen  a spherical  spectacle 
lens  is  placed  in  front  of  the  passive,  unaccommodated  eye, 
with  the  axis  of  the  lens  in  tLe  same  straight  line  as  the  opti- 
cal axis  of  the  eye,  there  wiU  be  a certain  axial  point  M whose 
image  in  the  lens  will  fall  at  the  far  point  (R)  of  the  eye; 
and  hence  the  eye  looking  through  the  lens  will  see  distinctly 
the  image  of  an  object  placed  at  M.  If  the  positions  of  the 
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principal  points  of  the  lens  are  designated  by  Hi  and  Hi', 
and  if  we  put 

Ul  = l/Ui  = HiM,  Ui  = lfUi'  = Hi'R, 


then 


CV-tfi+Fi, 


where  F i denotes  the  refracting  power  of  the  lens.  Let  the 
distance  of  the  primary  principal  point  (H)  of  the  eye  from 
the  secondary  principal  point  (Hi')  of  the  lens  be  denoted 
by  c,  that  is,  c = H/H;  then  since  a = xii'  — c,  where  a de- 
notes the  far  point  distance  of  the  eye,  the  following  ex- 
pression for  the  static  refraction  (A  = 1/a)  may  be  derived 
immediately : 

i tfi+fi 
l-c(U rf-P  1)  ’ 

In  case  the  axial  object-point  M is  infinitely  far  away,  the  |i 
lens  is  called  a correction-glass,  because  ;t  enables  the  pas- 
sive ametropic  eye  to  see  distinctly  a "very  distant  object 
on  the  axis  of  the  lens,  so  that  to  this  extent  the  lens  inter- 
posed in  front  of  the  eye  endows  it  with  the  characteristic 
faculty  of  an  unaccommodated  naked,  emmetropic  eye. 
The  condition  that  M shaU  be  infinitely  distant  is  U i = 0; 
and  hence  the  relation  between  the  static  refraction  of  the 
eye  and  the  refracting  pov/er  of  a correction-glass  is  given  as 
follows: 

l-c.Fi  l-\-c.A 

If  the  distance  c between  the  correction-glass  and  the  eye  is 
neglected  entirely,  then  Fi  = A,  that  is,  the  power  of  the 
correct ion-glass  is  approximately  equal  to  the  static  refrac- 
tion of  the  eye.  The  distance  c,  which  must  be  expressed 
in  meters  in  case  the  magnitudes  denoted  by  F i and  A are 
given  in  dioptries,  is  always  a comparatively  small  magni- 
tude, which  in  actual  spectacle  glasses  is  comprised  between 
0.008  and  0.016  m.;  so  that  if,  without  neglecting  c entirely, 
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we  neglect  only  the  second  and  higher  powers  thereof,  the 
formulae  above  may  be  written  in  the  following  convenient 
approximate  forms: 

A = Fi(l+c.Fi),  Fi=A(l  — c.A)] 
which  for  nearly  all  practical  purposes  will  be  found  to  be 
sufficiently  accurate. 


4 


Fig.  199. — Correction  of  myopia  with  concave  spectacle-glass. 


The  condition  that  a spectacle-lens  shall  be  a correction- 
glass  may  be  expressed  simply  by  saying  that  the  second  focal 
point  (F/)  of  the  glass  must  coincide  with  the  far  point  (R)  of 
the  eye.  Thus,  in  case  of  a myopic  eye  the  correction-glass 


Fig.  200. — Correction  of  hypermetropia  with  co^ve,;  spectacle-glass. 


f 
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4 

4 
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will  be  concave  (Fig.  199)  and  in  ctse  of  a hypermetropic 
eye  it  will  be  convex  (Fig.  200). 

Instead  of  describing  the  power  of  a spectacle  glass  by 
means  of  its  refracting  power,  it  is  really  more  convenient 
and  logical  to  express  it  in  terms  of  its  vertex  refraction  (F), 
as  defined  in  § 128.  If  the  vertex  of  the  lens  which  lies  next 
the  eye  is  designated  by  L,  and  if  the  distance  of  the  eye  from 
the  glass  is  denoted  by  k,  that  is,  if  we  put  fc  = LH,  then, 
since  the  points  designated  by  Fi'  and  R must  be  coincident, 
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v = a+k,  where  v denotes  the  “back  focus”  of  the  lens,  that 
is,  v=  l/F  = LFi'  = LR;  and  hence: 


V 

1-k.V  ’ 


A 

l“h  k.A 


J 


or  approximately:  ’ I 

A = V(l+k.V),  V=A(l-k.A). 

It  may  be  seen  from  the  above  formulae  how  the  power  of  a | 
correction-glass  depends  essentially  on  the  location  of  the 
glass  in  front  of  the  eye.  The  distance  k,  being  referred  to  a 
tangible,  external  point  of  the  glass,  is  more  easily  measured 
than  the  interval  denoted  by  c. 

155.  Visual  Angle. — The  apparent  size  of  an  object,  as 
was  explained  in  § 10,  is  measured  by  the  visual  angle  co 
which  it  subtends  at  the  eye;  thus,  if  the  vertex  of  this  angle 
is  designated  by  O and  if  ?/  = MQ  denotes  a diameter  of  the 
object  at  right  angles  to  the  line  of  vision,  the  apparent  size 
of  the  object  in  the  direction  of  this  dimension  is  co  = Z MOQ. 
Accordingly,  if  the  distance  of  the  object  from  the  eye  is  de-  | 
noted  by  z,  that  is,  if  2 = 0M,  then  tmco  = y/z.  As  the  im- 
mobile eye  looking  in  a fixed  direction  can  see  distinctly 
only  that  comparatively  small  potion  of  the  object  whose 
image  falls  on  the  sensitive  pnvt  of  the  retina  in  the  immedi- 
ate vicinity  of  the  fovea  cen^alis  (§  145),  the  rays  concerned 
in  the  production  of  the  retinal  image  in  this  so-called  case 
of  “indirect  vision”  may  be  regarded  as  paraxial  rays.  Ac- 
cordingly, the  valoe  oi  the  angle  co  in  radians  may  be  sub- 
stituted here  fox'  die  tanco,  so  that  we  may  write: 

ai  = ij/z  = y.Z, 

where  Z-l!z.  On  the  assumption  that  y is  reckoned  as 
positive,  9 negative  value  of  the  angle  co  indicates  that  the 
object  is  real  and  therefore  in  front  of  the  point  O where  the 
eye  Is  supposed  to  be. 

The  exact  meaning  to  be  attached  to  the  visual  angle  co 
will  depend,  of  course,  on  the  precise  location  with  respect 
to  the  eye  of  the  vertex  of  this  angle.  To  be  sure,  so  long  as 
the  object  is  quite  remote  from  the  eye,  as  is  often  the  case, 
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it  will  not  generally  be  necessary  to  define  particularly  the 
position  of  the  vertex  O of  the  visual  angle.  For  example, 
to  take  a somewhat  extreme  instance,  the  apparent  size  of 
the  moon  will  not  be  sensibly  altered  by  removing  the  ver- 
tex of  the  visual  angle  as  much  as  a mile  or  more  away  from 
the  eye.  And,  in  general,  provided  the  object  is  not  less 
than,  say,  10  meters  away,  it  will  be  sufficient  to  know  that 
the  vertex  of  the  visual  angle  is  in  the  eye  without  specifying 
its  position  more  exactly.  On  the  other  hand,  especially 
when  the  eye  has  to  exert  its  power  of  accommodation  in 
order  to  focus  the  object,  it  is  sometimes  a matter  of  much 
importance  to  define  the  visual  angle  with  the  utmost  pre- 
cision. In  such  a case  several  meanings  of  this  term  are  to 
be  specially  distinguished.  For  example,  when  the  vertex 
of  the  visual  angle  is  at  the  primary  principal  point  of  the 
eye,  it  is  called  the  principal  point  angle  (coh  = ZMHQ),  so 
that  we  may  write: 

coH  = y/u  = ij.U, 

where  w=l/J7  = HM  denotes  the  distance  of  the  object  from 
the  primary  principal  point.  Similarly,  the  so-called  foi  n 
point  angle  («,.-  = ZMFQ)  is  the  angle  subtended  by  the 
object  at  the  primary  focal  point  of  the  eye;  and  hei.ce. 


wf  = 2//-*' — V- A } 


where  i = l/X=FM  denotes  the  distance  of  the  object  from 

the  primary  focal  point  of  the  eye. 

According  to  the  definitions  of  these  angles  and  the  rela- 
tions between  the  magnitudes  denoted  by  X,  U and  Z,  as 
given  in  § 152,  we  may  write  therefoie. 


\T 

A 

= 1 :(1  +b.U)  : (1 +S-X) 

= (1  -b.Z)  : 1 :(1  -X/F) 
= (1  -g.Z)  : (l  + U/F)  : 1; 


where  F denotes  hero  the  refracting  power  of  the  eye  when 

it  is  accommodated  for  the  point  M. 

The  apparent  size  of  an  object  may  be  measured  also  at 
other  points  of  the  eye,  for  example,  at  the  center  of  the 
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entrance-pupil,  at  the  anterior  nodal  point,  at  the  center  of 
rotation,  etc.  The  center  of  rotation  or  eye-pivot  is  the 
point  of  reference  in  the  estimate  of  the  apparent  size  of  an 
object  in  the  case  of  ordinary  so-called  “direct  vision”  with 
the  mobile  eye,  when  the  gaze  is  directed  in  quick  succession 
to  the  different  parts  of  an  extended  object.  Especially,  in 
viewing  an  image  through  an  optical  instrument,  it  is  nearly 
always  desirable,  if  practicable,  to  adjust  the  eye  in  such  a 
position  that  the  center  of  rotation  coincides  with  the  center 
of  the  exit-pupil  of  the  instrument,  so  as  to  command  as 
large  an  extent  of  the  field  of  view  of  the  image-space  as 
possible.  Anyone  who  has  ever  tried  to  look  through  a key- 
hole in  a door  will  realize  how  the  field  of  view  would  have 
been  widened  if  the  eye  could  have  been  placed  in  the  hole 
itself. 

156.  Size  of  Retinal  Image. — If  the  eye  is  accommodated 
to  see  an  object  y situated  at  a distance  u (^1/U)  from  its 
primary  principal  point,  the  size  of  the  image  ( y ')  formed  on 
the  retina  is  given  by  the  relation : 

y-U=y’.Af, 

where  A'  = n'/a'  denotes  the  reciprocal  of  the  reduced  length 
of  the  eye-axis  measured  from  the  secondary  principal  point 
of  the  eye.  Since  y.U--  o>h  (§155),  the  above  equation 
may  be  put  in  the  following  form : 


o)h  n' 


Since  the  posihcns  of  the  principal  points  remain  sensibly 
stationary  in  the  act  of  accommodation  (§  150),  the  reduced 
length  of  tne  eye-axis  ( a' \n ')  may  be  considered  as  constant 
in  the  same  individual.  And  hence  the  peculiar  significance 
of  +ne  principal  point  angle  consists  in  the  fact  that,  ac- 
cording to  this  formula,  this  angle  ( coH ) may  be  taken  as 
a measure  of  the  size  of  the  retinal  image  ( y ')  which  is  in- 
dependent of  the  state  of  accommodation  of  the  eye.  Thus, 
for  a given  individual,  all  objects  which  have  the  same  ap- 
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parent  size  as  measured  at  the  principal  point  of  the  eye  will 

produce  retinal  images  of  equal  size. 

On  the  other  hand,  since  y'.F=y.X=  cop  (§  155),  it  ap- 
pears that,  for  a given  value  of  the  refracting  power  (F), 
the  size  of  the  image  on  the  retina  of  the  eye  is  proportional 
to  the  focal  point  angle.  And  since  the  variations  of  the  re- 
fracting power  are,  generally  speaking,  independent  of  axial 
ametropia  (§  153),  the  focal  point  angle  will  be  particularly 
useful  in  comparing  the  apparent  size  of  an  object  as  seen 
by  different  individuals  under  the  same  external  conditions. 

‘ 157.  Apparent  Size  of  an  Object  seen  Through  an  Op- 
tical Instrument. — Let  the  principal  points  of  the  optical 
instrument  be  designated  by  H,  H'  (Fig.  201);  and  for  the 


0/ 


Fig.  201. — Apparent  size  of  object  seen  through  optical 

instrument. 

sake  of  simplicity,  let  us  assume  that  the  instrument  is  sur- 
rounded by  air  so  that  the  straight  lines  HQ,  H'Q'  joining 
the  principal  points  with  corresponding  points  of  object  and 
image  will  be  parallel ; and  let  y ---■  MQ,  v'  = M'Q'  denote  the 
linear  magnitudes  of  object  and  image,  respectively.  Let 
the  distance  of  the  image  from  the  eye  be  denoted  by  z- 
O'M',  where  O'  designates  the  position  of  the  eye  on  the 
axis.  Then  the  apparent  size  of  the  image  will  be 

co=y'.Z, 

where  co  = ZM'0'Q;  (expressed  here  in  radians)  and  Z = l/z. 
The  angle  fx  miy  be  increased  by  reducing  the  distance  be- 
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tween  the  image  and  the  eye,  that  is,  by  increasing  Z;  but 
this  distance  cannot  be  diminished  below  the  near  point 
distance  of  the  eye,  because  then  distinct  vision  would  not 
be  possible  for  the  naked  eye. 

If  the  distances  of  object  and  image  from  the  principal 
points  are  denoted  by  u and  u' , that  is,  if  m = HM,  w'  = H'M', 
then 


yf.U'=y.U, 

where  U=lfu,  U'=  1 /it';  and  hence 


c o = y.Z. 


U 

IT 


In  general  (except  when  the  rays  undergo  an  odd  number 
of  reflections),  the  sign  of  Z as  here  defined  will  be  negative, 
and  therefore  the  sign  of  co  will  depend  on  the  sign  of  the 
ratio  U : U'.  Accordingly,  if  object  and  image  lie  on  the 
same  side  of  their  corresponding  principal  points,  the  sign 
of  co  will  be  negative,  that  is,  the  image  will  be  erect. 

Let  the  distance  of  the  eye  from  the  instrument  be  de- 
noted by  c = H'0';  then  since  u'  = c+z,  we  may  write: 


V — . 

l-f-c  Z 

Accordingly,  if  the  refractinp  power  of  the  instrument  is 
denoted  by  F,  so  that  U=Ur'  - F,  we  may  write  also: 

F-Z(l-c.F) 


U=- 


1+c.Z 


Introducing  these  expressions,  we  obtain  therefore  the  fol- 
lowing formula  foi  tne  apparent  size  of  the  image: 

co  = — y\ F — Z{\  — c.F)\  . 

Thus,  wc  spe  that  the  apparent  size  of  the  image  may  be 
varied  in  one  of  two  ways,  either  by  changing  the  position 
of  the  eye  (that  is,  by  varying  c)  or  else  by  displacing  the 
object  so  that  Z is  varied.  There  are  two  cases  of  special 
practical  importance,  namely:  (1)  When  the  eye  is  adjusted 
so  that  1—  c.F  = 0,  and  (2)  When  the  object  is  focused  so 
that  Z = 0.  In  both  cases  the  second  term  inside  the  large 
brackets  vanishes,  and  hence  c o=—y.F.  The  condition 
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c = 1 /F  means  that  the  eye  is  placed  at  the  second  focal 
point  (F')  of  the  instrument  (which  might  easily  be  practi- 
cable if  the  optical  system  were  convergent) ; so  that  under 
such  circumstances  the  apparent  size  of  the  image  would  be 
the  same  for  all  positions  of  the  object,  because  evidently 
the  highest  point  (Q')  of  the  image  will  always,  lie  on  the 
straight  line  which  crosses  the  axis  at  the  second  focal  point 
at  the  constant  angle  6=  — y.F.  On  the  other  hand,  the 
condition  Z = 0 means  simply  that  the  object  lies  in  the 
first  focal  plane  of  the  instrument.  Now  this  is  the  natural 
adjustment  for  a normal,  unaccommodated,  emmetropic 
eye,  because  then  the  rays  flow  into  the  eye  in  cylindrical 
bundles.  This  is  the  reason  why  the  image  produced  by 
the  object-glass  of  a telescope  or  microscope  is  usually  fo- 
cused in  the  primary  focal  plane  of  the  eye-piece  or  ocular. 
Accordingly,  when  Z — 0,  the  apparent  size  of  the  image 
will  be  independent  of  the  position  of  the  eye. 

An  experienced  observer  who  wishes  to  obtain  the  best 
results  with  an  optical  instrument  will  ordinarily  adjust  it 


1 


to  his  eye  in  such  a way  that  the  image  can  be  seen  distinctly 
without  his  having  to  make  an  effort  of  accommodafior . 
This  will  be  the  case  if  the  image  is  formed  at  the  far  point 
(R)  of  the  eye  (§  148).  If,  therefore,  the  static  infraction 
of  the  eye  is  denoted  by  A (§  151),  then  (assuming  that  the^ 
point  O'  in  Fig.  201  is  coincident  with  the  anterior  principal 
point  of  the  eye)  we  may  put  Z = A;  and  hence  the  apparent 
size  of  an  object  as  seen  in  an  optica)  instrument  by  an  eye 
with  relaxed  accommodation  is  given  by  the  expression : 

coH=  —y\ F—A(l—c.F)  i . 

Thus,  it  is  evident  how  the  apparent  size  of  the  image  de- 
pends not  only  on  the  refracting  power  of  the  instrument, 
but  essentially  also  on  the  adjustment  and  idiosyncrasies 
of  the  eye  of  the  individual  who  looks  through  it. 

It  may  be  remarked  that  these  formulae  have  been  derived 
on  the  tacit  assumption  that  the  eye  is  at  rest,  and  conse- 
quently onlv  a small  portion  of  the  external  field  is  sharply 
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in  focus  at  the  sensitive  part  of  the  retina.  Otherwise,  we 
should  have  had  to  write  tanco  instead  of  co;  nor  should  we 
have  been  justified  in  assuming  that  the  effective  rays  were 
paraxial.  If  the  eye  turns  in  its  socket  to  inspect  the  image, 
the  apparent  size  of  the  image  will  depend  essentially  on 
the  angular  movement  of  the  eye,  and  in  this  case  the  visual 
angle  must  be  measured  at  the  center  of  rotation  of  the  eye. 
These  are  considerations  that  are  too  often  overlooked  in 
discussions  of  this  kind. 

158.  Magnifying  Power  of  an  Optical  Instrument  Used 
in  Conjunction  with  the  Eye. — An  object  may  be  so  remote 
that  its  details  are  indistinguishable,  or,  on  the  other  hand, 
it  may  be  so  close  to  the  eye  that  not  even  by  the  greatest 
effort  of  accommodation  can  a sharp  image  of  it  be  focused 
on  the  retina.  Under  such  circumstances  one  has  recourse 
to  the  aid  of  a suitable  optical  instrument  where oy  the  ob- 
ject is  magnified  to  such  an  extent  that  the  rarcs  of  it  which 
were  obscure  or  entirely  invisible  to  the  naked  eye  will  be 
revealed  to  view.  The  magnifying  power  is  usually  expressed 
by  an  abstract  number  M,  which  in  ihe  case  of  an  optical 
instrument  on  the  order  of  a microscope  is  defined  to  be  the 
ratio  of  the  apparent  size  of  the  image  as  seen  in  the  instrument 
to  the  apparent  size  of  the  object  as  it  would  appear  at  the  so- 
called  “distance  of  distinct  vision . ” This  latter  term  is  a 
somewhat  unfortunate  form  of  expression  for  several  rea- 
sons, not  only  because  the  distance  at  which  an  object  is 
ordinarily  placed  in  order  to  be  seen  distinctly  is  different 
for  different  poisons,  but  because  the  same  person,  accord- 
ing to  the  extent  of  his  power  of  accommodation,  usually 
possesses  the  ability  of  seeing  distinctly  objects  at  widely 
different  distances.  The  expression  appears  to  have  arisen 
from  a confusion  of  ideas,  and  its  origin  may  probably  be 
traced  to  the  fact  that  even  nowadays  many  people  have 
diihculty  in  conceiving  how  the  eye  can  be  “focused  for 
infinity,”  although,  indeed,  as  has  been  explained,  that  is 
to  be  regarded  as  the  natural  state  of  the  normal  eye  in  re- 
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pose.  However,  the  phrase  has  become  too  deeply  rooted 
in  optical  literature  ever  to  be  eradicated,  and  no  harm  will 
be  done  by  continuing  to  use  it,  provided  it  is  not  taken 
literally,  but  is  considered  merely  as  the  designation  of  a 
more  or  less  arbitrary  conventional  projection-distance. 
Accordingly,  if  the  so-called  “ distance  of  distinct  vision” 
is  denoted  by  Z,  the  apparent  size  of  the  object  (y)  as  seen 
at  this  distance  from  the  eye  will  be  — y/l,  and  hence  if  the 
apparent  size  of  the  image  in  the  instrument  is  denoted  by 
co,  the  magnifying  power,  as  above  defined,  will  be: 

y 

The  actual  value  of  this  conventional  distance  l is  usually 
taken  as  10  inches  or  25  centimeters,  which  is  large  enough 
for  the  convenient  accommodation  of  most  human  beings 
who  are  not  already  past  the  prime  of  life  and  yet  not  so 
large  that  the  size  of  the  image  on  the  retina  differ  h much 
from  its  greatest  dimensions.  If  distances  are  all  measured 
in  meters,  the  conventional  value  of  the  magnifying  power 
will  be  given,  therefore,  by  the  formula: 


The  explanation  of  the  minus  sign  in  front  of  the  u-action 
is  to  be  found  in  the  mode  of  reckoning  the  visual  angle  o>, 
which,  as  we  have  pointed  out  (§  157),  is  negative  in  case 
the  image  of  the  object  y is  erect,  as,  fm  example,  with  an 
ordinary  convex  lens  used  as  a magnifying  glass.  Thus, 
according  to  the  above  formula,  a positive  value  of  the  mag 
nifying  power  means  magnification  without  inversion.  Or- 
dinarily, what  is  meant  by  the  magnifying  power  of  an  op- 
tical instrument  is  the  vcuic  of  this  abstract  number  M, 
which  gives  the  ratio  of  the  sizes  of  the  retinal  images  when 
an  emmetropic  eye  views  one  and  the  same  object,  first,  in  the 
instrument  without  effort  of  accommodation,  and  then  with- 
out the  instrument  with  an  accommodation  of  four  dioptrics. 

If  the  expression  for  the  visual  angle  w which  was  ob- 
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tained  in  § 157  is  introduced  here,  we  shall  derive,  therefore, 
the  following  formula  for  the  magnifying  power  (M)  in  terms 
of  the  refracting  power  (F)  of  the  instrument,  the  distance 
(c)  of  the  eye  from  the  instrument,  and  the  distance  {z  = 
1/Z)  of  the  image  ( y ')  from  the  eye: 

M = l\F-Z(l-c.F)\. 

This  expression  is  really  a measure  of  the  individual  mag- 
nifying power,  since  it  involves  not  merely  the  instrument 
itself  but  the  characteristic  peculiarities  of  the  eye  of  the 
observer.  In  order  to  obtain  a measure  of  the  absolute  mag- 

nifying  power  of  the  instrument,  the  second  term  inside  the 

• * 

large  brackets  must  be  made  to  vanish.  Thus,  if  the  object 
is  placed  in  the  primary  focal  plane,  so  that  the  image  is 
infinitely  distant,  then  Z = 0,  and  now  M = l.F  denotes  the 
absolute  magnifying  power.  If  1 = 0.25  meter,  then  F = 4M ; 
and  usually,  therefore,  when  we  say  that  Pit  magnifying 
power  of  a lens  or  microscope  is  M,  this  means  simply  that 
its  refracting  power  is  equal  to  4M  dioptrics. 

If  the  image  in  the  instrument  is  formed  at  the  “distance 
of  distinct  vision'’  ( l ),  then  Z=— 1,7.  and 

M = l+(l-c)F. 

The  distance  (c)  between  the  instrument  and  the  eye  is  usu- 
ally small  in  comparison  with  l,  so  that  it  is  often  entirely 
neglected.  Assuming  that  ( l—c ) is  positive,  we  may  say 


that  in  a convergent  < pbcal  system  (F  > 0),  the  object  will 


appear  magnified  • M>  1) ; whereas  in  a divergent  optical 

system  ( F <0),  the  object  appears  to  be  diminished  in  size 
(M<1). 


In  order  to  avoid  the  use  of  an  arbitrary  projection- 
distance  (i),  Abbe  proposed  to  define  the  magnifying  power 
as  the  r aiio  of  the  apparent  size  (co)  of  the  image  in  the  instru- 
ment io  the  actual  size  (y)  of  the  object  (compare  with  Abbe’s 
definition  of  local  length,  § 122);  so  that  if  this  ratio  is  de- 
noted by  P,  then 
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This  measure  of  the  magnifying  power  is  not  an  abstract 
number  like  M,  but  a quantity  of  the  same  physical  dimen- 
sions as  the  refracting  power  of  the  instrument.  The  two 
definitions  are  connected  by  the  simple  relation 

M = J.P; 

so  that  if  we  put  1 = 0.25  m.,  the  value  of  P will  be  obtained 
by  multiplying  M by  the  number  four  (P  = 4M).  Thus,  for 
example,  in  the  case  of  a convex  lens  of  refracting  power  F 
used  as  a magnifying  glass,  if  the  object  is  placed  in  the  first 
focal  plane,  we  have  P = F. 

159.  Magnifying  Power  of  a Telescope —In  the  case  of 
a telescope,  which  is  an  instrument  for  magnifying  the  ap- 
parent size  of  a distant  object,  neither  of  the  definitions  of 
magnifying  power  given  in  the  foregoing  section  is  appli- 
cable. An  infinitely  distant  object  (like  the  mooy,  for  ex- 
ample) can  be  seen  distinctly  by  an  emmetropic  eye  without 
any  effort  of  accommodation,  but  its  apparent  size  may  be 
so  minute  that  the  distinguishing  features  cannot  be  made 
out  by  the  naked  eye.  This  same  eye  looking  at  the  object 
through  a telescope  will  see  an  infinitely  distant  image  o. 
it,  but  presented  to  the  eye  under  a larger  visual  angle,  sc 
that  it  appears  magnified.  Essentially,  a telescope  ma>  oe 
regarded  as  a combination  of  two  optical  systems,  one  of 
which — the  part  pointed  towards  the  object  ic.  a con- 
vergent system,  generally  of  relatively  long  focus  and  laige 
aperture  (so  as  to  intercept  a large  quantity  ox  light),  called 
the  object-glass;  while  the  other,  composed  of  the  lenses 
next  the  eye,  and  called  therefore  the  ocular  or  eye-piece, 
may  be  a convergent  or  divergent  system  depending  on  the 
type  of  telescope.  The  object-glass  which  is  at  one  end  of 
a large  tube  forms  a real  inverted  image  of  the  object  in  its 
second  focal  plane  or  not  +ai  from  it;  and  this  image  is  in- 
spected through  the  ocuEr,  which  is  usually  fixed  in  a smaller 
tube  inserted  in  the  larger  one  so  that  the  focus  can  be  ad- 
justed to  suit  different  eyes  and  different  circumstances. 
A simple  schematic  telescope  may  be  regarded  as  composed 
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of  two  thin  lenses,  one  of  which,  of  focal  length  fi  (refracting 
power  Fi ) acts  as  the  object-glass  while  the  other,  of  focal 
length  /2  (refracting  power  Ff)  performs  the  part  of  the  oc- 
ular. When  the  telescope  is  adjusted  for  an  emmetropic, 
unaccommodated  eye,  the  second  focal  'point  (Fi')  of  the  ob- 
ject-glass coincides  with  the  first  focal  point  (F2)  of  the  ocular; 
and  hence  the  focal  length  of  the  entire  system  is  infinite 
(/=  oo  or  F= 0),  that  is,  the  system  is  afocal  or  telescopic 
(§  125).  In  this  case  the  telescope  is  said  to  be  in  normal 
adjustment. 

The  first  telescope  appears  to  have  been  invented  by  one 
of  two  Dutch  spectacle-makers  named  Zacharias  Jansen 
and  Franz  Lippershey  ( circa  1608).  Galileo  (1564- 
1642),  having  heard  of  this  Dutch  toy,  was.  led  to  experiment 

t 


Fig.  202. — Diagram,  ol  dimple  Dutch  or  Galilean  telescope. 


with  a combination  of  two  lenses  and  he  soon  succeeded 
(1609)  in  making  i telescope  with  which  he  made  a number 
of  renowned  astronomical  discoveries.  The  so-called  Dutch 
or  Galilean  telescope,  represented  schematically  in  Fig.  202, 
consists  a large  convex  object-glass  (Ai)  combined  with 
a small  concave  eye-piece  (A2),  which  intercepts  the  con- 
verging rays  before  they  come  to  a focus  and  adapts  them  to 
sui.  the  eye  of  the  observer.  The  other  type  of  telescope 
(Fig.  203)  is  composed  of  two  convex  lenses.  It  is  called  the 
astronomical  telescope  or  Kepler  telescope,  because  the  idea 
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occurred  first  to  John  Kepler  (1611);  but  the  first  instru- 
ment of  this  kind  was  made  by  the  celebrated  Jesuit  father, 
Christian  Sciieiner  (1615),  who  also  conceived  the  idea 
of  using  a third  lens  to  erect  the  image  as  is  done  in  the  so- 
called  terrestrial  telescope. 

If  the  telescope  is  in  normal  adjustment,  then  from  each 
point  J of  the  infinitely  distant  object  there  will  issue  a bundle 


of  parallel  rays  whose  inclination  to  the  axis  of  the  telescope 
may  be  denoted  by  6.  Falling  on  the  object-gNss,  these 
rays  are  converged  to  a focus  at  a point  P lying  in  the  com- 
mon focal  plane  of  object-glass  and  eye-pie^,  and  conse- 
quently they  will  emerge  from  the  eye-piece  and  enter  the 
eye  as  a bundle  of  parallel  rays  proceeding  from  the  infi- 
nitely distant  image-point  J'  in  a direction  which  makes  an 
angle  O'  with  the  axis.  The  slope-angles  0 and  6'  have 
a constant  relation  to  each  other,  as  may  easily  be  shown; 
for  from  the  right  triangles  F/AiP  and  F2A2P  (Figs.  202 
and  203),  where  AiF/  — AiF2=/i,  ZFi'AiP  = 0,  and  F2A2  = 
F1'A2=/2,  ZF2A2P-=  O',  we  obtain  immediately: 

lan  O'  fi  . , 

tan  0 fi 
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Now  the  angles  denoted  here  by  6 and  O'  are  the  measures 
of  the  apparent  sizes  of  corresponding  portions  of  the  in- 
finitely distant  object  and  image,  and  the  ratio  of  these 
angles  (or  of  their  tangents)  is  defined  to  be  the  magnifying 
power  of  the  telescope;  so  that  if  this  ratio  is  denoted  by  M, 
we  shall  have: 

M=— 

J2 

Accordingly,  the  magnifying  power  of  a telescope  focused 
on  an  infinitely  distant  object  and  adjusted  for  distinct 
vision  for  an  unaccommodated,  emmetropic  (or  corrected 
ametropic)  eye  is  measured  by  the  ratio  of  the  focal  lengths 
of  the  objective  and  ocular.  In  the  astronomical  telescope 
fi  and  /2  are  both  positive,  and  consequently  the  ratio  M is 
negative,  which  means  that  the  image  is  inverted*  whereas  in 
the  Dutch  telescope  f\  is  positive  and  /2  is  negative,  and 
hence  M is  positive,  that  is,  the  final  image  is  erect. 

Another  convenient  expression  for  the  magnifying  power 
of  a telescope,  as  defined  above,  ma>  easily  be  obtained. 
All  the  effective  rays  which  fall  on  the  object-glass  will  after 
transmission  through  the  instrument  pass  through  a certain 
circular  aperture  called  the  °ye-ring  (or  Ramsden  circle), 
which  is  the  image  of  the  object-glass  in  the  ocular.  If  the 
object-glass  is  brightly  illuminated  (for  example,  if  the  tele- 
scope is  pointed  towards  'me  bright  sky),  this  image  appears 
as  a luminous  disk  float  mg  in  the  air  not  far  from  the  ocular 
and  can  easily  be  perceived  by  placing  the  eye  at  a suitable 
distance.  In  the  astronomical  telescope  the  eye-ring  is  a 
real  image  which  can  be  received  on  a screen,  and  in  this 
instrument  it  usually  acts  as  the  exit-pupil  (§  134).  In  the 
case  of  ihe  Dutch  telescope  the  eye-ring  is  a virtual  image 
on  the  other  side  of  the  ocular  from  the  eye;  and  generally 
its  enect  is  to  limit  the  field  of  view  in  the  image-space,  that 
:s,  its  office  is  that  ol  the  exit-port  of  the  system  (§§  137, 
J.38).  Now  if  the  telescope  is  in  normal  adjustment,  then 
the  distance  of  the  ocular  from  the  object-glass  is  equal  to 
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the  algebraic  sum  (/1+/2)  of  the  focal  lengths  of  the  two 
components;  and  it  may  easily  be  shown  that 

fi  _ diameter  of  object-glass 
/2  diameter  of  eye-ring 

The  advantage  of  this  latter  form  of  expression  is  to  be 
found  in  the  fact  that  even  if  the  telescope  is  not  in  normal 
adjustment,  it  may  still  be  considered  in  a certain  sense  as 
a measure  of  the  magnifying  power  of  the  instrument.  Sup- 
pose, for  example,  that  the  optical  system  is  not  telescopic, 
so  that  the  interval  between  the  second  focal  point  (F/)  of 
the  object-glass  and  the  first  focal  point  (F2)  of  the  ocular 
is  not  negligible,  as  frequently  happens  in  focusing  the  eye- 
piece to  suit  the  eye  of  the  individual,  especially  it  the  object 
itself  is  not  infinitely  distant.  Consider  a ray  which  is  di- 
rected originally  from  the  extremity  of  the  object  tow  aids 
a point  0 on  the  axis  of  the  telescope  and  which  emeiges 
so  as  to  enter  the  eye  at  the  conjugate  point  O'.  If  the  angles 
which  the  ray  makes  with  the  axis  at  0 and  O'  are  denoted 
by  6 and  6',  respectively,  then  the  ratio  tan0'  : tan#  will 
be  a measure  of  the  magnifying  power  of  the  telescope  Fn 
this  adjustment  and  position  of  the  eye.  But  accordmg  1 1 
the  Smith-Helmholtz  formula  (§§86  and  118),  since  the 
telescope  is  surrounded  by  the  same  medium  on  bcf  i'  sides, 
we  shall  have  here : 

tan0'  : tan d = y : y 

where  y and  y'  denote  the  linear  magnitudes  ^ an  object  and 
its  image  in  conjugate  transversal  planes  at  O and  O (the 
planes  of  the  pupils).  Now  if  the  pcmt  O'  is  at  the  center 
of  the  eye-ring,  the  point  0 will  lie  ao  die  centei  of  the  object- 
glass,  and  the  ratio  y : yf  will  be  equal  to  the  ratio  of  the 
diameters  of  object-glass  and  eye-ring.  Hence,  provided 
the  eye  is  placed  at  the  eye-ring,  the  magnifying  power  of  the 
telescope  will  be 


diameter  of  object-glass 


diameter  of  eye-ring 
In  an  astronomical  telescope  the  best  adjustment  for  com- 
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with  its  center  of  rotation  at  the  center  of  the  eye-ring,  but 


in  a Dutch  telescope  this  is  not  practicable,  because  the  eye- 
ring is  not  accessible. 


In  order  to  obtain  a general  formula  for  the  magnifying 
power  of  a telescope,  let  us  fix  our  attention  on  the  inverted 
image  of  the  object  which  is  formed  by  the  object-glass. 
If  u=l/U  denotes  the  distance  of  the  object  from  the  object- 


glass  and  if  q denotes  the  linear  size  of  the  image,  the  appar- 


ent size  of  the  object  as  seen  from  the  center  of  the  object- 
glass  will  be 


ta,nd=q(U+Fi), 


where  F 1 denotes  the  refracting  power  of  the  object-glass. 
On  the  other  hand,  according  to  the  formula  deduced  in 


§ 157,  the  apparent  size  of  the  image  seen  in  the  telescope 
will  be 


tan0'=  — q{F2— Z(l—  c.FS  J , 


where  Fi  denotes  the  refracting  pow°r  oc  the  ocular,  z=l/Z 
denotes  the  distance  of  the  image  ir  ihe  ocular  from  the  eye, 
and  c denotes  the  distance  of  the  tyo  from  the  ocular  itself 
(or  from  its  second  principal  ooint).  Accordingly,  we  obtain 
the  following  expression  foi  the  magnifying  power  of  the 
telescope : 


Fi-Z(l-c.Fi) 
U+F  i 


which  is  applicable  to  all  cases.  If  the  object  is  infinitely 
distant,  then  U — 0;  and  if  the  telescope  is  in  normal  adjust- 
ment, then  hue  image  is  also  infinitely  distant,  that  is,  Z = 0, 
and  M = —F2IF1. 
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PROBLEMS 

1.  If  the  refracting  power  of  a correction  spectacle-glass 
is  +10  clptr.,  and  if  the  distance  of  the  anterior  principal 
point  of  the  eye  from  the  second  principal  point  of  the  glass 
is  12  mm.,  find  the  static  refraction  of  the  eye. 

Ans.  +11.36  dptr. 

2.  Take  the  refracting  power  of  the  eye  equal  to  58.64  dptr., 
the  distances  of  the  principal  points  from  the  vertex  of  the 
cornea  as  1.348  and  1.602  mm.,  and  the  index  of  refraction 
of  the  vitreous  humor  equal  to  1.336.  If  the  refracting  power 
of  a correction  spectacle-glass,  whose  second  principal  point 
is  14  mm.  from  the  anterior  principal  point  of  the  eye,  is 
— 5.37  dptr.,  show  that  the  total  length  of  the  eye-ball  is 
26.5  mm. 

3.  In  Gullstrand’s  schematic  eye,  with  accommodation 
relaxed,  the  distance  from  the  vertex  of  the  cornea  to  the 
point  where  the  optical  axis  meets  the  retina  is  24  mm.  The 
other  data  are  the  same  as  those  given  in  No.  2 above.  Find 
the  position  of  the  far  point  and  determine  the  static  refrac- 
tion. 

Ans.  The  far  point  is  99.34  cm.  from  the  vertex  of  the 
cornea,  and  the  static  refraction  is  +1.008  dptr. 

4.  In  Gullstrand’s  schematic  eye  in  its  state  of  maxi- 
mum accommodation  the  distances  of  the  principal  points 
from  the  vertex  of  the  cornea  are  1.7719  ai:d  2.0857  mm.,  and 
the  refracting  power  is  70.5747  dptr.  The  length  of  the  eye- 
ball is  24  mm.,  as  stated  in  No.  3.  ! XU  d the  position  of  the 
near  point  and  determine  the  dynamic  refraction  of  the 
eye. 

Ans.  The  near  point  is  10.23  cm.  from  the  vertex  of  the 
cornea;  the  dynamic  refraction  is  —9.609  dptr.  Accordingly, 
with  the  aid  of  the  result  obtained  in  No.  3,  we  obtain  for 
the  amplitude  of  accommodation  10.62  dptr. 

5.  Taking  the  refracting  power  of  the  eye  as  equal  to 
59  dptr.,  show  that  the  size  of  the  retinal  image  of  an  object 
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1 meter  high  at  a distance  of  10  meters  from  the  eye  will  be 
1.7  mm. 

6.  The  apparent  size  of  a distant  air-ship  is  one  minute  of 
arc.  Taking  the  refracting  power  of  the  eye  as  equal  to 
58.64  dptr.,  show  that  the  size  of  the  image  on  the  retina 
will  be  0.00495  mm. 

7.  What  is  the  magnifying  power  of  a convex  lens  of  focal 

length  5 cm.?  Ans.  5. 

8.  A myope  of  10  dptr.  uses  a convex  lens  of  focal  length 
5 cm.  as  a magnifying  glass.  Find  the  individual  magnify- 
ing power,  neglecting  the  distance  of  the  eye  from  the  glass. 

Ans.  7^. 

9.  In  the  preceding  example,  what  will  be  the  individual 

magnifying  power  of  the  same  glass  in  the  case  of  an  hyper- 
metrope  of  10  dptr.?  Ans.  24-. 

10.  A certain  person  cannot  see  distinctly  objects  which 
are  nearer  his  eye  than  20  cm.  or  farther  than  60  cm.  Within 
what  limits  of  distance  from  his  eye  must  a concave  mirror 
of  focal  length  15  cm.  be  placed  in  order  :hat  he  may  be  able 
to  focus  sharply  the  imago  of  his  eye  as  seen  in  the  mirror? 

Ans.  In  order  to  see  a real  imag3  of  his  eye,  the  distance 
of  the  mirror  must  be  between  43.03  cm.  and  78.54  cm.;  in 
order  to  see  a virtual  image,  +he  distance  of  the  mirror  must 
be  between  6.97  cm.  and  I J .46  cm. 

11.  The  magnifying  power  of  a telescope  12  inches  long 
is  equal  to  8:  deieimme  the  focal  lengths  of  object-glass  . 
and  eye-glass  (1)  when  it  is  an  astronomical  telescope  and 
(2)  when  it  is  a Galileo’s  telescope. 

, Ans.  (1).  fi  = - |-10 1,  /2=+l|  inches;  (2)/1=+13y, 

■ /2  = — li  inches. 

12.  The  focal  lengths  of  the  object-glass  and  eye-glass  of 
an  astronomical  telescope  are/i  and /2,  and  their  diameters 
ase  2hi  and  2 h2,  respectively.  Show  that  the  radius  of  the 
stop  which  will  cut  off  the  “ragged  edge”  (§  138)  is  equal  to 

/i^2  fch\  . I 

/l“K* 
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13.  A telescope  is  pointed  at  an  infinitely  distant  object, 
and  the  eye-piece  is  focused  so  that  the  image  is  formed  at 
the  distance  l of  distinct  vision  of  the  eye.  If  the  distance  of 
the  eye  from  the  eye-piece  is  neglected,  show  that  the  mag- 
nifying power  is  M= — where  f\,  ft  denote  the 
focal  lengths  of  the  object-glass  and  eye-glass. 

14.  A Ramsden  ocular  consists  of  two  thin  convex  lenses 
each  of  focal  length  a separated  by  an  interval  equal  to  2a/3. 
Show  that  the  magnifying  power  of  an  astronomical  tele- 
scope furnished  with  a Ramsden  ocular  is  4/i/3a,  where  /i 
denotes  the  focal  length  of  the  object-glass. 

15.  The  object-glass  of  an  astronomical  telescope  has  a 
focal  length  of  50  inches,  and  the  focal  length  of  each  lens 
of  the  Ramsden  ocular  is  2 inches.  The  distance  between 
the  two  lenses  in  the  ocular  is  | inch.  Show  that  the  dis- 
tance between  the  object-glass  and  the  first  lens  of  the  oc- 
ular is  50.5  inches,  and  that  the  magnifying  power  is  equal 

to  1#°.  _ . . 

16.  If  a Galileo’s  telescope  is  in  normal  adjustment, 

show  that  the  angular  diameter  of  the  field  of  the  image  as 
measured  at  the  vertex  of  the  concave  eye-glass  is  2tan7'  = 

2Ai/(/i+/2),  where  hi  denotes  the  radius  of  the  object-glass 

and  /i,  f-2  denote  the  focal  lengths  of  object-glass  and  eye- 
glass. 

17.  The  focal  length  of  the  object-glass  and  eye-glass  of 
an  astronomical  telescope  are  36  and  9 iurves,  respectively. 
If  the  object  is  infinitely  distant  and  >f  tne  eye  is  placed  in 

I the  eye-ring  at  a distance  of  9 inches  bom  the  image,  show 

that  the  magnifying  power  is  equal  to  3. 

18.  The  magnifying  power  of  a simple  astronomical  tele- 
I scope  in  normal  adjustment  a;  M,  and  the  focal  length  of  the 
object-glass  is  fi.  Show  that  if  the  eye-glass  is  pushed  in  a 
distance  x and  the  eye  placed  in  the  eye-ring,  the  magnifying 
I power  will  be  dimir.shed  by  x.j\I//i. 

| 19.  An  astronomical  telescope  is  pointed  towards  the  sun, 

I and  a real  image  of  the  sun  is  obtained  on  a screen  placed 


* 
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beyond  the  eye-lens  at  a distance  d from  it.  If  the  diameter 
of  this  image  is  denoted  by  2b,  and  if  the  apparent  diameter 
of  the  sun  is  denoted  by  2 6,  show  that  the  magnifying  power 
of  the  telescope  is  M=6.cot  6/d. 

20.  The  eye  is  placed  at  a distance  c from  the  eye-glass  of 
a Galileo’s  telescope  in  normal  adjustment.  The  length 
of  the  telescope  as  measured  from  the  object-glass  to  the 
eye-glass  is  denoted  by  d,  the  radius  of  the  object-glass  is 
denoted  by  hi,  and  the  radius  of  the  pupil  of  the  eye  is  de- 
noted by  g (it  being  assumed  that  g is  less  than  the  radius  of 
the  eye-glass).  Show  that  the  semi-angular  diameters  of 
the  three  portions  of  the  field  of  view  on  the  image-side  are 


given  by  the  following  expressions : 

, , hi  — g.M  , , hi 

tanY/=—  y -1- ' 1 


tanY'=  — 


, tan  72'=  — 


hi  -(-gf.M 


d+c. M ’ ' d+c.M’  ’ " d+c. M, 

where  M denotes  the  magnifying  power  of  the  telescope. 


CHAPTER  XIV 

DISPERSION  AND  ACHROMATISM 

160.  Dispersion  by  a Prism.— When  a beam  of  sunlight  is 
admitted  into  a dark  chamber  through  a small  circular  hole  A 
(Fig.  204)  in  the  window  shutter,  a round  spot  of  white  light 
will  be  formed  on  a vertical  wall  or  screen  opposite  the  win- 
dow, which  will  be,  indeed,  an  image  of  the  sun  of  the  same 
kind  as  would  be  produced  by  a pinhole  camera  (§  3) ; its 


Fig.  204. — Prism  dispersion:  New  'on's  experiment. 

angular  diameter,  therefore,  being  equal  to  that  of  the  sun, 
namely,  about  half  a degree.  1 u the  track  of  such  a beam 
Newton  inserted  a prism  with  its  refracting  edge  horizontal 
and  at  right  angles  to  the  direction  of  the  incident  light, 
whereupon  the  white  spot  on  the  screen  vanished  and  in  its 
stead  at  a certain  vertical  distance  above  or  below  the  place 
that  was  first  i ruminated  there  was  displayed  an  elongated 
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vertical  band  or  spectrum , exhibiting  the  colors  of  the  rain- 
bow in  an  endless  variety  of  tints  shading  into  each  other  by 
imperceptible  gradations.  This  spectrum  was  rounded  at 
the  ends  and  its  vertical  dimension,  depending  on  how  the 
pr  ism  was  tilted,  was  about  4 or  5 times  as  great  as  its  hori- 
zontal dimension,  the  latter  being  equal  to  the  diameter  of 
the  spot  of  white  light  that  was  formed  on  the  screen  before 
the  interposition  of  the  prism.  For  convenience  of  descrip- 
tion, Newton  distinguished  seven  principal  or  “primary” 
colors  arranged  in  the  following  order  from  one  end  of  the 
spectrum  to  the  other,  namely,  red,  orange,  yellow,  green, 
blue,  indigo,*  and  violet;  of  which  the  violet  portion  of  the 
spectrum  is  the  longest  and  the  orange  the  shortest.  The 
red  end  of  the  spectrum  was  the  part  of  the  image  on  the 
screen  that  was  least  displaced  by  the  interposition  of  the 
prism. 

This  phenomenon  was  explained  by  New  :on  on  the  as- 
sumption that  ordinary  sunlight  is  composite  and  consists 
in  reality  of  an  innumerable  variety  of  colors  all  blended 
together;  and  that  the  index  of  refraction  (n)  of  the  prism, 
instead  of  having  a definite  value  has  in  fact  a different 
value  for  light  of  each  color,  being  greatest  for  violet  and 
least  for  red  light  and  varyir  g between  these  limits  for  light 
of  other  colors. 

The  resolution  of  white  light  into  its  constituent  colors 
by  refraction  is  called  dcspersion.  If  a puff  of  tobacco-smoke 
is  blown  across  tie  beam  of  light  where  it  issues  from  the 
prism,  only  the  outer  parts  of  the  beam  will  show  any  very 
pronounced  color,  because  the  central  parts  at  this  place  will 

* There  has  been  much  discussion  as  to  what  Newton  understood 
by  the  color  which  he  named  “indigo’’  and  which  lies  somewhere  be- 
tween «.he  blue  and  the  violet.  Indigo,  as  we  understand  it,  is  more 
nearly  an  inky  blue  rather  than  a violet  blue,  more  like  green  than  like 
viJet;  and  hence  it  has  been  suggested  that  Newton’s  color  vision 
may  have  been  slightly  abnormal.  In  this  connection  see  article  en- 
titled “Newton  and  the  Colours  of  the  Spectrum”  by  Dr.  It.  A.  Hous- 
toun,  Science  Progress,  Oct.  1917. 
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not  have  been  sufficiently  dispersed  to  exhibit  their  individ- 
ual effects.  At  some  little  distance  away  from  the  prism  the 
entire  section  of  the  beam  will  be  brilliantly  colored. 

Having  pierced  a small  hole  through  the  screen  at  that 
part  of  it  where  the  spectrum  was  formed  (Fig.  205) , Newton 
was  able  by  rotating  the  prism  around  an  axis  parallel  to 


90 
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Fio  205. — Newton’s  experiment  with  two  prisms;  showing  that  uti.  of 
a definite  color  traverses  the  second  prism  without  further  dispersion. 

its  edge  to  transmit  rays  of  each  color  in  succession  through 
the  opening  to  a second  prism  placed  with  its  edge  parallel 
to  that  of  the  first  prism;  and,  agreeably  fc  his  expectations, 
he  found  that  while  these  rays  were  again  deviated  in  tra- 
versing the  second  prism,  there  was  no  further  dispersion  of 
the  light.  This  experiment  demonstrated  that  the  single 
colors  of  the  spectrum  were  irreducible  or  elementary  and 
not  a mixture  of  still  simp’tr  colors,  and  that  the  light  which 
had  been  separated  in  this  fashion  from  the  beam  of  sun- 
light was  monochromatic  tight.  _ 

If  all  the  various  components  of  the  incident  light  which 

has  been  resolved  by  the  prism  are  re-united  again,  the  effect 
will  be  the  «ante  as  that  of  the  light  before  its  dispersion. 
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The  simplest  way  to  achieve  this  result  is  to  cause  the  rays 
to  traverse  a second  prism  precisely  equal  to  the  first,  but 
inverted  so  that  the  dihedral  angle  between  the  planes  of 
the  adjacent  faces  of  the  two  prisms  is  equal  to  180°, ’the 
edges  of  the  prisms  being  parallel.  Indeed,  if  the  two  prisms 
were  placed  in  contact  in  this  way,  they  would  form  a slab 
of  the  same  material  throughout  with  a pair  of  plane  parallel 
faces,  for  which  the  resultant  dispersion  is  zero;  because  the 
colored  rays  would  all  emerge  in  a direction  parallel  to  that 
of  the  incident  ray  which  was  the  common  path  of  all  these 


Fig.  206. — Light  is  not  dispersed  in  traversing  a plate  with 
plane  parallel  faces  surrounded  by  same  aiodium  on  both 
sides. 


rays  before  they  were  separated  by  -efraction  at  the  first 
face  of  the  plate  (Fig.  206). 

Another  and  essentially  different  way  of  re-uniting  the 
colored  rays  is  to  converge  them  to  a single  point  by  means 
of  a so-called  achromatic  kms,  as  represented  diagrammati- 
cally  in  the  accompanying  drawing  (Fig.  207);  so  that  the 
effect  at  the  focus  O vhere  the  colored  rays  meet  is  the  same 
as  that  of  light  firm  the  source.  Beyond  C the  rays  sepa- 
rate again,  sc  that  if  they  are  received  on  a screen  the  same 
succession  of  colors  will  be  exhibited  as  before,  only  in  the 
reverse  order.  If  some  of  the  rays  are  intercepted  before 
arriving  at  C,  the  color  at  C will  be  the  resultant  effect  of 
the  residual  rays.  The  point  B where  the  rays  are  separated 
m entering  the  prism  and  the  point  C where  they  are  re- 
united by  the  lens  are  a pair  of  conjugate  points  with  re- 
spect to  the  prism-lens  system. 
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The  solar  spectrum  which  Newton  obtained  in  his  cele- 
brated prism-experiments,  described  in  1672,  had  one  sciious 
defect,  due  to  the  fact  that  the  colors  in  it  were  not  in  reality 
pure  but  consisted  of  a blending  of  two  or  moie  simple  colots. 
When  the  light  passes  through  a round  hole  before  falling 
on  the  prism,  the  spectrum  on  the  screen  will  be  composed 
of  a series  of  colored  disks,  each  one  overlapping  the  one  next 
to  it.  The  colors,  therefore,  are  partly  superposed  on  each 
other,  and  the  eye  is  so  constituted  with  respect  to  colot 
vision  that  it  cannot  distinguish  the  separate  effects  and 


Fig.  207. — Achromatic  lens  used  to  re-unite  the  colored  light  after  it  h^s 

been  dispersed  by  prism. 

analyze  them  but  obtains  only  a general  resultant  impression 
of  the  whole. 

Wollaston’s  experiments  in  1802  differs 1 essentially 
from  Newton’s  only  in  the  form  and  dimensions  of  the  beam 
of  sunlight  that  was  dispersed  by  the  prism,  but  this  simple 
modification  represented  a distinct  advance  in  the  mode  of 
investigation  of  the  spectrum.  Y/ollaston  admitted  the 
sunlight  through  a narrow  slit  * whose  length  was  parallel  to 

* Dr.  Houstoun,  in  the  article  already  referred  to,  calls  attention 
to  the  fact  that  in  some  of  his  prism-experiments  Newton  also  em- 
ployed an  opening  in  the  form  of  a narrow  slit,  and  was  aware  of  its 
advantages  with  respect  to  tne  purity  of  the  spectrum;  for  Newton 
states  that  “instead  ct  the  circular  hole,”  “it  is  better  to  substitute  an 
oblong  hole  shaped  li'.ce  a long  Parallelogram  with  its  length  Parallel 
to  the  Prism.  Foi  if  this  hole  be  an  Inch  or  two  long,  and  but  a tenth 
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the  prism-edge;  and  in  order  to  diminish  still  more  the  di- 
vergence of  the  incident  beam,  a screen  with  a second  slit 
parallel  to  the  first  was  interposed  in  front  of  the  prism,  as 
represented  in  the  accompanying  diagram  (Fig.  208).  The 
spectrum  formed  in  this  way  is  far  purer  than  that  obtained 
with  a round  opening  in  the  shutter.  But  a difficulty  that 


Fig.  208. — Pure  spectrum  obtained  by  caubin^  sunlight  to  pass  through  two 

narrow  slits  before  trav^rsiug  prism. 


inheres  in  both  methods  arises  rum  the  fact  that  the  image 
formed  by  a prism  is  always  virtual,  and  therefore  a homo- 
centric bundle  of  monoc  Pi  omatic  divergent  rays  will  nec- 
essarily be  divergent  after  traversing  a prism,  so  that  if 
they  are  received  cna  screen  they  will  illuminate  a certain 
area  on  it  which  is  the  cross-section  of  the  ray-bundle  and 
not  in  any  strict  sense  an  optical  image  of  the  original  source. 

or  twentieth  oaa  of  an  Inch  broad  or  narrower;  the  Light  of  the  Image, 
or  spectrum,  will  be  as  Simple  as  before  or  simpler,  and  the  Image  will 
become  much  broader,  and  therefore  more  fit  to  have  Experiments 
tried  in  its  Light  than  before.”  The  fact  that  Newton  did  not  dis- 
cover the  Fraunhofer  lines  of  the  solar  spectrum  (§  161)  is  probably 
to  be  explained  on  the  supposition  that  his  prisms  were  of  an  inferior 
quality  of  glass  and  that  possibly  also  the  surfaces  were  not  as  highly 
polished  as  they  might  have  been. 
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Consequently,  if  the  source  sends  out  light  of  different  colors, 
the  effect  on  the  screen  will  correspond  to  the  sections  of  all 
the  bundles  of  colored  rays,  and  since  these  sections  will 
overlap  each  other  to  a greater  or  less  extent,  the  spectrum 
will  not  be  pure.  The  narrower  the  apertures  of  the  bundles 
of  rays  and  the  farther  the  screen  is  from  the  prism,  the  less 


will  be  the  overlapping  of  the  adjacent  colors,  and  therefore 
the  purer  the  spectrum;  but  on  the  other  hand,  the  less  also 
will  be  the  illumination. 

A much  more  satisfactory  method  consists  in  making  these 
divergent  bundles  of  rays  convergent  by  means  of  an  achro- 

(matic  convex  lens,  as  represented  in  Fig.  209;  whereby  the 
blue  rays  proceeding  apparently  from  a virtual  focus  at  B 
are  brought  to  a real  focus  on  the  screen  at  B',  and,  similarly, 
the  red  rays  are  united  at  Rr.  The  plane  af  the  diagram 
represents  a principal  section  of  the  prism.  The  light  orig- 
inates in  a luminous  line  or  narrow  illuminated  slit  at  S par- 
allel to  the  prism-edge,  and  the  spectrum  R/B'  on  the  screen 
consists  of  a series  of  colored  unages  of  this  slit  and  is  ap- 
proximately pure,  except  in  co  iar  as  the  slit  must  necessarily 
have  a certain  width.  Moi  cover,  in  the  case  of  a very  nar- 
row slit,  there  are  ecu  tarn  so-called  diffraction-effects  (§  7) 
which  are  indeed  ot  very  great  importance  in  any  thorough 
scientific  discussier.  of  the  condition  of  the  purity  of  the 
spectrum. 
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161.  Dark  Lines  of  the  Solar  Spectrum. — Wollaston 
himself  observed  that  the  spectrum  of  sunlight  was  not  ab- 
solutely continuous,  but  that  there  were  certain  narrow  gaps 
or  dark  bands  in  it  parallel  to  the  slit.  Fraunhofer  (1787- 
1826),  with  his  rare  acumen  and  experimental  skill,  was  able 
to  obtain  spectra  of  far  higher  purity  than  any  of  his  prede- 
cessors, and  he  discovered,  independently,  that  the  solar  spec- 
trum was  crossed  by  a very  great  number  of  dark  lines,  the 
so-called  Fraunhofer  lines,  from  which  he  argued  that  sun- 
light was  deficient  in  light  of  certain  colors.  Fraunhofer 
counted  more  than  600  of  these  lines,  but  there  are  now 
known  to  be  several  thousand.  One  great  advantage  of  this 
remarkable  discovery,  which  Fraunhofer  was  quick  to 
realize,  consists  in  the  fact  that  these  lines  are  especially 
suitable  and  convenient  for  enabling  us  to  specify  particular 
regions  or  colors  of  the  spectrum,  because  each  of  them  cor- 
responds to  a certain  degree  of  refrangibilify , tnat  is,  to  a 
perfectly  definite  color  of  light.  An  explanation  of  the  origin 
of  the  dark  lines  of  the  solar  spectrum  may  be  found  in 
treatises  on  physics  and  physical  optics. 

The  dark  lines  are  distributed  irery  irregularly  over  the  en- 
tire extent  of  the  solar  spectrum.  In  some  cases  they  are 
sharp  and  fine  and  isolated;  some  of  them  are  exceedingly 
close  together  so  as  to  be  hardly  distinguishable  apart;  others 
again  are  quite  broad  and.  distinct.  In  order  to  describe 
their  positions  with  xespect  to  each  other,  Fraunhofer  se- 
lected eight  prominent  lines  distributed  in  the  different 
regions  of  the  spectrum,  which  he  designated  by  the  capital 
letters  A (dark  red),  B (bright  red),  C (orange),  D (yellow), 
E (green),  I'  (dark  blue),  G (indigo),  and  H (violet).  This 
notation  is  still  in  use,  and  has  since  been  extended  beyond 
the  limits. of  the  visible  spectrum. 

162.  Relation  between  the  Color  of  the  Light  and  the 
Frequency  of  Vibration  of  the  Light- Waves. — According  to 
the  undulatory  theory  of  light,  a luminous  body  sets  up 
disturbances  or  “vibrations”  in  the  ether  which  are  prop- 
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agated  in  waves  in  all  directions  with  prodigious  velocities. 
The  velocity  of  light  in  the  free  ether  is  about  300  million 
meters  per  second.  When  a train  of  light-waves  traverses 
a rectilinear  row  of  ether-particles  all  lying  in  the  same  me- 
dium, the  distance  between  one  particle  and  the  nearest  one 
to  it  that  is  in  precisely  the  same  phase  of  vibration  is  called 
the  wave-length;  and  the  number  of  waves  which  pass  a 
given  point  in  one  second  or  the  frequency  of  the  undulation 
will  be  equal  to  the  velocity  of  propagation  of  the  wave 
divided  by  the  wave-length.  The  reciprocal  of  the  frequency 
will  be  the  time  taken  by  a single  wave  in  passing  a given 
point,  which  is  called  the  'period  of  the  vibration.  If  the 
wave-length  is  denoted  by  A,  the  velocity  of  propagation 
by  v,  the  frequency  by  N,  and  the  period  by  T=l/N,  the 
relations  between  these  magnitudes  is  expressed*  as  fol- 
lows : 

\ = v/N  = v.T. 

When  ether-waves  fall  on  the  retina  of  the  eye,  they  may 
excite  a sensation  of  light  provided  their  frequencies  are 
neither  too  small  nor  too  great,  the  limits  of  visibility  being 
confined  to  waves  whose  frequencies  lie  between  about  532 
and  757  million  millions  of  vibrations  per  second.  Jusv  as  the 
pitch  of  a musical  note  is  determined  by  its  frequency,  so  also 
the  sensation  which  we  call  color  appears  to  be  more  or  less  in- 
explicably associated  with  the  frequency  of  the  vibrations 
of  the  luminiferous  ether;  so  that  to  each  frequency  between 
the  limits  named  there  corresponds  a p erfectly  definite  kind 
of  light  or  color.  Absolutely  monochromatic  light  due  to 
ether-waves  of  one  single  frequency  of  vibration  is  difficult 
to  obtain.  In  general,  the  light  which  is  emitted  by  a lumi- 
nous body  is  more  or  less  complex,  and  the  sensation  which 
it  produces  in  the  eye  is  due  to  a variety  of  impulses.  The 
yellow  light  which  is  characteristic  of  the  flame  of  a Bunsen 
burner  when  a trace  ol  common  salt  is  burned  in  it  is  a sen- 
sation excited  by  the  impact  of  two  kinds  of  ether-waves 
corresponding  t > the  double  D-line  of  the  solar  specti  um 
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which  have  frequencies  of  about  509  and  511  million  millions 
of  vibrations  per  second.  Red  light  corresponds  to  the  lowest 
and  violet  light  to  the  highest  frequency. 

It  is  known  that  the  velocity  of  light  of  a given  color  de- 
pends on  the  medium  in  which  the  light  is  propagated;  and 
it  has  also  been  established  that  the  velocity  of  light  in  a given 
medium  depends  on  the  color  of  the  light.  However,  appar- 
ently light  of  all  colors  is  transmitted  with  equal  velocities 
in  vacuo;  and  also  in  air,  on  account  of  its  slight  dispersion, 
there  is  practically  no  difference  in  the  velocity  of  propaga- 
tion of  light  of  different  colors.* 

One  reason  for  inferring  that  the  frequency  of  the  ether- 
vibrations  is  the  physical  explanation  of-  the  phenomenon  of 

* “When  white  light  enters  a transparent  medium,  the  long  red  waves 
forge  ahead  of  the  green  ones,  which  in  their  turn  get  ahead  of  the  blue. 
If  we  imagine  an  instantaneous  flash  of  white  light  tr^ "versing  a re- 
fracting medium,  we  must  conceive  it  as  drawn  out  into  a sort  of  linear 
spectrum  in  the  medium,  that  is,  the  red  waves  Isad  the  train,  the 
orange,  yellow,  green,  blue,  and  violet  following  in  succession.  The 
length  of  this  train  will  increase  with  the  length  of  the  medium  traversed. 
On  emerging  again  into  the  free  ether  the  tra;n  will  move  on  without 
any  further  alteration  of  its  length. 

“We  can  form  some  idea  of  the  actc°l  magnitudes 'involved  in  the 
following  way.  Suppose  we  have  e block  of  perfectly  transparent  glass 
(of  ref.  index  1.52)  twelve  miles  in  thickness.  Red  light  will  traverse 
it  in  1/10000  of  a second,  and  on  emerging  will  be  about  1.8  miles  in 
advance  of  the  blue  light  nhidi  entered  at  the  same  time.  If  white 
light  were  to  traverse  this  -nass  of  glass,  the  time  elapsing  between  the 
arrival  of  the  first  red  avd  the  first  blue  light  at  the  eye  will  be  less  than 
1/6000  of  a second.  MiChelson’s  determination  of  the  velocity  of  light 
in  carbon  bisulphide  showed  that  the  red  rays  gained  on  the  blue  in 
their  transit  thiongh  the  tube  of  liquid.  The  absence  of  any  change  of 
color  in  the  vi  riable  star  Algol  furnished  direct  evidence  that  the  blue 
and  red  lays  traverse  space  with  same  velocity.  In  this  case  the  dis- 
tance is  so  vast,  and  the  time  of  transit  so  long,  that  the  white  light 
coming  from  the  star  during  one  of  its  periodic  increases  in  brilliancy 
v.'Ou'd  arrive  at  the  earth  with  its  red  component  so  far  in  advance  of 
ihe  blue  that  the  fact  could  easily  be  established  by  the  spectro- 
photometer or  even  by  the  eye.” — R.  W.  Wood:  Physical  Optics, 
Second  Edition  (New  York,  1911),  page  101. 


§162] 


Wave-Lengths  of  Light 


475 


color  is  found  in  the  fact  that  the  color  of  monochromatic 
light  remains  unaltered  when  the  light  passes  from  one  me- 
dium into  another;  and  since  the  vibrations  in  the  second 
medium  are  excited  and  forced  by  those  in  the  first  medium, 
it  is  natural  to  suppose  that  the  vibration-frequency  is  the 
same  in  both  media. 

Accordingly,  it  is  the  ratio 


to 


He 


) 

A 
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that  remains  constant  in  the  transmission  of  monochromatic 
light  through  different  media.  And  hence  if  the  velocities  ot 
light  in  two  media  are  denoted  by  v,  v',  and  if  the  wave-lengths 
in  these  two  media  are  denoted  by  X,  X',  then  v/\  = v'/\' 
or  \/\'=v/v';  that  is,  the  wave-length  of  light  of  a given  color 
varies  from  medium  to  medium , and  is  proportional  to  the  ve- 
locity of  propagation  of  light  of  that  color  in  the  medium  in 
question.  Thus,  the  wave-length  of  yellow  light  is  shorter 
in  glass  than  it  is  in  air,  because  light  travels  more  slowly  in 
glass  than  in  air. 

Generally,  therefore,  when  we  speak  of  the  wave-length  of 
a given  kind  of  light,  we  mean  its  wave-length  measured  1 1 
vacuo.  The  lengths  of  waves  of  light  are  all  relatively  very 
short,  the  longest,  corresponding  to  the  extreme  red  end  of 
the  spectrum,  being  less  than  one  13-thousandth  ot  a centi- 
meter, and  the  shortest,  belonging  to  the  extreme  violet  end 
of  the  visible  spectrum,  being  less  than  one  2o-thousandth 
of  a centimeter.  These  magnitudes  are  'lsually  expressed  in 
terms  of  a special  unit  called  a “tenth -meter”  which  is  one 
10-billionth  part  of  a meter  (10"1C  meter)  or  in  terms  of  a 
“micromillimeter”  which  is  equal  to  the  millionth  part  of 
a millimeter  and  for  which  the  symbol  /x/x  is  employed 
(l/x/x  = 10~6  mm.).  Thus,  the  wave-lengths  of  light  cor- 
responding to  the  red  and  violet  ends  of  the  visible  spectrum 
are  about  767/x/x  and  397/x/x,  respectively.  The  Fraun- 
hofer line  A is  a broad,  indistinct  line  at  the  beginning  of  the 
red  part  of  the  spectrum,  wave-length  759.4  /x/x;  the  B-line 
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in  the  red  part  corresponds  to  light  of  wave-length  686.7/u/u,; 
the  C-line  in  the  orange  corresponds  to  light  of  wave-length 
656.3 ya/x;  the  D-line  in  the  yellow  is  a double  line,  cor- 
responding to  light  of  wave-lengths  589.6 fifi  and  589.0/u,//,; 


the  E-line  in  the  green  corresponds  to  light  of  wave- 


length 527.0 fxfx;  the  F-line  in  the  blue  corresponds  to  light 
of  wave-length  486.1/a/x;  the  G-line  in  the  indigo  corre- 
sponds to  light  of  wave-length  430.8 /u/u;  and  the  H-line, 
consisting  of  two  broad  lines  in  the  violet,  corresponds  to 
light  of  wave-lengths  396.8/u,/u  and  393.3 ////. 

163.  Index  of  Refraction  as  a Function  of  the  Wave- 
Length. — Now  according  to  the  wave-theory  of  light,  the 
absolute  index  of  refraction  (w)  of  a medium  for  light  of  a 
definite  color  is  equal  to  the  ratio  of  the  velocity  of  light 


in  vacuo  (V)  to  its  velocity  ( v ) in  the  medium  in  question 
(§  33) ; that  is, 


Y 


n = — 
v 


Strictly  speaking,  therefore,  the  ind^x  of  refraction  of  a me- 
dium, without  further  qualificat;.on  :s  a perfectly  vague  ex- 


pression, because  each  medium  has  as  many  indices  of  re- 
fraction as  there  are  different  lands  of  monochromatic  light. 


When  the  term  is  used  by  itself,  it  is  generally  understood 


to  mean  the  index  of  refraction  corresponding  to  the  D-line 


in  the  bright  yellow  part  of  the  solar  spectrum,  which  is 
characteristic  of  the  light  of  incandescent  sodium  vapor. 
Hence, 


velocity  of  yellow  light  in  vacuo 


velocity  of  yellow  light  in  the  medium  in  question 


wave-length  of  yellow  light  in  vacuo 


wave-length  of  yellow  light  in  the  given  medium 


Li  the  following  table  the  values  of  the  indices  of  refraction 


of  several  transparent  liquids  are  given  for  light  correspond- 
ing to  the  Fraunhofer  lines  A,  B,  C,  D,  E,  F,  G,  and  H. 


ill 
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A 

B 

C 

D 

E 

F 

G 

H 
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Wave-length 
in  fifi 

759.4 

686.7 

656.3 

589.0 

527.0 

486.1 

430.8 

396.8 

fj  

t Alcohol 

1.359 

1.360 

1.361 

1.363 

1.365 

1.367 

1.371 

1.374 

| Benzene 

1.493 

1.495 

1.497 

1.503 

1.507 

1.514 

1.524 

1.536 

8 Sulphuric  Acid 

1.610 

1.616 

1.620 

1.629 

1.642 

1.654 

1.670 

1.702 

{ Water 

1.329 

1.331 

1.332 

1.334 

1.336 

1.338 

1.341 

1.344 
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It  may  be  remarked  that,  in  general,  the  shorter  the  wave- 
length, the  greater  will  be  the  index  of  refraction  of  a sub- 
stance. But  the  exact  relation  between  the  index  of  refrac- 
tion and  the  wave-length  of  the  light  has  to  be  determined 
empirically  for  each  substance.  There  is,  indeed,  a certain 
group  of  substances  which  form  an  exception  to  the  general 
statement  made  above,  and  which  yield  refraction-spectra 
with  the  order  of  the  colors  partially  or  entirely  reversed. 
This  phenomenon  is  called  anomalous  dispersion. 

164.  Irrationality  of  Dispersion. — Other  things  being 
equal,  the  length  of  the  spectrum  or  the  interval  between 


Fig.  210. — Irrationality  of  dispersion. 

a given  pair  of  Fraunhofer  lines  depends  essentially  on  the 
nature  of  the  refracting  medium,  so  that,  in  general,  as  shown 
by  the  table  in  the  preceding  section,  the  dispersion  of  two 
colors  will  be  found  to  be  different  for  different  substances. 
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For  example,  the  dispersion  of  glass  is  greater  than  that  of 
water,  and  the  dispersion  of  so-called  flint  glass  is  higher 
that  of  so-called  crown  glass.  In  Fig.  210  are  exhibited  the 
relative  lengths  of  the  different  regions  of  the  solar  spectra 
cast  on  the  same  screen  under  precisely  the  same  cir- 
cumstances by  prisms  of  equal  refracting  angles  made  of 
water,  crown  glass  and  flint  glass.  The  length  of  the  spec- 
trum may  be  increased  by  shifting  the  screen  farther  from 


Fig.  211. — Irratioraliv  oi  dispersion. 

the  prism,  and  Fig.  211  shows  the  relative  positions  of  the 
Fraunhofer  lines  B,  C,  I\  E,  F,  G and  H,  when  the  lengths 
of  the  spectra  of  the  crown  glass  prism  and  the  water  prism 
have  been  elongated  m this  manner  until  their  lengths  are 
both  equal  to  the  length  of  the  spectrum  of  the  flint  glass 
prism  for  the  interval  between  the  Fraunhofer  lines  B and 
H.  The  other  lines  in  the  three  spectra  do  not  coincide  at  all. 
Moreovfu,  .t  appears  that  the  dispersion  of  water  for  the 
colotc  towards  the  red  end  of  the  spectrum  is  relatively  high, 
whereas  the  dispersion  of  the  flint  glass  is  relatively  high 
towards  the  blue  end.  In  the  spectrum  of  flint  glass  the  in- 
terval between  G and  H,  and  in  the  spectrum  of  water  the  in- 
terval between  B and  F,  is  greater  than  it  is  in  either  of  the 
other  spectra.  If  the  law  of  the  variation  of  the  index  of  re- 


§ 165]  Dispersive  Power  47  J 

fraction  with  the  color  of  the  light  has  been  found  empirically 
for  one  substance,  this  will  not  afford  any  clue  to  the  coi re- 
sponding law  in  the  case  of  another  substance.  Diamond,  foi 
example,  is  very  highly  refracting  but  shows  comparatively 
little  dispersion,  whereas  flint  glass  which  has  a much  lower 
index  of  refraction  gives  a much  higher  dispersion;  on  the 
other  hand,  fluorite  has  a low  index  ol  refraction  and  at  the 
same  time  a low  dispersion.  This  phenomenon  which  is 
characteristic  of  refraction-spectra  is  known  as  the  irration- 
ality of  dispersion . 

165.  Dispersive  Power  of  a Medium.  In  the  case  of  a 
prism  of  small  refracting  angle  j8  the  deviation  is  given  by 
the  formula  € = {n — 1)  /3,  as  was  explained  in  §60.  Let 
the  letters  P and  Q be  used  to  designate  two  colors,  and  let 
Up  and  nQ  denote  the  indices  of  refraction  of  the  prism- 
substance  for  these  colors.  If  the  angles  of  deviation  are 
denoted  by  eP  and  €q  then  €q— eP  = (/iq— nP) /3,  and,  con- 
sequently, for  a thin  prism  the  angular  magnitude  of  the 
, interval  in  the  spectrum  between  the  colors  P and  Q is  pro- 
portional to  the  difference  of  the  values  of  the  indices  of  re  • 
fraction.  This  difference  (nQ— nP)  is  called  the  partial  h s- 
persion  of  the  substance  for  the  spectrum-interval  P,  Q. 
Thus,  in  the  brightest  part  of  the  spectrum  comprised  be- 
tween  the  Fraunhofer  lines  C and  F,  the  partial  dispersion 
is  (nF— nc).  The  deviation  of  a prism  of  small  refracting 
angle  jS  for  light  corresponding  to  the  P-ine  which  lies 
between  C and  F is  Cd  = (^d  since  — 

4 

( nF —nc)/3,  we  obtain : 

€f — €c  nP~~ nQ 
€d  }?n—  1 

This  ratio  of  the  angular  dispersion  of  two  colors  to  their 
mean  dispersion  is  called  the  dispersive  power  or  the  relative 
dispersion  of  the  substance  for  the  two  colors,  which  are  usu- 
ally red  (C)  and  blue  (F) ; so  that  the  dispersive  power  of 
an  optical  mediu  n with  respect  to  the  visible  spectrum  may 
be  defined  to  be  the  quotient  of  the  diffeience  (uf  ^c) 
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between  the  indices  of  refraction  for  red  and  blue  light  by 
(wD  — 1),  where  wD  denotes  the  index  of  refraction  for  yellow 
light.  The  values  of  the  dispersive  powers  of  the  various 
kinds  of  optical  glass  that  are  of  chief  practical  importance 
in  the  construction  of  optical  instruments  vary  from  about 
-g-g  to  about  although  there  are  compositions  of  glass 
with  values  of  the  dispersive  power  not  comprised  within 
these  limits.  Instead  of  assigning  the  value  of  the  dispersive 
power  of  a substance,  it  is  more  convenient  to  adopt  Abbe’s 
method  and  employ  the  reciprocal  of  this  function,  which  is 
denoted  b3r  the  Greek  letter  v,  and  which  is  known,  there- 
fore, as  the  rvalue  of  the  substance;  thus, 


ri'p—nc 

If  the  v-value  of  one  substance  is  less  than  that  of  another, 
the  dispersive  power  of  the  former  will  be  correspondingly 
greater  than  that  of  the  latter. 

It  is  this  constant  v that  is  the  essential  lector  to  be  con- 
sidered in  the  selection  of  different  kinds  of  glass  suitable  to 
be  used  in  making  a so-called  achromatic  combination  of 
lenses  or  prisms.  Curiously  encage,  Newton  persisted  in 
maintaining  that  the  dispersion  of  a substance  was  propor- 
tional to  the  refraction,  which  is  equivalent  to  saying  that 
the  dispersive  powers  of  all  optical  media  are  equal;  and, 
consequently,  he  despa'rtd  of  constructing  an  achromatic 
combination  of  lensts  which  would  refract  the  rays  without 
at  the  same  time  dispersing  the  constituent  colors.  This 
condition,  however,  is  an  essential  requirement  in  the  object- 
glass  of  a teleof'ope,  and  it  was  just  because  Newton  and  his 
followers  behoved  that  a lens  of  this  kind  was  in  the  nature 
of  things  unattainable  that  they  expended  their  efforts  in 
the  d.uection  of  perfecting  the  reflecting  telescope  in  which 
the  convex  lens  was  replaced  by  a concave  mirror.  On  the 
other  hand,  from  the  assumption  that  the  optical  system  of 
the  human  eye  is  free  from  color-faults  (which  is  by  no  means 
true),  it  was  argued,  notably  by  James  Gregory  in  England 
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(about  1670)  and  long;  afterwards  by  Euler  in  Germany 
(1747),  that  Newton’s  conclusions  as  to  the  impossibility 
of  an  achromatic  combination  of  refracting  media  were  er- 
roneous. In  fact,  an  English  gentleman  named  Hall  suc- 
ceeded in  1733  in  constructing  telescopes  which  yielded 
images  free  from  serious  color  faults.  Klingenstierna  in 
Sweden  in  1754  demonstrated  the  feasibility  of  combining 
a pair  of  prisms  of  different  kinds  of  glass  and  of  different  re- 
fracting angles  so  as  to  obtain,  in  one  case,  deviation  without 
dispersion  and,  in  another  case,  dispersion  without  deviation. 

But  in  its  practical  results  the  most  important  advance 
along  this  line  was  achieved  by  the  painstaking  and  original 
work  of  the  English  optician  John  Dollond.  Impressed 
by  the  force  of  Klingenstierna’s  demonstration,  he  care- 
fully repeated  Newton’s  crucial  experiment  in  which  a glass 
prism  was  inclosed  in  a water  prism  of  variable  refracting 
angle ; and  having  found  that  the  results  of  this  experiment 
were  exactly  contrary  to  those  stated  by  Newton,  he  was 
led  also  to  the  opposite  conclusion.  After  much  persever- 
ance Dollond  had  succeeded  by  1757  in  making  achromatic 
combinations  of  several  different  types,  which  produced  a 
more  or  less  colorless  image  of  a point-source  on  the  axis  of 
the  system.  In  its  original  form  the  combination  consisted 
of  a double  convex  “crown  glass”  lens  cemented  to  a double 
concave  “flint  glass”  lens.  As  a rule,  the  focus  of  the  blue 
rays  will  be  nearer  a convex  lens  and  farther  Irom  a concave 
lens  than  the  focus  of  the  red  rays ; and  hence  by  combining 
a convex  crown  glass  lens  of  relatively  mwer  refractive  index 
(shorter  focus)  and  less  dispersive  power  with  a concave  flint 
glass  lens  of  higher  refractive  index  and  higher  dispersive 
power,  a resultant  system  may  be  obtained  which  still  has 
a certain  finite  focal  length  and  in  which  at  the  same  time 
the  opposed  color-dispeisions  for  two  colors,  say,  red  an 

blue,  are  compensated.  . 

166.  Optical  Glass— Newton’s  error  in  supposing  that  toi 

all  substances  ihe  dispersion  was  proportional  to  the  index 
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of  refraction  retarded  the  development  of  technical  optics  I 
for  a long  time  to  come.  Although  Dollond’s  achievement, 
mentioned  above,  was  one  of  far-reaching  importance  for  the  I 
practical  construction  of  optical  instruments,  the  great  diffi- 
culty in  the  way  of  utilizing  and  applying  the  principle  was 
to  be  found  in  the  fact  that  the  actual  varieties  of  optical  I 
glass  at  the  disposal  of  the  optician  were  exceedingly  limited  I 
in  number;  although  from  time  to  time  systematic  efforts 
were  made,  notably  by  Fraunhofer  (about  1812)  in  Ger- 
many and  by  Faraday  (1824),  Harcourt  (1834)  and  Stokes 
(about  1870)  in  England,  to  remedy  this  deficiency,  by  dis- 
covering  and  manufacturing  new  compositions  of  glass  suit- 
able for  optical  purposes.  For  a long  time  after  Fraun-  I 
hofer’s  epoch  the  art  of  making  optical  glass  was  confined 
almost  exclusively  to  France  and  England.  It  was  a for- 
tunate coincidence  that  just  about  the  time  whQt.  E.  Abbe  I 
had  reached  the  conclusion  that  no  further  urogress  in  op-  I 
tical  construction  could  be  expected  unless  locally  new  va- 
rieties of  optical  glass  were  forthcoming,  0.  Schott  was 
already  beginning  to  experiment  with  new  chemical  combina-  | 
tions  and  processes  of  manufacture-  in  his  glass  works  at  Jena. 
Thanks  to  the  systematic  and  indefatigable  efforts  of  these 
two  collaborators,  who  were  also  encouraged  by  the  Prus- 
sian government,  the  obstae’e  which  had  stood  so  long  in  the 
way  of  the  improvement  cud  development  of  optical  instru- 
ments was  at  length  triumphantly  overcome  by  the  successful 
production  of  an  enfne  new  series  of  varieties  of  optical  glass 
with  properties  in  >ome  instances  almost  beyond  the  highest 
expectations.  The  first  catalogue  of  the  Glastechnisches 
Laboratorvivv  at  Jena  was  issued  in  1885;  which  marked 
the  beginning  of  the  manufacture  of  the  renowned  Jena  glass, 
to  which  more  than  to  any  other  single  factor  the  remarkable 
development  of  modern  optical  instruments  is  due.  From 
tha»  time  to  the  present  the  great  province  of  applied  optics 
may  almost  be  said  to  have  become  a German  territory. 

The  earlier  so-called  ‘‘ordinary”  varieties  of  optical 
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glass  were  silicates  in  which  the  basic  constituents  were 
lime  (crown  glass)  or  lead  (flint  glass)  combined  with  soda 
(Na2C03)  or  potash  (K2C03)  or  both.  The  newer  kinds  of 
optical  glass  have  been  produced  by  employing  a much 
greater  variety  of  chemical  substances,  including,  in  addi- 
tion to  those  named  above,  hydrated  oxide  of  aluminum 
(A1203,H20),  barium  nitrate  (BaN206),  zinc  oxide  (ZnO), 
etc.,  and  boric  acid  (H3B03)  or  phosphoric  acid  which  to  a 
greater  or  less  extent  replace  the  silica  (Si02)  in  the  older 
types.  Some  of  the  new  compounds  have  been  found  to 
have  slight  durability,  and  for  this  and  other  reasons  cer- 
tain products  formerly  listed  in  the  Jena  glass  catalogue 
have  been  discontinued.  At  present,  besides  the  old  “or- 
dinary” silicate  crown  and  flint,  the  chief  varieties  are  ba- 
rium and  zinc  silicate  crown,  boro-silicate  crown,  dense 
baryta  crown,  baryta  flint,  antimony  flint,  borate  glass  and 
phosphate  glass.  The  table  on  the  following  page  contains 
a list  of  certain  varieties  of  Jena  glass  arranged  in  the  order 
of  their  v-values.  In  the  Jena  glass  catalogue  the  values  of 
the  dispersion  are  given  also  for  the  spectrum-intervals 
nD-nA-,  nF-nD,  nG-nF  (where  A'  and  G'  are  the  lines 
corresponding  to  the  wave-lengths  768  and  434/i^t,  re- 
spectively), together  with  the  values  of  the  so-callei.  lelative 
partial  dispersions  obtained  by  dividing  each  of  these  num- 
bers by  the  value  of  (nF — nc). 

It  has  recently  been  proposed  to  describe  an  optical 

glass  by  means  of  two  numbers  of  3 digiis  each,  separated 
by  an  oblique  line.  The  first  number  gives  the  first  three 
figures  after  the  decimal  point  in  the  value  of  nD,  while  the 
second  number  is  equal  to  10  times  the  value  of  v. 
Thus,  for  example,  the  second  glass  in  the  table  would  be 
described  as  crown  glass  iTo.  559/669. 
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SELECTED  VARIETIES  OF  JENA  GLASS 


Description 


Light  phosphate  crown 
Medium  phosphate  crown 
Boro-silicate  crown 
Boro-silicate  crown 
Silicate  crown 
Silicate  crown 
Silicate  crown 
Densest  baryta  crown 
Barium  crown 
Dense  baryta  crown 
Dense  baryta  crown 
Baryta  flint 
Borate  flint 
Baryta  flint 
Baryta  flint 
Antimony  flint 
Boro-silicate  flint 
Extra  light  flint 
Baryta  flint 
Ordinary  light  flint 
Silicate  flint 
Baryta  flint 
Heavy  borate  flint 
Silicate  flint 
Silicate  flint 
Dense  silicate  flint 
Densest  silicate  flint 


Index  of 
Refraction 

nD 

Mean 

Dispersion 

nF  ~ nc 

nD-l 

UF  ~ UC 

1.5159 

0.007  37 

70.0 

1 . 5590 

0.008  35 

66.9  . 

1.5141 

0.008  02 

64.1 

1.5103 

0.008  05 

63.4 

1.5191 

0.008  60 

60.4 

1.5215 

0.008  75 

59.6 

1.5127 

0.008  97 

57.2 

1.6112 

0.010  68 

57.2 

1 . 5726 

0.009  95 

57.5 

1.6130 

0.010  87 

56.4 

1.6120 

0.010  98 

55.7 

1.5664 

0.010  21 

55.5 

1.5503 

0.009  96 

55.2 

1 . 5489 

0.010  25 

53.6 

1 . 5848 

0.011  04 

53.0 

1 . 5286 

0.010  25 

51.6 

1.5503 

0.011  14 

49.4 

1 . 5398 

O.Oli  4 2 

47.3 

1 . 5825 

0.012  55 

46.4 

1 . 5660 

r.Cl8  19 

42.9 

1 . 5794 

9.014  09 

41.1 

1.62^5  | 

0.015  99 

39.1 

1.679,' 

0.017  87 

38.0 

1 . 6?  38 

0.016  64 

36.9 

1.6489 

0.019  19 

33.8 

1.7174 

0.024  34 

29.5 

1 . 9626 

0.048  82 

19.7 

In  recent  years  in  Fra  ace,  England  and  the  United  States  . 
much  attention  has  been  bestowed  on  the  study  of ’the  com- 
position and  manufacture  of  optical  glass,  and  according  to 
the  1916-17  report  of  the  British  Committee  of  the  Privy 
Council  for  S oientific  and  Industrial  Research  (summarized 
in  N ature , Yob  100,  pp.  17-20),  Professor  Jackson  in  England 
“has  succeeded  in  defining  the  composition  of  the  bath 
mixtures  necessary  for  the  production  of  several  glasses 
hitherto  manufactured  exclusively  in  Jena,  including  the 
famous  fluor-crown  glass,”  and,  moreover,  “he  has  also 
discovered  three  completely  new  glasses  with  properties 
hitherto  unobtainable.”  However,  it  seems  improbable 
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that  any  essential  changes  in  the  optical  properties  of  glass 
are  to  he  obtained  by  the  use  of  materials  that  have  not  al- 
ready been  tried.  The  index  of  refraction  of  all  glasses  at 
present  available  are  comprised  between  1.45  and  1.96.  4 he 
mineral  fluorite  (calcium  fluoride),  which  is  used  in  the  best 
modern  microscope  objectives,  has  an  index  of  refi  action  of 
1.4338  and  a v-value  of  95.4,  so  that  in  both  respects  it 
lies  beyond  the  limits  attainable  with  glass.  Other  crystal- 
line  transparent  minerals,  notably  rock  crystal  oi  quaitz, 
have  already  been  employed  in  lens-systems,  and  any  es- 
sential improvement  in  the  range  of  optical  instruments 
in  the  future  is  more  likely  to  come  from  an  adaptation  of 
these  mineral  substances  than  from  the  production  of  new 
kinds  of  glass. 

The  difficulties  involved  in  the  manufacture  of  high-grade 
optical  glass  are  very  great,  and  the  utmost  care  has  to  be 
exercised  throughout  every  stage  of  the  process.  Not  only 
must  the  raw  materials  themselves  be  free  from  impurities  as 
far  as  possible,  but  the  physical  and  chemical  nature  of  the 
fireclays  used  in  the  pots  or  crucibles  also  requires  the  most 
painstaking  care  and  preparation.  The  empty  crucible  *3 
dried  slowly  and  then  heated  gradually  for  several  days  until 
it  comes  to  a bright  red  glow.  Fragments  of  glass  left  over 
from  a previous  melting  and  of  the  same  chemical  composi- 
tion as  the  glass  which  is  in  process  of  making  me  intioduced 
into  the  pot  and  melted.  The  raw  materials,  pulverized  and 
mixed  in  definite  proportions,  are  placed  m the  pot  in  layers 
little  by  little  at  a time,  and  the  pat.  which  is  covered  to 
protect  the  contents  from  the  furr.ace  gases  is  maintained 
at  a sufficiently  high  temperat  113  (between  about  800  and 
1000°  C.)  until  the  contents  are  all  melted  together.  The 
molten  mass  is  usually  fu'J  of  bubbles  of  all  sizes,  and  the 
temperature  must  be  »<rsed  until  these  are  all  gotten  rid 
of  as  far  as  possible.  This  entire  process  takes  a longer  or 
shorter  time  depending  on  circumstances,  say,  from  24  to 
36  hours  or  moie.  After  skimming  off  the  impurities  on  the 
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surface,  the  mixture  is  allowed  to  cool  gradually,  and  at  the 
same  time  it  is  kept  constantly  stirred  in  order  to  make  the 
glass  as  homogeneous  as  possible.  This  part  of  the  process 
requires  constant  care.  When  the  glass  in  cooling  has  be- 
come quite  viscous,  so  that  it  is  no  longer  possible  to  con- 
tinue the  stirring,  it  is  allowed  to  cool  very  slowly  over  a 
period  of  days  or  even  weeks.  Usually  at  the  end  of  the 
cooling  process  the  solid  contents  of  the  pot  will  be  found 
to  be  broken  into  irregular  fragments  of  optical  glass  in  the 
first  stage  of  its  manufacture.  These  fragments  are  care- 
fully examined  to  see  whether  they  are  homogeneous  and 
above  all  free  from  striae;  but  the  broken  surfaces  are  so 
irregular  that  this  preliminary  examination  is  necessarily 
very  imperfect.  The  pieces  which  pass  muster  in  this  way 
are  selected  for  molding  and  annealing.  The  lumps  of  glass 
are  placed  in  suitable  molds  made  of  iron  or  fbeclay  and 
heated  until  the  glass  becomes  soft  like  wax,  i.hat  it  takes 
the  form  of  the  mold  usually  with  the  aid  external  press- 
ure. The  molded  pieces  are  then  annea'td  by  being  cooled 
gradually  for  a week  or  longer.  They  are  in  the  form  of  I 
disks  or  rectangular  blocks  of  approximately  the  right  size 
for  being  made  into  lenses  ar.d  prisms.  At  this  stage  the 
glass  has  to  be  subjected  to  cue  most  rigid  testing  to  see  if  I 
it  is  really  suitable  for  optical  purposes.  Two  opposite  faces  I 
on  the  narrow  sides  are  ground  flat  and  parallel  and  polished  I 
so  that  the  slab  can  be  inspected  in  the  direction  of  its  greatest 
diameter.  If  any  striae  or  other  imperfections  are  found,  the 
piece  will  have  to  je  rejected  and  melted  over  again.  Even 
in  case  theve  are  no  directly  visible  defects,  there  may  be  in- 
ternal strains  which  will  be  revealed  by  examination  with 
polarized  light.  Slight  strains  are  not  always  serious,  but  even 
these  will  impair  the  image  in  a large  prism  or  lens.  These 
stiains  can  be  gotten  rid  of  by  heating  the  glass  to  a tempera- 
ture between  350  and  480°  C.,  depending  on  the  composition, 
and  then  cooling  very  slowly  and  uniformly  over  a period  of 
about  six  weeks.  It  is  very  difficult  to  obtain  pieces  of  op- 
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tical  glass  which  do  not  contain  minute  bubbles,  and  indeed 
they  are  often  to  be  found  in  the  best  kinds  of  glass. 

Of  course,  the  process  as  above  described  varies  in  details 
according  to  the  special  nature  of  the  glass,  but  enough  has 
been  said  to  enable  the  reader  to  form  some  idea  of  the  pa- 
tience and  skill  which  are  required  in  the  manufacture  of 
optical  glass.  A yield  of  20  per  cent,  of  the  total  .quantity  of 
glass  melted  is  considered  good.  The  glass  to  be  used  for 
photographic  lenses  has  to  fulfill  the  most  exact  requirements 

and  must  be  of  the  highest  quality.  . 

167.  Chromatic  Aberration  and  Achromatism.  Since  the 
index  of  refraction  varies  with  the  color  of  the  light,  and  since 
this  function  enters  in  one  form  or  another  in  all  optical  cal- 
culations, it  is  obvious,  for  example,  that  the  positions  of 
the  cardinal  points  of  a lens-system  will,  in  general,  be  differ- 
ent for  light  of  different  colors ; and  that  there  will  be  a whole 
series  of  colored  images  of  a given  object  depending  on  the 
nature  of  the  light  which  it  radiates,  these  images  being  all 
more  or  less  separated  from  each  other  and  of  varying  sizes. 
This  phenomenon  is  called  chromatic  aberration,  and  unless 
it  is  at  least  partially  corrected,  the  definition  of  the  resultant 
image  is  very  seriously  impaired.  In  an  optical  system  v hie 
was  absolutely  free  from  chromatic  aberration  all  these 
colored  images  would  coalesce  into  a single  composite  image 
which,  so  far  as  the  quality  of  the  light  was  concerned,  would 
be  a faithful  reproduction  of  the  object.  >>ut  nothing  at  all 
comparable  to  this  ideal  condition  of  achromatism  can  be 
achieved  in  the  case  of  any  actual  lens-system.  In  tact,  the 
term  achromatism  by  itself  and  w About  any  further  explana- 
tion is  entirely  vague,  for  an  optical  system  may  be  achro- 
matic in  one  sense  without  being  at  all  so  in  other  senses.  For 
example,  the  images  corresponding  to  different  colors  may 
all  be  formed  in  the  sane  plane  and  yet  be  of  different  sizes, 
or  vice  versa.  Fortunately,  however,  the  fact  that  it  is  im- 
possible to  acbie  /o  at  best  more  than  a partial  achromatism 
is  not  such  a stnous  matter  after  all.  The  kind  of  achromat- 
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ism  which  is  adapted  for  one  type  of  optical  instrument  may 
be  entirely  unsuited  to  another  type.  Thus,  it  is  absolutely 
essential  that  the  colored  images  formed  by  the  object-glass 
of  a telescope  or  microscope  shall  be  produced  as  nearly  as 
possible  at  one  and  the  same  place  (achromatism  with  re- 
spect to  the  location  of  the  image),  whereas,  since  the  images 
in  this  case  do  not  extend  far  from  the  axis,  the  unequal 
color-magnifications  are  comparatively  unimportant.  On 
the  other  hand,  in  the  case  of  the  ocular  systems  of  the  same 
instruments,  the  main  consideration  will  be  a partial  achro- 
matism with  respect  to  the  magnification  or  the  apparent 
sizes  of  the  colored  images.  The  object-glass  of  a telescope 
must  be  achromatic  with  respect  to  the  position  of  its  focal 
point,  and  the  ocular  must  be  achromatic  with  respect  to  its 
focal  length. 

An  optical  system  which  produces  the  same  definite  effect 
for  light  of  twro  different  wave-lengths,  no  matter  what  that 
special  effect  may  be,  is  to  that  extent  an  achromatic  system. 
A combination  which  is  achromatic,  even  ,'n  its  limited  sense, 
for  a certain  prescribed  distance  of  the  object  will,  in  general, 
not  be  achromatic  when  the  object  is  placed  at  a different 
distance.  No  lens  composed  of  two  kinds  of  glass  only  can 
be  achromatic  for  light  of  all  d’fferent  colors.  It  can  be  con- 
structed, for  example,  so  thet  it  will  bring  the  red  and  violet 
rays  accurately  to  the  3air.e  focus  at  a prescribed  point  on 
the  axis;  but  then  the  yellow,  green  and  blue  rays  will,  in 
general,  all  have  different  foci,  some  of  which  will  be  nearer 
the  lens  than  tht  point  of  reunion  of  the  red  and  violet  light 
while  others  wfil  lie  farther  away.  Accordingly,  when  achro- 
matism hu«  been  attained  in  the  case  of  two  chosen  colors, 
there  will  usually  remain  an  uncorrected  residual  dispersion 
or  so  called  secondary  spectrum,  which  under  certain  circum- 
stances may  impair  the  definition  of  the  image  to  such  a 
degree  as  to  be  very  injurious  and  annoying.  It  is  neces- 
sary to  abolish  the  secondary  spectrum  in  the  object-glass  of 
a microscope.  This  may  be  done  by  using  more  than  two 
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kinds  of  glass.  There  is  also  the  possibility  of  diminishing  the 
secondary  spectrum  by  employing  two  kinds  of  glass  whose 
relative  partial  dispersions  (§  166)  are  very  nearly  the  same 
for  all  the  spectrum-intervals;  and,  in  fact,  one  ol  the  prin- 
cipal items  in  the  Abbe-Schott  programme  for  the  manu- 
facture of  optical  glass  was  the  production  of  various  pairs 
of  flint  and  crown  glass  suitable  for  such  combinations,  so 
that  the  dispersions  in  the  different  regions  of  the  spectium 
should  be,  for  each  pair,  as  nearly  as  possible  proportional. 
This  purpose  was  satisfactorily  accomplished,  and  we  have 
now  achromatic  lenses  of  a far  more  perfect  kind  than  could 
be  made  out  of  the  older  kinds  of  glass.  This  higher  degiee 
of  achromatism  is  called  apochromatism.  An  apochromatic 
photographic  lens  is  absolutely  essential  in  the  three-color 
process  of  photography  in  which  the  three  images  taken 
through  light-filters  on  a plate  of  medium  or  large  size  must 
be  superposed  as  exactly  as  possible.  In  most  ordinary  op- 
tical systems,  however,  the  secondary  spectrum  is  relatively 
unimportant,  and  achromatism  with  inspect  to  two  pi  in 
cipal  colors  will  usually  be  found  to  be  sufficient. 

168.  “ Optical  Achromatism  ” and  “ Actinic  Achrorua- 
ism.”— The  character  and  extent  of  the  secondary  spectrum 
(§  167)  of  an  achromatic  combination  of  lenses  will  evidently 
depend  essentially  on  the  choice  of  the  two  principal  colors  for 
which  the  achromatism  is  to  be  achieved.  choice  will 

be  determined  by  the  purpose  for  which  vlw  instrument  is 
intended  and  the  mode  of  using  it.  Thus,  if  the  system  is 
to  be  an  optical  instrument  in  the  strict  literal  sense  of  the 
word,  that  is,  if  it  is  constructed  to  be  used  subjectively  in 
conjunction  with  the  eye,  we  shall  be  concerned  primarily 
with  the  physiological  action  of  the  rays  on  the  retina  of  the 
human  eye;  whereas  in  the  case  of  a photographic  lens  which 
is  used  to  focus  an  image  on  a prepared  sensitized  plate,  it 
is  important  to  have  achromatism  with  respect  to  the  so- 
called  actinic  rays  corresponding  to  the  violet  and  ultra- 
violet regions  of  the  spectrum,  because  these  are  the  rays 
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which  are  most  active  on  the  ordinary  bromo-silver  gelatine 
plate. 

The  retina  of  the  human  eye  is  most  sensitive  to  the  kind 
of  light  which  is  comprised  within  the  interval  between  the 
lines  C and  F,  with  a distinct  maximum  of  visual  effect  cor- 
responding to  wave-lengths  lying  somewhere  between  the 
lines  D and  E.  Accordingly,  in  an  optical  instrument  which 
is  to  be  applied  to  the  eye,  it  is  usually  desirable  to  unite  the 
red  and  blue  rays  as  nearly  as  possible  at  the  focus  of  the 
yellow  rays.  If,  for  example,  the  system  is  assumed  to  be 
a convergent  combination  of  two  thin  lenses  in  contact  (as 
in  the  case  of  the  object-glass  of  a telescope),  it  will  be  found 
that  the  focal  points  corresponding  to  the  colors  (say,  green 
and  yellow)  between  C and  F will  lie  nearer  the  lens  and  the 
focal  points  corresponding  to  the  other  colors  (dark  red, 
dark  blue  and  violet)  will  lie  farther  from  it  thm  the  com- 
mon focal  point  of  the  two  principal  colors  C and  F.  More- 
over, the  residual  color-error  or  secondary  spectrum  in  this 
case  will  be  least  for  some  color  very  nearly  corresponding  to 
the  D-line,  which  is  a favorable  circumstance,  since,  as  above 
stated,  this  is  the  region  of  the  brighcest  part  of  the  visible 
spectrum.  Achromatism  with  respect  to  the  colors  C and  F 


v = 


~ 1 

TT/p  — ?2C 


is  sometimes  called  optical  achromatism. 


On  the  other  hand,  h?  the  construction  of  a photographic 
lens  a kind  of  compromise  must  be  effected  between  the  con- 
vergence of  the  visual  rays  and  the  so-called  actinic  rays, 
because  the  image  has  to  be  focused  first  on  the  ground  glass 
plate  by  the  o/e  and  afterwards  it  has  to  be  received  on  the 
sensitized  p^.ate  or  film  which  is  inserted  for  exposure  in  the 
camera  in  the  place  of  the  translucent  focusing  screen.  Ac- 
cordingly, for  ordinary  photographic  practice  an  exact  co- 
incidence of  the  “optical”  and  “actinic”  images  is  de- 
manded. Here  it  is  found  that  the  best  results  are  obtained 
by  uniting  the  colors  corresponding  to  the  D-line  and  the 
violet  band  in  the  spectrum  of  hydrogen,  which,  since  it  is 
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not  far  from  the  G-line,  may  be  designated  by  G'  (434 mm)- 
This  is  sometimes  called  actinic  or  photographic  achromat- 
ism for  which  the  function  v has  a special  value,  namely: 


n^—  Wd 

If  the  photographic  lens  is  a combination  of  two  thin 
lenses  in  contact,  which  is  achromatic  for  the  colors  D and 
G',  the  focus  of  the  rays  corresponding  to  the  blue-green 
region  of  the  spectrum  will  be  nearer  the  lens  than  the  com- 
mon focus  of  the  two  principal  colors  and  the  focus  of  the 
bright  red  rays  will  be  farther  from  the  lens.  In  an  achro- 
mat  of  this  kind  the  residual  dispersion  will  usually  be  quite 
large  for  both  the  “ optical”  and  the  “actinic”  image,  but 
for  most  practical  purposes  the  definition  of  the  image  in 
either  case  is  good  enough.  In  astrophotography  the  focus 
of  the  camera  is  determined  once  for  all,  and  a lens  for  stellar 
photography  is  usually  designed  to  have  an  entirely  actinic 
achromatism,  the  two  principal  colors  in  this  case  correspond- 
ing to  the  F-line  (486^i/x)  and  the  violet  line  in  the  mercury- 
spectrum  (405/z/z).  The  rays  belonging  in  these  two  colors 
are  made  to  unite  as  nearly  as  possible  at  the  focus  of  the 
rays  corresponding  to  the  G'-line,  which  is  approximately 
the  place  of  maximum  actinic  action.  In  a photographic 
achromat  of  this  kind  the  foci  of  the  green,  yellow  and  red 
rays  will  lie  beyond  the  actinic  focus  in  the  ordci  named. 

169.  Achromatic  Combination  of  Twc  Thin  Prisms. — 
Two  prisms  of  different  substances  may  bo  combined  so  as 
to  obtain  achromatism  in  the  sense  that  rays  of  light  cor- 
responding to  a definite  pair  of  colors  will  issue  from  the 
system  in  parallel  directions,  as  represented  in  Fig.  212. 
When  an  object  is  viewed  through  the  combination,  the  red 
and  blue  rays,  for  example,  will  be  fused  or  superposed  and 
the  residual  color-effect  will  be  comparatively  slight.  By 
employing  a greater  number  of  prisms  a more  perfect  union 
of  colors  could  be  obtained,  but  usually  two  prisms  are  suf- 
ficient. 
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The  problem  is  simplified  by  assuming  that  the  refracting 
angles  of  the  prisms,  denoted  here  by  /3  and  7,  are  both 
small;  so  that  the  deviation  produced  by  each  prism  may  be 
considered  as  proportional  to  its  refracting  angle,  accord- 
ing to  the  approximate  formula  deduced  in  § 60.  Usually, 


the  two  prisms  are  cemented  together  with  their  edges  par- 
allel but  oppositely  turned,  as  shown  in  the  diagram,  so  that 
the  thicker  portions  of  one  prism  are  adjacent  to  the  thinner 
portions  of  the  other;  accordingly,  the  total  deviation  (e) 
will  be  equal  to  the  arithmetical  difference  of  the  deviations 
produced  by  each  prism  separately. 

Let  P,  Q and  R designate  three  elementary  colors,  the 
color  Q being  supposed  to  lie  between  P and  R in  the  spec- 
trum; and  let  the  indices  of  refraction  for  these  three  colors 
be  denoted  by  «p',  nd  and  nR'  for  the  first  prism  and  by 
nP",  uq"  and  nRr  for  the  second  prism.  The  total  devia- 
tions for  the  three  colors  will  be: 

eP  = (ttP' -l)(S- (np"  -1)7,  €q  = (V  - 1)  £ - (V'  “ !)  y> 

€R=(wR/-l)j8-(nR//-l)7.  j 

Now  if  toe  system  is  to  be  achromatic  with  respect  to  the 
colors  P and  R,  the  condition  is  that  Cp=  eR,  which,  there- 
fore, is  equivalent  to  the  following:  ; 

j3_nR"-ttp"  . 

7 nR'-np'  ’ 

that  is,  the  refracting  angles  of  the  prisms  must  be  inversely 
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proportional  to  the  partial  dispersions  of  the  two  media  for 
the  two  given  colors. 

Moreover,  the  deviation  of  the  rays  of  the  intermediate 
color  Q will  be: 


€q  = (nR'—np) 


nQ'  — 1 _ wQ"-  1) 
br'- np'  ur'-tip" 


0. 


Actually  the  colors  P,  Q and  R are  usually  chosen  to  cor- 
respond to  the  Fraunhofer  lines  C,  D and  F,  respectively, 
in  which  case  the  combination  will  be  achromatic  with  re- 
spect to  C (red)  and  F (blue).  Thus,  the  fractions  inside  the 
large  brackets  are  the  n -values  of  the  two  kinds  of  glass. 
Accordingly,  for  an  achromatic  combination  of  two  thin 
II  prisms  for  which  the  deviation  en  has  a finite  value,  whereas 
) the  dispersion  (ec-  «f)  is  abolished,  we  have  the  following 

1 formulae : 


$• 

m 

i 

;f) 


0_nF"-nc”  6o  = (nF'-nc')  . 

7 uy  -nc' 

Consider,  for  example,  a combination  of  two  kinds  of  Jena 
glass  as  follows: 

no  nc  v 

Light  Phosphate  Crown  1.5159  0.007  37  70.0 

Borate  Flint  1.5503  0.009  96  55  2 ° 

Assuming  that  the  angle  of  the  crown  glass  prism  is  P-20  , 
we  find:  7 = 14.8°,  eD=2.18°.  Generally  speaking,  those 
pairs  of  glasses  in  which  the  partial  dispel  sions  are  more 
nearly  equal  will  be  found  to  be  best  adapted  for  achromatic 

combinations. 

170.  Direct  Vision  Combination  of  Two  Thin  Prisms. 

In  the  case  of  an  ordinary  prism-spectroscope  the  rays  are 
deflected  in  passing  through  the  system,  so  that  in  order  to 
view  the  spectrum  the 

towards  the  luminous  so  irce,  but  in  some  oblique  direction ; 
which  is  sometimes  inconvenient,  especially  in  astrophysi- 
cal  observations.  Accordingly,  various  prism-systems  have 
been  proposed  which  are  designed  so  that  rays  corresponding 
to  some  defunct  standard  color  are  finally  bent  back  into 
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their  original  direction,  with  the  result  that  there  is  disper- 
sion without  deviation,  which  is  an  effect  precisely  opposite 
to  that  which  is  obtained  with  an  achromatic  prism.  In 
these  so-called  direct  vision  prisms  (prismes  a vision  directe ) 


Fig.  213. — Direct  vision  prism  combination  (dispersion  without  deviation). 


the  spectrum  of  an  illuminated  slit  will  be  seen  m the  same 
direction  as  the  slit  itself.  The  condition  tha'u  the  light  cor- 
responding, say,  to  the  Fraunhofer  D-line  shall  emerge 
from  the  system  in  the  same  direction  as  it.  entered  is  €D  = 0. 
Assuming  that  the  combination  is  composed,  as  before,  of 
two  thin  prisms  juxtaposed  in  the  &ame  way  (Fig.  213),  and 
employing  the  same  symbols  (§  169),  we  derive  immedi- 
ately the  following  formulae : 

/3  n-Q1  — 1 


V nW- 1 ’ 


€c  — «F  — {n-D  — 1 ) (y,  — pj 


Consider,  for  example,  the  following  combination: 

nD  v 

Light  Phosphate  Crown  1.5159  70.0 

Ileavv  Silicate  Flint  1.9626  19.7 

i/ 

the  difference  of  the  R-values  here  being  very  great, 
we  put  /3  = 20°,  we  find:  7 = 10.72°,  Cq—  Cf= 22.58'. 

It  will  be  profitable  for  the  student  to  satisfy  himself  by 
several  examples  that  two  kinds  of  glass  which  are  best 
adapted  for  a direct  vision  prism  combination  are  on  the 
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contrary  not  very  suitable  for  an  achromatic  prism,  and  vice 
versa;  as  might  naturally  bo  expected,  since  the  effects  are 
opposite  in  the  two  cases.  Generally  speaking,  the  two  kinds 
of  glass  used  for  a direct  vision  prism  should  have  very  dif- 
ferent v-values,  as  in  the  illustration  given  above. 

In  the  case  of  prisms  of  large  refracting  angles,  the  formulae 
here  and  in  § 169  are  hardly  to  lie  considered  as  even  ap- 
proximate 

171.  Calculation  of  Amici  Prism  with  Finite  Angles. 

Accurate  formulae  for  the  calculation  of  an  achromatic  or 
direct  vision  prism-system  may  easily  be  derived  when  the 


of  so-called  Amici  direct  vision  prism. 


system  consists  of  only  two  prisms.  As  an  ’lustration  of 
the  method  in  the  case  of.  a direct  vision  pr'sm,  let  us  em- 
ploy here  the  symbols  m and  n2  to  denote  the  indices  o in- 
fraction of  the  crown  glass  prism  and  the  flint  glass  prism, 
respectively,  for  light  of  some  standard  wave-length;  and 
let  0 and  7 denote  their  ref  ra?  bug  angles.  We  shall  sup- 
pose also  that  the  two  prisms  are  cemented  along  a common 
face,  as  represented  in  Pig.  214.  A ray  of  the  given  wave- 
length is  incident  on  the  crown  glass  prism  at  an  angle  0 
and  is  refracted  into  ibis  medium  at  the  angle  d',  so  that 

m.sin  0'=sin  0.  (1) 

If  the  angles  of  incidence  and  refraction  at  the  suiface  of 
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separation  of  two  kinds  of  glass  are  denoted  by  ^jr  and  yjr'} 
then 

Wi.siir^  = n2.sin/^',  (2) 

d'=(3-y}r;  (3) 

the  angles  here  being  all  reckoned  as  positive.  If,  finally,  it 
is  assumed  that  the  ray  meets  the  second  face  of  the  second 
prism  normally  and  issues  again  into  the  air  in  the  same  di- 
rection as  it  had  originally,  then  also: 

^'  = y,  (4)  and  6=  (3—  y.  (5) 

The  problem  consists  in  determining  the  angle  of  one  of  the 
prisms  when  the  angle  of  the  other  is  given.  Suppose,  for 
example,  that  an  arbitrary  value  is  assigned  to  the  acute 
angle  y,  and  it  is  required  to  find  the  magnitude  of  the 
angle  /3.  Substituting  in  (1)  the  values  of  6,  6'  as  given 
in  (3)  and  (5),  we  obtain: 

ni.sin(jd  — =sin ((3-  7), 
whence  we  derive: 


tan  (3  = 


ni.smyfr  — sin  7 


n\.  Qogty'—Qosy 
Eliminating  y}r'  from  (2)  and  (4),  we  find: 

fti.sin  "'I'*  = 7i2,  sin  7, 
and  consequently  also: 

Tii. cos  Vr  = vVl- w|.sin;i7. 

Accordingly,  the  value  of  C in  terms  of  n\,  n<i  and  7 is  given 
by  the  formula: 

(72.2 — 1)  sin  7 


tan  p = 


■y/n\  — n|sin27  - cos  7 


If,  on  the  other  hand,  the  value  of  the  angle  ft  has  been 
chosen  arbitrarily,  the  calculation  of  7 will  be  found  to  be 
trigonometrically  a little  more  difficult.  It  is  left  as  an  ex- 
ercise for  the  student  to  show  that : 


t w2-l+ Vw?(ro2-l)2  + (TOi-l)  (nj-Tii ) tan2 ft  ,Q 

(n2  — 7i2)tan2/3+(n2-l)2  P’ 

If  it  is  desired  that  tire  emergent  ray  shall  not  only  be  par- 
allel to  the  incident  ray  but  that  its  path  shall  be  along  the 
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same  straight  line,  it  is  necessaiy  to  add  to  the  above  another 
combination  identical  with  it  and  placed  so  that  the  two 
flint  glass  prisms  constitute  in  reality  one  single  prism  of  re- 
fracting angle  2 y inserted  between  two  equal  crown  glass 
prisms  each  of  refracting  angle  /3,  as  shown  in  big.  215;  and, 


Fig.  215. — Amici  direct  vision  prism. 


in  fact,  this  is  the  actual  construction  of  the  common  form 
of  the  Amici  prism.  Suppose,  for  example,  that  the  angle 
7=45°  and  that  the  two  kinds  of  glass  are  those  described 
in  the  Jena  catalogue  as  “light  phosphate  crown”  and 
“heavy  silicate  flint”  with  indices  m = 1.5159  and  n2=1.9(.2G 
corresponding  to  the  D-line;  then  we  find  that  the  angle 

98°  7 4'. 

172.  Kessler  Direct  Vision  Quadrilateral  Prism  .-One 
of  the  principal  objections  to  a train  of  prisms  is  the  loss  of 
light  by  reflection  at  the  various  surfaces  and^ai^o  by  ab- 
sorption in  traversing  the  successive  media,  Partly  with  a 
view  to  diminishing  these  losses  and  partly  also  on  account 
of  other  advantages,  many  forms  of  direct  vision  prism  have 
been  proposed  which  are  made  of  one  piece  of  glass  with  tour 
or  more  plane  faces;  in  all  of  which,  however,  the  principle 
is  the  same,  namely,  by  means  of  a series  of  total  interna 
reflections  to  bend  the  rays  corresponding  to  some  standar 
intermediate  color  back  finally  into  their  original  direction. 
The  simplest  of  all  these  devices  is  the  four-faced  prism 
ABCD  (Fig.  216)  proposed  by  Kessler,  a principal  section 
of  which  has  the  form  of  a quadrilateral  with  perpendicular 
diagonals.  The  ray  of  standard  wave-length  enters  the  prism 
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and  leaves  it  in  a direction  parallel  to  the  diagonal  BD;  it  is 
totally  reflected  twice,  first  at  the  face  BA  and  again  at  the 
face  AD,  the  path  of  the  ray  between  these  reflections  being 
parallel  to  its  direction  at  entrance  and  emergence.  More- 


C 


A 


Fig.  216. — Kessler  direct  vision  prism. 


over,  in  virtue  of  the  symmetry  of  the  prism,  Iho  path  of  the 
emergent  ray  will  be  a continuation  of  the  rectilinear  path  of 
the  incident  ray.  If  the  angles  at  A,  B and  0 are  denoted  by 
a,  jd  and  7,  respectively,  then 


a+2jd+7  = 3fl0°, 


(1) 


and  if  the  angles  of  incidence  and  refraction  at  the  face  BC 
are  denoted  by  6,  6',  then 


and,  finally,  if  the  index  ot  refraction  is  denoted  by  n, 


n.sin0'  = sin0. 


(3) 


Consequently,  eliminating  the  angles  6,  6'  by  means  of 
(2)  and  (3),  we  obtain: 


(4) 


so  then  if  the  value  of  one  of  the  angles  a,  (3  and  7 is  chosen 
arbitrarily,  the  other  two  angles  can  be  determined  by  means 
of  equations  (1)  and  (4). 

If  the  principal  section  of  a Kessler  prism  has  the  form 
of  a rhombus  (Fig.  217),  parallel  incident  rays  may  be  re- 
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A 

Fig.  217.  — Rhomboidal  form  of  Kessler  prism. 


ceived  on  both  faces  BA  and  BC.  In  this  case  the  angles 
a and  y are  equal,  and  hence  (3  + y = 180  , and  therefoie 


so  that 


whence  we  obtain: 


For  example,  if  n=  1.64,  we  find  0 — 36  ~ t ,7  143  36  . 


173.  Achromatic  Combination  of  Two  Thin  Lenses. 

The  positions  of  the  principal  ard  focal  points  of  a lens- 
system  vary  for  light  of  different  colors,  and  if  the  system  is 
to  be  used  as  a magnifying  glass  or  as  the  so-called  ocular 
of  a microscope  or  telescope,  a chief  consideration  will  be 
that  the  apparent  sizes  the  colored  virtual  images  which 
are  presented  to  the  eye  shall  all  be  the  same,  that  is,  that 
the  red  and  blue  images,  for  example,  shall  subtend  the 
same  angle  at  tt  e eye,  no  matter  whether  their  actual  sizes 
and  positions  are  different  or  not.  But  the  apparent  size 
of  the  infinitely  distant  image  of  an  object  lying  in  the 
primary  focal  plane  of  the  lens-system  is  measured  by  the 
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refracting  power  of  the  system  (§  122) ; and  hence  the  condi- 
tion of  achromatism  in  this  case  is  that  the  refracting  powers 
(or  focal  lengths)  of  the  system  shall  be  equal  for  the  two 
colors  in  question.  (Achromatism  with  respect  to  the  focal 
length;  see  § 167.) 

Let  us  assume  that  the  system  is  composed  of  two  thin 
lenses  whose  refracting  powers  for  light  of  a certain  definite 
wave-length  A are  denoted  by  F\  and  F^;  then  the  refract- 
ing power  of  the  combination  will  be  F =Fi+F2~ C.F1.F2, 
where  c denotes  the  air-interval  between  the  two  lenses. 
For  a second  color  of  wave-length  A+AA  (where  A A de- 
notes a small  variation  in  the  value  of  A),  the  refracting 
powers  of  the  lenses  will  be  slightly  different.  a"d  the  re- 
fracting power  of  the  combination  for  this  color  will  be: 

F -\-AF  = (F1+AF1) +(F2+AF  2)  — c(Fi-\-Al<  i)(F2+AF2). 
Subtracting  these  two  equations,  at  the  same  time  neglect- 
ing the  term  which  involves  the  product  of  the  small  varia- 
tions AFi  and  AF2,  we  obtain: 

AF  = AF1+AF2—  (F2.AFi+Fi.AF2)c. 

Evidently,  the  condition  that  the  system  shall  be  achromatic 
with  respect  to  its  refract' eg  power  is  AF=0;  which,  there- 
fore, is  equivalent  to  the  following: 

2 _ F2.AF1+F1.AF2 
0 AFi+AF  2 

Now  if  rt\  denotes  the  index  of  refraction  of  the  first  lens  for 
light  of  wave-length  A,  then 

Fi  = (m— l)Ki, 

when  e Xi  denotes  a constant  whose  value  depends  simply  on 
the  form  of  the  infinitely  thin  lens,  that  is,  on  the  curvatures 
of  'ts  surfaces.  Similarly,  for  light  of  wave-length  A+AA, 
we  have: 

Fi+ AFi  = (m+Am — l)Ki; 


A F\  — Ki.Am=Fi 


Am 
m—  1 


and  hence 
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But  A?u/(m—  1)  = 1/^1  is  the  expression  for  the  dispersive 
power  of  the  material  of  the  first  lens  (§  165),  and  accordingly 
we  may  write: 


A Fx  = - ; 

V\ 


and,  analogously,  for  the  second  lens: 


F2 


A Ft-—. 

v-> 


Introducing  these  expressions  for  A F i and  AF2  in  the  equa- 
tion above,  we  find,  therefore,  as  the  condition  that  a pair  of 
thin  lenses  shall  be  achromatic  with  respect  to  the  refracting 


*. 


m 


Fig.  218. — Huygens’s  ocular. 


power  of  the  system,  the  requirement  that,  the  distance  be- 

* « ««  .•/*  » 1 P 11 - M ^ 111 


H Vi  ~ / * , 

tween  the  two  thin  lenses  shall  satisfy  the  following  equa- 


tion : 


c = 


V2- Fl-f  7>i  T 2 


(yrl-  '2)r  i.F2 


_ viji+v^h 

V\-\-  Vo 


-l/Fi  and  /2  = 1 /Ft  denote  the  focal  lengths  of  the 
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If  both  lenses  are  made  of  the  same  glass,  then  vl  = v2,  so 
that  in  this  case  the  condition  of  achromatism  becomes: 

/ 1 +/ 2 

C 2 * 

Thus,  for  example,  Huygens’s  ocular  (Fig.  218)  is  composed 
of  two  plano-convex  lenses  made  of  the  same  kind  of  glass, 
the  curved  face  of  each  lens  being  turned  away  from  the 
eye  and  towards  the  incident  light.  The  first  lens  is  called 
the  ‘ ‘ field-lens ” and  the  second  lens  is  called  the  “eye-lens.” 
In  this  combination  /x  = 2/2  (although  in  actual  systems  this 


condition  is  usually  only  approximately  satisfied)  and  c = 
3/2/2,  or  /2  :c  :/i  = 2 :3  : 4.  Ramslen’s  ocular  (Fig.  219) 
consists  likewise  of  two  plano-convex  lenses  of  the  same  kind 
of  glass,  but  with  their  curvet  faces  turned  towards  each 
other  and  in  this  combination  /i=/2=/=c.  Both  of  these 
types  satisfy,  therefore,  ti  e above  condition  of  achromatism 
and  yield  images  that  are  free  from  color-faults  not  only  in 
the  center  but  at.  the  border  of  the  field. 

174.  Achromatic  Combination  of  Two  Thin  Lenses  in 
Contact. — If  The  two  lenses  are  in  contact  (c  = 0),  the  con- 
dition of  achromatism,  as  found  in  the  preceding  section, 
becomes : 

vi.fi+v2.f2=0} 

or 

Pi  P2  n 

— +—  =0. 

Vi  vt 

The  quotient  of  the  refracting  power  of  a lens  by  the  dis- 
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persive  power  of  the  glass  of  which  it  is  made,  namely,  the 
magnitude  F/v,  is  sometimes  called  the  dispersive  strength 
of  the  lens ; so  that  according  to  the  above  equation  we  may 
say  that  the  condition  of  achromatism  of  a combination  of 
two  thin  lenses  in  contact  is  that  the  algebraic  sum  of  their 
dispersive  strengths  shall  vanish.  Accordingly,  it  appears 
that  such  a system  can  be  achromatic  only  in  case  the  sub- 
stances of  which  the  two  lenses  are  made  are  different.  More- 
over, while  one  of  the  lenses  must  be  convex  and  the  other 
concave,  their  actual  forms  are  of  no  consequence  so  far  as 
the  mere  correction  of  the  chromatic  aberration  is  concerned. 
It  is  to  be  remarked  also  that  in  an  achromatic  lens  of  neg- 
ligible thickness  achromatism  with  respect  to  the  focal  lengths 
implies  also  achromatism  with  respect  to  the  positions  of 
the  focal  points  and  principal  points,  so  that  such  a lens  will 
be  achromatic  for  all  distances  ol  the  object. 

If  F denotes  the  prescribed  refracting  power  of  the  com- 
bination then,  since, 

F = F\+F  2, 


we  find: 


Fv — F,  F2= — F. 

Vl~V2  V1—V2 

The  total  refracting  power  F will  have  the  same  sign  as 
that  of  the  lens  which  has  the  greater  v-value ; for  example, 
the  combination  will  act  like  a convex  lens  provided  the 
v-value  of  the  positive  element  exceeds  that  of  the  nega- 


tive element. 

Thus,  being  given  the  values  of  Ft  1 1 and  v2,  we  can  em- 
ploy the  above  relations  to  determine  the  required  values 
of  Fi  and  F2.  Moreover,  if  Ki  denotes  the  algebraic  differ- 
ence of  the  curvatures  of  the  two  faces  of  the  first  lens,  and, 
similarly,  if  K2  denotes  the  corresponding  magnitude  for 


Fi 


Ko  = 


Ft 


the  second  lens,  then 

Kl  — , T J 

‘ n\- 1 n2-l 

where  n\,  ?i2  dot  ute  the  indices  ol  refraction  of  the  two  kinds 
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of  glass  for  some  standard  wave-length,  as  already  stated, 
which  is  usually  light  corresponding  to  the  Fraunhofer 
D-line.  Thus,  while  the  magnitudes  denoted  by  Ki  and  K2 


may  be  computed,  the  actual  curvatures  or  radii  of  the  lens- 


surfaces  remain  indeterminate;  so  that  there  are  still  two 


Fig.  221.  — Fraun-  Fig.  222.  — Fraun- 


Fig.  220. — Dollond's  hofer’s  telescope  po^er  3 telescope 

telescope  objective.  objective,  No.  1.  » b^jctive,  No.  2. 


Fig.  223. — Hersci^i/s  Fig.  224. — Barlow’s  Fig.  225.  — Gauss’s 


telescope  objective.  telescope  objective.  telescope  objective. 


other  conditions  which  may  be  imposed  on  an  achromatic 


combination  of  this  kind.  For  example,  in  some  cases  it 
may  ne  conventient  to  cement  the  two  components  together, 
an  d then  one  of  the  conditions  will  be  that  the  curvatures  of 
Tie  two  surfaces  in  contact  shall  be  equal.  Usually,  how- 
ever, a more  important  requirement  will  be  the  abolition  of 
two  of  the  so-called  spherical  errors  due  to  the  fact  that  the 


Problems 


505 


i rays  are  not  paraxial,  so  that  the  image  will  be  sharp  and 


1 
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distinct,  especially  at  the  center. 

Some  historic  types  of  achromatic  object-glasses  of  a tel- 
escope are  illustrated  in  the  accompanying  diagrams.  Dol- 
lond’s  achromatic  doublet  (Fig.  220)  consisted  of  a double 
convex  crown  glass  lens  combined  with  a double  concave  flint 
glass  lens;  whereas  Fraunhofer’s  constructions  show  a com- 
bination  of  a double  convex  and  a plano-concave  lens  (Fig. 
;<  221)  and  of  a double  convex  and  a meniscus  lens  (Fig.  222). 

J.  Herschel’s  form  (1821)  is  shown  in  Fig.  223,  Barlow’s 
i]  (1827)  in  Fig.  224;  and,  finally,  the  Gauss  type  made  by 
| Steinheil  in  1860  is  exhibited  in  Fig.  225.  The  newer  va- 
I rieties  of  Jena  glass  make  it  possible  to  construct  an  achro- 
I matic  objective  of  two  lenses  which  is  far  superior  in  achro- 
( mutism  to  any  of  the  older  types  above  mentioned. 


PROBLEMS 

1.  Find  the  values  of  the  reciprocals  of  the  dispersive 

powers  (§  165)  of  alcohol  and  water,  using  data  given  in 
table  in  § 163.  Ans.  Alcohol,  60.5;  water,  55.7. 

2.  The  indices  of  refraction  of  rock  salt  for  the  Fraun- 

hofer lines  C,  D and  F are  1.5404,  1.5441  and  1.5531,  re- 
spectively. Calculate  the  value  of  the  reciprocal  of  the  dis- 
persive power.  _ Ans-  42.84. 

3.  White  light  is  emitted  from  a luminous  point  on  the 
axis  of  a thin  lens.  If  the  yellow  rays  arc  brought  to  a focus 
at  a point  whose  distance  from  the  lens  is  denoted  by  u', 
show  that  the  distance  between  the  foci  of  the  red  and  blue 
rays  is  approximately  equal  to  F.h'2/p,  where  F denotes  the 
refracting  power  of  the  lens  ioi  yellow  light  and  v denotes 
the  reciprocal  of  the  dispersive  power  of  the  lens-medium. 

4.  A lens  is  made  of  borate  flint  glass  for  which  v = 55.2. 

The  focal  length  of  tue  lens  for  sodium  light  is  30  inches. 
Find  the  distance  between  the  red  and  blue  images  of  the 
sun  formed  by  die  lens.  Ans.  0.54  in. 
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5.  A crown  glass  prism  of  refracting  angle  20°  is  to  be 
combined  with  a flint  glass  prism  so  that  the  combination 
will  be  achromatic  for  the  Fraunhofer  lines  C and  F.  The 
indices  of  refraction  are  as  follows: 

nc  nD  nF  , ■ 

Crown  1.526  849  1.529  587  1.536  052 

Flint  1.629  681  1.635  036  1.648  260 

Using  the  approximate  formulae  for  thin  prisms,  show  that 
the  refracting  angle  of  the  flint  prism  will  be  9°  54'  11",  and 
that  the  deviation  of  the  rays  corresponding  to  the  D-line 
will  be  4°  18'  7". 

6.  A direct  vision  prism  combination  is  to  be  made  with 
the  same  kinds  of  glass  as  in  the  preceding  problem;  so  that 
rays  corresponding  to  the  D-line  are  to  emerge  without  de- 
viation. If  the  refracting  angle  of  the  crown  glass  prism  is 
20°,  show  that  the  refracting  angle  of  the  flint  glass  prism 
will  be  16°  40'  48",  and  that  the  angular  dispersion  between 
C and  F will  be  7'  33". 

7.  An  Amici  direct  vision  prism  (§  17 1)  is  to  be  made  of 

crown  glass  and  flint  glass  whose  hid  ices  of  refraction  for 
the  D-line  are  1.5159  and  1.962t>,  respectively.  If  the  re- 
fracting angles  of  the  two  equal  down  glass  prisms  are  each 
equal  to  45°,  show  that  the  infracting  angle  of  the  middle 
flint  glass  prism  will  be  98°  7.4'.  I 

8.  A Kessler  prism  172)  in  the  form  of  a rhombus  is 

made  of  glass  of  indt*-  nD  = 1.6138.  Find  the  angles  of  the 
prism.  Ans.  35°  5'  and  144°  55'. 

9.  A thin  lens  is  made  of  crown  glass  for  which  vl  = Q0.2.  I 
Another  thin  lens  is  made  of  flint  glass  for  which  1*2  = 36.2. 
When  the  two  lenses  are  placed  in  contact  they  form  an 
achromatic  combination  of  focal  length  10  cm.  Find  the 
focal  length  of  each  lens.  Ans.  /i  = 3.99  cm.;  fz  = — 6.63  cm. 

10.  An  achromatic  doublet  is  to  be  made  of  two  thin  I 
lenses  cemented  together,  and  the  focal  length  of  the  com-  I 
bination  for  the  D-line  is  to  be  25  cm.  The  first  lens  is  a 
symmetric  convex  lens  of  barium  silicate  glass  and  the  other 
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lens  is  a concave  lens  of  sodium  lead  glass.  The  indices  of 
refraction  are: 

U\ ) Uy  — 

Barium  silicate  1.6112  0.01747 

Sodium  lead  1.5205  0.01956 

Find  the  radii  of  the  surfaces  on  the  supposition  that  the  rays 
corresponding  to  the  lines  C and  F are  united. 

Ans.  The  radii  of  the  first  and  last  surfaces  are  +7.32  and 
+9.30  cm.,  respectively. 

11.  A symmetric  double  convex  lens  is  made  of  rock  salt 
for  which  uq  = 1.5404  and  np=  1.5531.  Find  the  thickness 
of  the  lens  if  the  focal  lengths  for  the  colors  C and  F are  equal. 

Ans.  d = 3.4363.r,  where  r denotes  the  radius  of  the  first 
surface  of  the  lens. 

12.  Two  thin  lenses  of  the  same  kind  of  glass,  one  convex 
of  focal  length  9 inches,  the  other  concave  of  focal  length 
4 inches,  are  separated  by  an  interval  of  20  inches.  A small 
white  object  is  placed  36  inches  in  front  of  the  convex  lens. 
Show  that  the  various  colored  images  are  all  formed  at  the 
same  place. 

13.  Two  thin  lenses  of  the  same  kind  of  glass,  one  convex 
and  the  other  concave,  and  both  of  focal  length  4 inches,  ere 
adjusted  on  the  same  axis  until  the  colored  images  ce  a wdiite 
object  placed  12  inches  in  front  of  the  convex  lens  i re  formed 
at  the  same  place.  Show  that  the  interval  between  the  lenses 
must  be  twelve  inches. 

14.  A lens-system  surrounded  by  air  ;s  composed  of  m 
spherical  refracting  surfaces.  Assuming  that  the  total  thick- 
ness of  the  system  is  negligible,  show  that  the  condition  of 
achromatism  is 

k =m 

2 (Rk — I - ~ S^k  = 

k =2 

where  denotes  the  cmvature  of  the  kth  surface  and  8 nk 
denotes  the  dispersion  of  rhe  medium  included  between  the 
(&  — l)th  and  &th  sjrfaces  for  light  of  the  two  colors  to  be 
compensated. 


CHAPTER  XV 


RAYS  OF  FINITE  SLOPE.  SPHERICAL  ABERRATION, 
ASTIGMATISM  OF  OBLIQUE  BUNDLES,  ETC. 

r r r 

175.  Introduction. — The  theory  of  the  symmetrical  op- 
tical instrument,  as  it  has  been  developed  in  the  preceding 
chapters,  is  based  on  the  assumption  that  the  rays  concerned 
in  the  formation  of  the  image  are  entirely  confined  to  the 
so-called  paraxial  rays  (§  63)  whose  paths  throughout  the 
system  are  contained  within  an  exceedingly  narrow  cylindri- 
cal region  of  space  immediately  surrounding  the  axis.  With 
this  fundamental  restriction  it  was  found  that  there  was 
perfect  collinear  correspondence  between  object-space  and 
image-space;  so  that  a train  of  spherical  waves  emanating 
from  an  object-point  was  transformed  by  the  optical  system 
into  another  train  of  spherical  waves  accurately  converging 
to  or  diverging  from  a corresponding  center  called  the  image- 
point;  and  so  that,  in  general,  a plane  object  at  right  angles 
to  the  axis  was  reproduced  pert  by  point  by  a similar  plane 
image.  As  a matter  of  fact,  these  ideal  conditions  are  never 
realized  in  any  actual  optical  system  except  in  the  case  of  a 
plane  mirror  or  combination  of  plane  mirrors.  Moreover, 
according  to  the  wr\ e-theory  of  light,  a mere  homocentric 
convergence  of  the  rays  is  not  sufficient  for  obtaining  a point- 
image  of  a point-source;  for  this  theory  lays  particular  stress 
on  the  further  essential  requirement  that  the  effective  por- 
tion of  the  wave-surface  which  contributes  to  the  produc- 
tion of  the  image  shall  be  relatively  large  in  comparison  with 
the  radius  of  the  surface,  if  the  light-effect  is  to  be  concen- 
trated as  nearly  as  possible  at  a single  point  and  not  spread 
over  some  considerable  area  in  the  vicinity  of  the  point.  This 
condition  implies,  therefore,  that  the  aperture  of  the  bundle 

508 


Young’s  Construction 


509 


! 


§ 176] 


of  effective  rays  must  not  be  below  a certain  finite  limit,  in 
other  words  we  are  compelled  by  a practical  necessity,  wholly 
aside  from  the  principles  at  the  basis  of  geometrical  optics,  to 
employ  more  or  less  wide-angle  bundles  of  rays.  Moreover, 
if  a wide-angle  bundle  of  rays  is  a requirement  of  a distinct, 
clear-cut  image,  it  is  also  equally  essential  for  a bright  image. 
Thus,  on  both  theoretical  and  practical  grounds,  it  is  found 
necessary  to  extend  the  limits  of  the  effective  rays  beyond 
the  paraxial  region. 

Instead,  therefore,  of  the  ideal  case  of  collinear  correspond- 
ence of  object-space  and  image-space,  the  theory  of  optical 
instruments  is  complicated  by  numerous  practical  and,  for 
the  most  part  irreconcilable  difficulties,  due  chiefly  to  the 
so-called  aberrations  or  failure  of  the  rays  to  arrive  at  the 
places  where  they  might  be  expected  according  to  the 
simple  theory  of  collineation  or  point-to-point  corre- 
spondence (punctual  imagery).  In  the  preceding  chapter 
brief  reference  was  made  to  the  chromatic  aberrations  arising 
from  the  differences  in  the  color  of  the  light;  but  now  we 
have  to  deal  with  the  monochromatic  aberrations  of  rays  of 

light  of  one  definite  wave-length  which  are  caused  by  the  pe- 

» 

culiarities  of  the  curved  surfaces  at  which  the  rays  are  re- 
flected and  refracted.  These  surfaces  are  nearly  always 
spherical  in  form,  and  hence  the  aberrations  of  this  latter 
kind  are  usually  called  spherical  aberrations . A complete 
treatment  of  this  intricate  subject  lies  wholly  outside  the 
scope  of  this  volume.  In  the  present  chapter  it  must  suffice 
to  point  out  the  general  nature  of  some  ct  the  more  important 
of  the  so-called  spherical  errors,  "First,  however,  we  must 
see  how  to  trace  the  path  of  a single  ray  through  a centered 
system  of  spherical  surfaces  before  we  are  in  a position  to 
study  a bundle  of  rays. 

176.  Construction  of  a Ray  Refracted  at  a Spherical 
Surface.^In  § 34  a method  was  explained  for  constructing 
the  path  of  a ray  refracted  from  one  medium  into  another, 
which  is  always  applicable  to  a refracting  surface  of  any  form. 
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The  following  elegant  and  useful  construction  of  the  path  of 


a ray  refracted  at  a spherical  surface  was  published  in  1807 
by  Thomas  Young  (1773-1829.) 


R 


z 


Fig.  226. — Construction  of  ray  refracted  at  convex  sphe^n.  ai  surface  (n'>n). 

In  the  accompanying  diagrams  (Figc.  226  to  229)  the 
center  of  the  spherical  refracting  sudaoa  ZZ  is  designated 
by  C.  The  point  R is  any  point  on  ti  e path  of  the  incident 
ray  lying  in  the  first  medium  of  refractive  index  n.  The  point 


T 


TX»>tv 

Ftg.  227. — Construction  of  ray  refracted  at  concave  spherical  surface  (n'>n). 


where  the  ray  meets  the  spherical  refracting  surface  is  marked 
B.  The  plane  of  the  paper  which  contains  the  incident  ray 
RB  and  the  incidence-normal  BC  is  the  plane  of  incidence. 
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The  index  of  refraction  of  the  second  medium  is  denoted  by 
n'  and  the  radius  of  the  spherical  refracting  surface  by  r. 
Around  C as  center  and  with  radii  equal  to  n'.r/n  and  n.r/n' 


describe,  in  the  plane  of  incidence,  the  circular  arcs  k and  k , 
respectively;  and  let  S designate  the  point  where  the  straight, 
line  RB,  produced  if  necessary,  meets  the  arc  k.  Draw  the 
straight  line  CS  intersecting  the  arc  k'  in  the  point  S'.  Then 


Fiq.  229.— Construction  of  rav  .-eft-acted  at  concave  spherical  surface  (»'  < »)  • 

the  straight  line  BT  diawn  from  B through  S'  will  represent 
the  path  of  the  refracted  ray.  In  making  this  construction, 
care  must  be  taken  to  select  for  the  point  S that  one  of  the 
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two  points  in  which  the  straight  line  RB  cuts  the  circle  k 
which  will  make  the  segments  BS  and  BS'  both  fall  on  the 
same  side  of  the  incidence-normal,  since  the  angles  of  in-  I 
cidence  and  refraction  are  described  always  in  the  same  I 

sense,  both  clockwise  or  both  counter-clockwise.  I 

The  proof  of  the  construction  is  simple.  Since  the  radius 
r = BC  is  a mean  proportional  between  the  radii  SC  = n'.r/n 
and  S'C  = n.rjn',  that  is,  since 

CS  : CB  = CB  :CSW  :n, 

the  triangles  CBS  and  CBS'  are  similar,  and  hence  ZCBS  = I 
Z BS'C.  In  the  triangle  CBS : ; 

sin Z CBS  :sinZBSC  = CS  :CB=n'  : n. 

By  the  law  of  refraction:  n.sina=n'.sina',  where  a=  I 
Z CBS.  Consequently,  Z BSC  = Z CBS'  = a',  so  that  the  I 
straight  line  BS'  is  the  path  of  the  refracted  ray.  I 

This  construction  can  be  employed  to  trace  the  path  of 
a ray  graphically  from  one  surface  to  the  next  through  a 
centered  system  of  spherical  refracting  surfaces.  [ 

177.  The  Aplanatic  Points  of  a Spherical  Refracting  Sur- 
face.— Incidentally,  in  connection  with  the  preceding  con-  I 
struction,  attention  is  directed  to  tne  singular  character  of  I 
all  pairs  of  points  such  as  S,  S'  determined  by  the  intersec- 
tions of  the  two  concentric  auxiliary  spherical  surfaces  with 
any  straight  line  drawn  from  their  common  center  C.  To 
every  incident  ray  directed  towards  the  point  S there  will 
correspond  a refracted  ray  which  will  pass  (“really”  or 
“virtually”)  through  the  other  point  S';  so  that  in  this 
special  case  we  obtain  a homocentric  bundle  of  refracted 
rays  from  a homocentric  bundle  of  incident  rays,  for  all 
values  of  the  aperture-angle  of  the  bundle.  Thus,  S'  is  a 
point -image  of  the  object-point  S.  The  distances  of  S and 
S'  from  the  center  C are  connected  by  the  invariant-relation: 

w'2.CS'  = n2.CS. 

That  pair  of  these  points  which  lies  on  the  optical  axis  is 
especially  distinguished  and  called  the  pair  of  aplanatic 


Spherical  Aberration 

'points  of  the  spherical  refracting  surface)  they  are  designated 
by  J,  J'  (Fig.  230).  Thus,  we  have: 

CJ  : AC  = AC  :CJ'=n'  :n, 

or 

CJ.CJ'  = r2,  n2.CJ  = n'2.CJ'. 

The  aplanatic  points,  therefore,  he  always  on  the  same  side 


— i 


PTv 


/ 


Fig.  230. — Aplanatic  points  of  spherical  refracting  surface. 


of  the  center  C so  that  whereas  the  rays  must  pass  “ready" 
through  one  of  them,  they  will  pass  “ virtually ” through 
the  other.  In  geometrical  language  the  points  J,  J ere  said 
to  be  harmonically  separated  (§  67)  by  the  extremities  of 
the  axial  diameter  of  the  refracting  sphere. 

178.  Spherical  Aberration  Along  the  Axis.  However,  in 
general,  a homocentric  bundle  of  rays  incident  on  a spheri- 
cal refracting  surface  will  not  be  homocentric  after  refrac- 
tion. The  diagram  (Fig.  231)  represents  the  case  of  a merid- 
ian section  of  a bundle  of  incident  rays  which  are  all  paiallel 
to  the  axis  of  a convex  spherical  refracting  surface  for  which 
n'>n.  It  will  be  seen  that,  vhereas  the  paraxial  rays  after 
refraction  meet  on  the  axis  at  the  second  focal  point  F , the 
outermost  or  edge  rays  c.-oss  the  axis  at  a point  L between 
the  vertex  A and  the  focal  point  F';  and  the  intermediate 
rays  cross  the  axis  at  points  lying  between  F'  and  L'.  The 
segment  F'L'  Is  the  measure  of  the  spherical  aberration  along 
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the  axis  or  the  axial  aberration  of  the  edge  ray  of  a direct 
cylindrical  bundle  of  incident  rays.  (By  a “ direct”  bundle 
of  rays  is  meant  a bundle  of  rays  emanating  from  a point  on 
the  axis.)  In  the  figure  this  segment  is  negative,  that  is,  meas- 
ured in  the  sense  opposite  to  that  of  the  incident  light;  and 


z 


Fig.  231. — Spherical  atx  ration. 

this  effect  is  usually  described  by  saying  that  a convex  spheri- 
cal refracting  surface  at  whic^  fight  is  refracted  from  air  to 
glass  is  spherically  under-em  ected;  whereas,  under  the  same 
circumstances,  a concave  spherical  refracting  surface  will  be 
found  to  be  spherically  over-corrected,  that  is,  the  segment 
F'L'  in  this  cas^  wJh  be  positive.  In  fact,  the  points  of  in- 
tersection of  pairs  of  consecutive  rays  lying  in  the  plane  of 
a meridian  session  of  a spherical  refracting  surface  form  a 
curved  fine  lying  symmetrically  above  and  below  the  axis, 
if  the  bundle  of  incident  rays  is  symmetric  with  respect  to 
the  axis;  and  this  plane  curve  is  the  so-called  caustic  curve 
of  the  meridian  rays.  The  two  branches  on  opposite  sides 
oi  the  axis  unite  in  a double  point  or  cusp  at  the  point  on 
the  axis  where  the  paraxial  rays  intersect,  so  that  the  axis 
is  tangent  to  both  branches  at  this  point,  which  in  the  figure 
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is  the  point  F'.  The  system  is  said  to  be  spherically  over- 
corrected or  under-corrected  according  as  the  cusp  is  turned 
towards  the  incident  light  (<)  or  away  from  it  (>),  respec- 
tively; on  the  supposition  that  the  incident  rays  are  parallel 
to  the  axis.  Each  refracted  ray  in  the  meridian  plane  touches 
the  caustic  curve,  and  hence  this  curve  is  said  to  be  the  geo- 
metrical envelope  of  the  meridian  section  of  the  bundle  of 
refracted  rays. 

If  the  entire  figure  is  revolved  around  the  optical  axis  the 
arc  ZZ  will  generate  a zone  of  the  spherical  refracting  sur- 
face containing  the  vertex  A;  and  each  incident  ray  pro- 
ceeding parallel  to  the  axis  will  generate  a cylindrical  sur- 
face, and  all  the  refracted  rays  corresponding  to  the  incident 
rays  which  lie  on  the  surface  of  one  of  these  cylinders  will 
intersect  in  one  point  lying  on  the  axis  between  F'  and  L'. 
The  revolution  of  the  caustic  curve  will  generate  a caustic 
surface , which  will  be  the  enveloping  surface  of  the  bundle  of 
refracted  rays  (see  § 187.) 

The  caustic  curve  terminates  at  the  point  H'  where  the 
edge  ray  intersects  the  next  consecutive  ray  in  the  meridian 
section.  If  a plane  screen  erected  at  right  angles  to  the 
so  as  to  catch  the  light  transmitted  by  the  bundle  of  re  traded 
rays  is  placed  initially  in  the  transversal  plane  that  passes 
through  the  extreme  point  H'  and  then  gradually  shifted 
parallel  to  the  axis  towards  the  second  focal  place,  there  will 
appear  on  the  screen  at  first  a circular  patch  of  light  sur- 
rounded on  its  outer  edge  by  a brighter  ring,  which  will  grad- 
ually contract  as  the  screen  approaches  L'.  Between  L' 
and  Fr  there  will  be  seen  at  the  center  of  the  circular  patch 
of  light  an  increasingly  bright  rpot.  For  a certain  position 
G'  where  the  distance  of  the  screen  from  F'  is  about  three- 
fourths  of  the  length  of  FT/  the  cross-section  of  the  bundle 
of  refracted  rays  will  have  its  narrowest  contraction.  This 
section  is  sometimes  called  the  least  circle  of  aberration. 

1179.  Spherical  Zones. — Since,  in  general,  it  is  not  possible 
to  abolish  the  spherical  aberration  of  a single  spherical  re- 
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fracting  surface,  the  only  means  available  is  to  try  to  ac- 
complish this  result  by  distributing  the  duty  of  refracting 

* 

the  rays  over  a series  of  surfaces  whose  curvatures  and  dis- 
tances apart  are  so  nicely  adjusted  with  respect  to  each  other 
that  when  the  rays  finally  emerge  they  will  all  unite  in  one 
focus  on  the  axis.  Thus,  for  example,  if  the  incident  rays 
are  supposed  to  be  parallel  to  the  axis  of  the  system,  and  if 
the  system  has  been  designed  so  as  to  be  spherically  corrected 


for  the  edge  ray  which  meets  the  first  surface  r.t  the  distance 
h from  the  axis,  it  is  conceivable  that  all  the  intermediate 
rays  of  incidence-heights  z (where  h>  z>  ft)  might  perchance 
emerge  from  the  system  along  paths  which  all  likewise  passed 
through  the  focal  point  F';  but  practically  this  never  hap- 
pens.  If  the  edge  ray  intersect:  the  axis  at  F',  an  intermedi- 
ate ray  of  incidence-height  z will  cross  the  axis  at  some  other 
point  L',  and  the  segment  Y.  'L'  is  called  the  spherical  aberra- 
tion of  the  zone  of  radium  z or  simply  the  spherical  zone  z.  The 
spherical  zones  of  Rns  may  be  exhibited  graphically  by 
plotting  a curve  whose  abscissae  are  the  values  of  F'L'  and 
whose  ordinates  are  the  corresponding  values  of  z,  as  repre- 
sented in  Fig.  232. 

180.  Trigonometrical  Calculation  of  a Ray  Refracted  at 

a Spherical  Surface. — The  diagram  (Fig.  233)  represents  a 
mei  inian  section  ZZ  of  a spherical  refracting  surface  of  radius 
r ( =AC)  separating  two  media  of  indices  of  refraction  n,  n'. 
A ray  RB  incident  on  the  surface  at  B at  an  angle  a = 
ZNBR=ZCBL  crosses  the  axis  at  L at  a slope-angle  6 = 
ZALB.  If  the  central  angle  is  denoted  by  <f>  = Z BCA, 
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and  if  the  abscissa  of  the  point  L with  respect  to  the  center  C 
is  denoted  by  c,  that  is,  if  c = CL,  then  in  the  triangle  CBL, 

we  have  the  relations: 

a=  0+(f>,  c.sin0  = — r.sina. 

The  path  of  the  corresponding  refracted  ray  is  shown  by  the 
straight  line  BT  which  crosses  the  axis  at  the  point  L ; and 


Fig.  233. — Diagram  for  trigonometrical  calculation  of  refracted  ray. 

if  we  put  a'  = ZN'BL',  0'  = ZAL'B  and  c'  = CL',  we  ob- 
tain a similar  pair  of  formulse  from  the  triangle  CBLr,  namely: 

a'=  0'  + 0,  c'.sin0'=  — r.sina'. 

Accordingly,  being  given  the  constants  denoted  by  n,  n and 
r,  and  the  parameters  (c,  0)  of  the  incident  ray,  we  can  find 
the  parameters  (cr,  O')  of  the  refracted  ray  by  m&Mis  of  the 
following  system  of  equations : 

c 

I sin  a = — - sin  0, 

• f 71  . /V  q | n 

sina  =— ,sina,  U = 0+  a — a, 

s’n  u' 
sin  O' 

|!  It  is  easy  to  see  that  if  we  have  given  two  incident  rays 
which  both  cross  the  nxZ’  at  the  same  point  L,  so  that  the 
I abscissa  c has  the  same  value  for  both  rays  while  the  slope- 
I angles  0 are  different,  different  values  of  c will,  in  general, 
be  obtained  for  1 he  absciss®  of  the  points  where  the  two  cor- 
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responding  refracted  rays  cross  the  axis.  This  is  the  analyti- 
cal statement  of  the  fact  of  spherical  aberration  (§  178). 

The  formulae  for  calculating  the  path  of  a ray  reflected  at 
a spherical  mirror  may  be  derived  immediately  by  putting 
ri  = —n  (§  75)  in  the  preceding  system  of  equations.  Thus 
we  find : 


c 

sina  = — sin  a'=  — a, 

r 


Incidentally,  a number  of  other  useful  relations  may  be 
obtained  from  Fig.  233.  For  example,  if  the  distances  of  the 
points  L and  L'  where  the  ray  crosses  the  axis  before  and 
after  refraction  measured  from  the  incidence-point  B are 
denoted  by  l and  l',  respectively,  that  is,  if  1= BL,  F = BL', 
where  l and  V are  to  be  reckoned  positive  or  negative  ac- 
cording as  these  lengths  are  measured  in  the  same  direction 
as  the  light  traverses  the  ray  or  in  the  opposite  direction, 
respectively;  then 

F.sin  0'  = Z.sin  6; 

and,  since  by  the  law  of  refraction, 

n'.c'. sin  6'  n (/, 

we  obtain  the  useful  invariant  relation: 

n'.c ' n.c 


V l * 


Moreover,  by  projecting  Cp  two  sides  c and  l of  the  triangle 
CBL  on  the  third  side  / , th  e following  formula  is  obtained : 

i = Z.cos  a— c.cos<£, 
which  may  be  written: 


Similarly  ip  the  triangle  CBL': 

c'_  r 


V cos  (f>  \ r V } 


Multiplying  the  first  of  these  equations  by  n and  the  second 
by  n'  and  equating  the  resulting  expressions,  we  find : 
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= D (say) ; 


which  may  also  be  written : 

n'  n n'.cosa'— n.cosa 

Y~1  r 

or  finally: 

L'  = L+D, 

where  L = n/Z,  L'  = n'll' . / 

If  the  ray  is  a paraxial  ray,  we  may  put  cos  a = cos  a =1 

(§  63) ; and  now  if  we  write  u,  u'  in  place  of  l,  V,  respectively , 
the  formula  above  will  reduce  to  the  abscissa-equation  for 
the  refraction  of  a paraxial  ray  at  a spheiical  suiface  (§  /8). 

Moreover,  if  in  the  last  formula  we  put  n'  = -n  (§  75),  we 
find  the  corresponding  relation  for  the  reflection  of  a ray  at 

a spherical  mirror,  namely: 

1 1 2cos  a 

i +v~~r~  ■ 

181.  Path  of  Ray  through  a Centered  System  of  Spher- 
ical Refracting  Surfaces.  Numerical  Calculation.— Using 
the  same  system  of  notation  as  in  § 118,  we  may  write  the 
formula  for  the  refraction  of  a paraxial  ray  at  the  kth  sui- 
face of  a centered  system  of  spherical  refracting  surfaces, 

as  follows: 

Uk'  = Uk+Fk, 

where  . 

uk = nk/uk,  Uk=nk+ i/wk'>  and  Fk = (nk + 1 - nk)  /rk  ; 

wk=AkMk,  V = AkMk+i,  rk=A.kCk. 

And  if  4 = AkAk+i,  then  also: 

l/Uk+i  = l/C'k-4/«-L--!-i- 

According  to  the  relations  giver  in  § 180,  we  have  the 
following  system  of  formula}  for  the  refraction  at  the  kth 
surface  of  a ray  whose  slope-angler  before  and  after  refraction 
have  the  finite  values  0k  = *1  AkLkBk  and  6k+i  — Z.  AkLk  +iBk, 
respectively: 


sinak 


= — — ,&:n  dk,  sin  ak'  — 


nk 


nk+i 


.sin  ak, 


0k-fi-  ak,— ak>  ck  — rk- 


sm  ak 
sin  dk + 
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where  ck  = CkLk  and  ck' = CkLk+i.  Moreover,  if  we  put 

ak  = CkCk-|-i  = dk+rk+i  — rk, 

then 

Ck  -f-l  = ck  ttk. 

In  order  to  exhibit  the  methods  of  calculations  by  means  of 
these  formulae,  a comparatively  simple  numerical  illustra- 
tion is  appended.  The  actual  example  here  chosen  is  one 
given  by  Dr.  Max  Lange  in  his  paper  entitled  “ Vereinfachte 
Fonneln  fiir  die  trigonometrische  Durchrechnung  optischer 
Systeme”  (Leipzig,  1909),  pages  24,  foil.  The  optical  sys- 
tem is  a two-lens  object-glass  of  a telescope  for  which  the 
data  were  published  by  Dr.  R.  Steinheil  in  the  Zeitschrift 
fiir  Instrumentenkunde,  xvii  (1897),  p.  389,  as  follows: 

Indices  of  refraction  (for  D-line) : 

Wi  = W3  = n5=l  (air);  n2  = 1.614  400  (flint);  n4=1.518  564 
(crown) . 

Thicknesses : 

di  = 2;  d2  = 0.01;  d3  = 5. 

Radii : 

ri=  +420;  7*2 = 4-181.995;  r3  = 4-178. ( 10;  r4  = — —40  133.8. 
The  incident  rays  are  parallel  to  vhe  axis,  so  that 

di  = 0,  Mi  = ci  — oo  (Lx  = 0). 

The  calculation  is  divided  into  two  parts,  namely:  (1)  the 
calculation  of  the  paraxial  ray,  and  (2)  the  trigonometric 
calculation  of  the  ed.g  - ray  which  meets  the  first  surface  of 
the  object-glass  at  che  height  h\=S3  above  the  axis.  When 
Ci  = go  , we  fine  si  l a-i  = hi/ri,  which,  according  to  the  above 
data,  gives  \%  sin  ai  = 8.8952646.  This  is  the  starting  point 
of  the  calculation  of  the  edge  ray. 

Each  \ertical  column  contains  the  calculation  for  one 
spherical  refracting  surface.  The  sign  written  after  a log- 
arithm indicates  the  sign  of  the  number  to  which  the  loga- 
rithm belongs.  Generally  the  calculations  do  not  have  to  be 
performed  to  the  degree  of  accuracy  to  which  they  are  carried 
here. 
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1.  PARAXIAL  RAY 


r-H 

II 

k=  2 

k=  3 

4 

lg(nk+i-wk) 

9.7884512+ 

9.7884512- 

9.7148024+ 

9.7148024- 

clg  rk 

7.3767507  + 

7.7399406  + 

7.7478511  + 

5.3964898- 

lg  Fk 

7.1652019  + 

7.5283918- 

7.4626535  + 

5.1112922+ 

Fk 

+0.00146286 

-0.00337592 

+0.00290171 

+0.00001292 

Uk 

0.00000000 

+0.00146552 

-0.00191036 

+0.00099459 

Uk' 

+0.00146286 

-0.00191040 

+0.00099135 

+0.00100751 

clg  Uk' 

2.8347981  + 

2.7188755- 

3.0037761  + 

2.9967506  + 

lg  C?k 

0.3010300  + 

8.0000000  + 

0.6989700  + 

clg  ftk+i 

9.7919889  + 

0.0000000  + 

9.8185669+ 

\g(dk/nk  +1) 

0.0930189  + 

8.0000000  + 

0.5175369  + 

— dk/Tlk  +1 

- 1.2389 

- 0.0100 

3.2926 

1 IUk' 

+683.5924 

- 523.4504 

+ 1008.7327 

Wk+i 

+682.3535 

- 523.4604 

+ 1005.4401 

lg  C/k+i 

7.1659906  + 

7.2811162- 

6.9976438  + 

lg  «4'  = clg  Ui'  = 2.9967506  + ; w4'  = A4F'  = +992.546 

clg  (,Ui'.Ui'.U3'.Ui')  = 1.5541994— 
lg  (Ut.U».U*)  = 1-4447506— 

lg /=2.9989500  + 

/=  +997.585 


2.  EDGE  RAY 


/;=  1 

k=  2 

k=  3 

II 

-s* 

— flk  - 1 

+236.0050 

+ 3.2750 

+40307.51 

Ck'-l 

+682.2850 

— 605.6727 

+ 1353.49 

Ck 

+918.2900 

- 582.3977 

+41661.00 

lg  Ck 

2.9629799-1 

2.8340376  - 

4.6197297  + 

lg  sin0k 

8.4765370  - 

8.8114112+ 

8.3325613- 

clg  rk 

7.7390105+ 

7.7478511  + 

5.3964898- 

lg  sinak 

8.8952646+ 

9.1704574+ 

9.3932999+ 

8.3487808- 

lg  nk/nk+i 

9.7919889  + 

0.2C80111  + 

9.8185669  + 

0.1814331  + 

lg  sinak' 

8.6872535+ 

9.3874685  + 

9.2118668+ 

8.5302139- 

lg  rk 

2.6232493-;- 

2.2600595  + 

2.2521489  + 

4.6035102- 

clg  sin0k+i 

1. 5234630  — 

1.1885888+ 

1.6674387- 

1.4803948- 

lg  ck' 

2.8339658+ 

2.8361168- 

3.1314544+ 

4.6141189  + 
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.4° 

o 

CO 

23.24" 

Ci  = 

+41126.23 

+ 

2° 

47' 

22.69" 

r4  = 

-40133.80 

— 

1° 

4^ 

CO 

0.55". 

A4L5  = 

+ 992.43 

— 

8° 

41' 

40.45" 

— Ui  = 

- 992.55 

— 

h- 1 

o 

o 

24' 

41.00" 

F'L5  = 

0.12 

+ 14° 

7' 

31.28" 

: + 

3° 

42' 

50.28" 

— 

14° 

19' 

13.26" 

— 

10° 

36' 

22.98" 

4* 

9° 

22' 

26.69" 

— 

1° 

h-1 

CO 

56.29" 

+ 

1° 

16' 

45.13" 

0 

+ 

0° 

2' 

48.84" 

— 

1° 

56' 

33.95" 

— 

1° 

CO 

45.11" 

Thus,  we  see  that  this  object-glass  has  chght  spherical 
aberration  of  —0.12,  that  is,  it  is  a b'ttle  under-corrected 
(§  178). 

182.  The  Sine-Condition  or  Condition  of  Aplanatism. — 

Suppose  that  for  a certain  obj  ^ct-point  M (Fig.  234)  on  the 
axis  of  a symmetrical  optical  instrument  the  spherical  aber- 
ration has  been  abolished  for  all  the  zones  of  the  system,  so 
that  rays  proceeding  fr  >m  this  point  will  all  be  accurately 
focused  at  the  conjugate  image-point  M'.  On  a straight 
line  perpendicular  co  the  axis  at  M take  a point  Q very  close 
to  M;  and  let  •/  = M'Q'  denote  the  size  of  the  image  of  the 
object  y = MQ  which  is  produced  by  the  central  zone,  that  is, 
by  the  par axial  rays.  Now  even  though  the  system  is  spher- 
ically ccn  acted  with  respect  to  the  pair  of  axial  points  M,  M', 
it  by  no  means  follows  that  rays  emanating  from  Q will  all 
meet  again  in  Q'.  In  order  that  this  shall  be  the  case,  the 
magnification-ratio  must  be  equal  to  y'[y  for  all  the  zones 
of  the  system.  Draw  the  object-ray  MBi  and  the  corre- 
sponding image-ray  B2M';  if  the  slopes  of  these  rays  are 
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denoted  by  0 and  0',  it  may  be  shown  that  for  the  zone 
corresponding  to  the  incidence-point  Bi  the  magnification- 
ii  ratio  is  equal  to  n. sin  0/n'. s'n  0';  and  if  this  is  equal  to  y'/y, 
then  the  image  formed  by  rays  belonging  to  this  zone  will 
be  of  the  same  size  as  the  image  yf  made  by  the  paraxial  rays. 


Fig.  234. — Sine-condition. 

Thus,  in  order  that  with  the  employment  of  wide-angle 
bundles  of  rays  a symmetrical  optical  instrument  may  pro- 
duce a sharp  image  of  a little  plane  element  perpendicular 
to  the  axis  of  the  instrument,  not  only  must  the  system  be 
spherically  corrected  for  the  pair  of  conjugate  axial  points 
M,  M',  but  it  must  also  satisfy  the  so-called  Sine-Condition , 
namely, 

n.sin  0 y' 

, • 7j7  = -=!/- 

n .sin  0 y 

This  celebrated  principle  was  clearly  formulated  by  Abbe 
in  1873,  but  it  had  already  been  recognized  bv  ceidel,  and 
it  may  be  deduced  from  a general  law  of  radiaoi,  energy  which 
was  first  given  by  Clausius  (1864).  The  proof  of  it  must  be 
omitted  here.  It  may  be  stated  in  words  as  follows:  The 
necessary  and  sufficient  condition  that  all  the  zones  of  a 
spherically  corrected  system  shall  produce  images  of  equal 
size  at  the  point  M'  conjugate  to  the  axial  point  M is  that, 
\ for  all  rays  proceeding  from  M,  the  ratio  of  the  sines  ot  the 
slope-angles  0,  0'  of  eanh  pair  of  corresponding  incident 
and  emergent  rays  shall  be  constant;  that  is, 


CM  ^ 


3 n' 


-=—.!/  = constant, 
sin  0 n 
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The  sine-condition 

n.y. sin  6 = n'.y'. sin  6' 

is  essentially  different  from  the  Smith-Helmholtz  law  for 
paraxial  rays  (see  §88  and  §118),  namely,  n.y. tan  6 = 
n'.y'. tan  6',  although  when  the  angles  6,  O’  are  small,  both 
conditions  may  be  expressed  by  the  equation  n.y.  6 = n'.y'.  6'. 

If  the  optical  system  is  spherically  corrected  for  the  pair 
of  axial  points  M,  M',  and  if  at  the  same  time  the  sine-condi- 
tion is  satisfied,  the  points  M,  M'  are  called  the  aplanatic 
pair  of  points  of  the  system.  It  may  be  demonstrated  that 
no  optical  system  can  have  more  than  one  pair  of  such  apla- 
natic points.  In  the  case  of  a single  spherical  refracting  sur- 
face the  two  points  J,  J'  (§  177)  whose  distances  from  the 
center  C are  such  that 

CJ.CJ'  = r2,  w2CJ  = n'2CJ', 

are  a pair  of  aplanatic  points  as  above  defined,  for  they  are 
free  from  spherical  aberration  and  if  they  are  joined  by 
straight  lines  BJ,  BJ'  with  any  point  B on  the  spherical  re- 
fracting surface,  and  if  we  put0  = ZCiB,  #'  = ZCJ'B,  we 
have  sin  0/sin  6'=n/n'  = constant.  Tnis  property  of  the 
points  J,  J'  of  a refracting  sphere  has  been  ingeniously  util- 
ized in  the  construction  of  \he  objective  of  the  compound 
microscope. 

If  in  Fig.  234  we  put  / -BiM,  then  sin  $=—h/l , where  h 
denotes  the  height  of  the  point  Bi  above  the  axis.  Hence, 
the  sine-condition  may  be  written: 

h _n' 

7 • /}/  * V) 

L. sin  6 n 


or  since  (§  3 21) 

/ n f 

x n x 

where  /,  /'  denote  the  focal  lengths  of  the  system  and  x de- 
notes the  abscissa  of  M with  respect  to  the  primary  focal 
point  F (x  = FM),  we  obtain  also: 

h _ l.f 

sin  6'  x ■ 


§183] 


Caustic  Surfaces 


525 


IS) 

' 


a 


Suppose  now  that  the  object-point  M is  infinitely  distant  so 
that  x = l=  oo  ; then  for  a ray  parallel  to  the  axis  meeting  the 
first  surface  at  the  height  h,  we  shall  have: 

• qT  j * 
sin  6 

Thus,  if  the  aplanatic  points  are  the  infinitely  distant  point 
of  the  axis  and  the  second  focal  point  F',  and  if  around  F'  as 
center  we  describe  a sphere  of  radius  equal  to  /',  the  parallel 
object-rays  will  meet  their  corresponding  image-rays  on  the 
surface  of  this  sphere ; whereas  in  the  case  of  collinear  imagery 
with  paraxial  rays  the  points  of  intersection  of  the  incident 
and  emergent  rays  under  the  same  circumstances  will  all  lie 
in  the  secondary  principal  plane  (§  119),  which  touches  the 
sphere  above  mentioned  at  the  point  where  the  axis  crosses  it. 

If  therefore  we  put  h/ sin  df  = e,  the  sine-condition  for  an 
infinitely  distant  object  is  e+/= 0.  For  example,  in  the 
case  of  the  telescope  objective  calculated  in  § 181: 

lg  hi  = 1.5185139  + 
clg  sin  db=  1.4803948- 

lg  e =2.9989087-  e = -997.490 

/=  +997.585 

e+/=  + 0.095 

Accordingly,  the  sine-condition  is  very  nearly  satisfied  in  the 
case  of  this  object-glass. 

183.  Caustic  Surfaces. — The  characteristic  geometrical 
property  of  a bundle  of  light-rays  emanating  originally  from 
a point-source  is  expressed  in  a law  announced  by  Malus  in 
1808  (§  39),  which  may  be  stated  in  terms  of  the  undulatory 
theory  of  light  as  follows : The  rays  of  light  are  always  normal 
to  the  wave-surfaces.  In  fact,  what  is  meant  by  a wave-sur- 
face is  any  surface  which  cuts  the  rays  orthogonally.  In 
general,  the  curvatures  o+  the  normal  sections  at  any  point  of 
a curved  surface  will  vary  from  one  azimuth  to  another;  but, 
according  to  EuLEa,<2  theorem  (§  111),  the  normal  sections  of 
greatest  and  leas  t curvature,  called  the  principal  sections  of 
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the  surface  at  the  point  in  question,  are  always  at  right 
angles  to  each  other.  It  is  well  known  that  the  normal  drawn 
to  any  point  of  a curved  surface  will  not  meet  the  normal  at 
a consecutive  point  taken  arbitrarily.  But  if  the  consecutive 
point  is  taken  in  the  direction  of  either  of  the  principal  sec- 
tions, the  two  consecutive  normals  will  intersect.  Thus, 
along  each  normal  to  a curved  surface  there  are  two  points 
called  the  principal  centers  of  curvature  (§  111),  where  con- 
secutive normals  lying  in  the  two  principal  sections  intersect. 
, Accordingly,  if  we  regard  a bundle  of  rays  of  light  as  a sys- 
tem of  normals  to  the  wave-surface,  we  may  say  that  each 
ray  determines  two  principal  sections  of  the  bundle,  and  that, 
in  general,  there  will  be  two  points  on  the  ray,  the  so-called 
image-points  ( cf . § 113),  where  contiguous  rays  in  each  of  the 
two  principal  sections  intersect  the  ray  in  question.  The  as- 
semblage of  these  pairs  of  image-points  on  all  rays  of  a 
wide-angle  bundle  of  rays  emanating  originally  from  a 
point-source  form  a surface  of  two  sheets  called  the  caustic 
surface  (cf.  § 42).  Each  ray  of  the  bundle  is  tangent  to  both 
sheets  of  the  caustic  surface.  In  the  special  case  when  the 
bundle  of  rays  is  symmetrical  aoncc  an  axis,  one  sheet  of 
the  caustic  surface  will  be  a surface  of  revolution,  whereas 
the  other  sheet  will  be  a port  ion  of  the  axis  of  symmetry  (see 
§ 178). 

184.  Meridian  and  Sagittal  Sections  of  a Narrow  Bundle 
of  Rays  before  ann  a^er  Refraction  at  a Spherical  Surface 

— The  apertures  of  the  bundles  of  effective  rays  which  are 
transmitted  tnroagh  a symmetrical  optical  instrument  are 
all  limited  by  the  position  and  dimensions  of  the  aperture- 
stop  (§  J34y.  For  the  present  it  will  be  assumed  that  the 
diamelei  of  the  stop  is  very  small.  Each  point  of  the  object 
lying  hi  the  field  of  view  is  the  source  of  a narrow  bundle  of 
rays  which  contains  one  ray,  called  the  chief  ray  (§  140), 
wnich  in  traversing  the  medium  where  the  stop  is  placed, 
passes  through  the  center  of  the  stop.  Accordingly,  the  chief 
ray  will  lie  in  the  meridian  plane  determined  by  the  object- 


527 


i 

’ 


- 


§ 184]  Astigmatism  of  Oblique  Bundle 

point  where  the  bundle  of  rays  originates.  The  path  of  this 
chief  ray  may  be  traced  geometrically  by  Young’s  construc- 
tion (§  176)  or  it  may  be  calculated  trigonometrically  by 
means  of  the  system  of  formulae  given  in  § 181.  We  have 
now  to  investigate  the  positions  on  this  chief  ray  of  the  two 
image-points  produced  by  the  intersections  of  this  ray  with 
the  rays  immediately  adjacent  to  it  lying  in  the  two  prin- 
cipal sections  of  the  bundle  as  determined  by  its  chief  ray 
(§  183).  Whenever  a narrow  bundle  of  rays  has  two  such 
image-points,  it  is  said  to  be  astigmatic,  Practically,  this  is 
always  the  case  if  the  chief  ray  is  incident  on  a refracting 
surface  at  an  angle  a which  is  not  vanishingly  small.  Under 
such  conditions  the  bundle  of  refracted  rays  will  be  astig- 
matic, and  we  have  the  case  which  some  writers  call  astig- 
matism by  incidence”  but  which  is  better  described  as  the 
astigmatism  of  an  oblique  bundle  of  rays,  as  distinguished  from 


the  astigmatism  produced  by  direct  (normal)  incidence  on 
an  astigmatic  refracting  surface  or  surface  of  double  curva- 
ture (Chapter  IX) . 

In  the  diagrams  (Figs.  235,  236),  which  show  the  meridian 
section  ZZ  of  a spherical  refracting  surface  whose  center  is  at 
C and  vertex  at  A (Fig.  235),  the  point  designated  by  P (or  Q) 
represents  ar  object-point  which  is  the  source  of  a narrow 
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homocentric  bundle  of  rays  whose  chief  ray  PB  (or  QB)  is 
incident  on  the  surface  at  the  point  B at  the  angle  of  inci- 
dence a.  This  ray  crosses  the  axis  at  the  point  marked  L 
in  Fig.  235  and  the  corresponding  refracted  ray  crosses  the 


Fig.  236. — Sagittal  section  of  narrow  bundle  of  rays  refracted  at  spherical 

surface. 


axis  at  L'.  One  of  the  principal  sections  of  the  bundle  of  in- 
cident rays  will  be  the  meridian  section  (§§  112,  113)  made  by 
the  plane  containing  the  optical  oxis  and  the  vertex  P (or  Q) 
of  the  bundle,  that  is  the  plane  of  the  paper;  whereas  the 
other  principal  section,  called  the  sagittal  section  (Fig.  236), 
is  made  by  a plane  which  intersects  the  meridian  plane 
at  right  angles  along  the  <*liief  ray  of  the  bundle.  The  point 
G (Fig.  235)  is  a point  on  the  spherical  refracting  surface  in 
the  meridian  section,  taken  exceedingly  close  to  the  point  B. 
Likewise,  the  pohit  D (Fig.  236)  lies  on  the  spherical  refract- 
ing surface  very  near  to  B;  but  it  is  contained  in  the  sagittal 
4 section  ?vA  is  represented  in  the  diagram  as  lying  slightly 
above  tue  plane  of  the  paper.  The  ray  PG  (Fig.  235)  after 
refraction  meets  the  chief  refracted  ray  at  the  image-point 
P'  of  the  narrow  pencil  of  refracted  meridian  rays.  Similarly, 
tne  ray  QD  (Fig.  236)  after  refraction  will  meet  the  chief 
refracted  ray  at  the  image-point  Q'  where  the  straight  line 
QC  intersects  this  ray,  as  will  be  immediately  obvious  by 
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| supposing  that  the  triangle  QBQ'  is  revolved  around  the 
central  line  QQ'  as  axis  through  a small  angle  out  from  the 
3 plane  of  the  paper.  Thus,  whereas  the  meridian  section  of 
* the  bundle  of  refracted  rays  is  contained  in  the  same  plane  as 
the  meridian  section  of  the  bundle  of  incident  rays,  the  sagit- 
tal sections  are  in  two  different  planes  BDQ  and  BDQ'  (Fig. 
236)  which  intersect  each  other  in  a straight  line  perpendic- 
ular to  the  meridian  plane  at  the  point  B,  that  is,  in  the  line 
BD,  which,  since  the  point  D is  infinitely  near  to  B,  may  be 
regarded  as  a straight  line. 

185.  Formula  for  Locating  the  Position  of  the  Image- 
Point  Q'  of  a Pencil  of  Sagittal  Rays  Refracted  at  a Spher- 
ical Surface. — As  was  explained  (§  184),  the  image-point  Q' 
(Fig.  236)  in  the  sagittal  section  corresponding  to  the  object- 
point  Q is  at  the  point  of  intersection  of  the  straight  line  QC 
with  the  chief  ray  of  the  bundle  of  refracted  rays.  This  con- 
struction suggests  at  once  a method  of  obtaining  an  analyt- 
ical relation  connecting  the  points  Q and  Q';  for  if  the  straight 
line  QQ'  is  regarded  for  the  time  being  as  the  axis  of  the  spher- 
ical refracting  surface,  and  if  we  put  q = BQ,  q'  = BQ'  (where 
the  distances  denoted  by  q,  q’  are  to  be  reckoned  positive  or 
negative  according  as  they  are  measured  from  the  incidence- 
point  B in  the  same  direction  as  the  light  takes  .dong  the 
chief  ray  or  in  the  opposite  direction,  respectively),  we  have 
merely  to  write  q>  q'  in  place  of  the  symbols  /,  l i n he  formula 
derived  in  § 180  in  order  to  obtain  the  desi.ed  relation, 
namely, 

n'  n ^ 

9 9 

where  the  function  denoted  he*  ? by  D is  a constant  for  a 
given  chief  ray  and  is  defined  by  the  following  expression: 


D = 


n 


'.cos  a'  — n.cos  a _ n.sin(  a — a') 


r.sin  a 


| Thus  having  ascertained  the  path  of  the  chief  ray,  and  know- 


b ing  the  position  ot  the  object-point  Q,  that  is,  being  given 
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the  value  of  q,  we  may  calculate  the  value  of  q'  by  means  of 
the  above  formula  and  thus  locate  the  position  of  the  image- 
point  Q'  of  the  sagittal  section  of  the  bundle  of  refracted  rays. 

186.  Position  of  the  Image-Point  P'  of  a Pencil  of  Me- 
ridian Rays  Refracted  at  a Spherical  Surface. — The  angles 
of  incidence  and  refraction  of  the  chief  ray  are  denoted  by 
a,  a',  respectively.  Moreover,  let  6,  6 ' (Fig.  235)  de- 
note the  angles  which  the  chief  ray  makes  with  the  axis  of 
the  spherical  refracting  surface  before  and  after  refraction, 
respectively;  and  also  let  the  central  angle  BCA  be  denoted 
by  4>.  Then  for  a contiguous  ray  in  the  meridian  section 
which  is  incident  at  the  point  G very  close  to  the  point  B, 
these  angles  may  be  denoted  by  a+da,  a'+da';  6+dd, 
d'+dd and  4>+d<f>,  where  da,  da',  etc.,  denote  the 
little  increments  in  the  magnitudes  of  the  angles  a,  a',  etc., 
in  passing  from  the  chief  ray  to  an  adjacent  ray  in  the  merid- 
ian section.  Now  since  for  the  rays  PB  and  PG  these  angles 
are  connected  by  the  formulae  (§  180) ; 

a=  6+<f>,  a+da=  0+d  0-t  if>+d(f), 
we  obtain  by  subtraction: 

da  = d d+d/fr. 

Around  P as  center  and  with  radius  equal  to  PB  describe  the 
small  arc  BU  which  subtends  ZBPG  =dd;  so  that  we  may 
write : 


arcBU 


1 


where  p = BP  denotes  the  distance  of  the  object-point  P from 
the  incidence-point  B,  being  reckoned  positive  or  negative 
exactly  in  S.e  same  way  as  q in  § 185.  Now  the  sides  of  the 
little  curvilinear  triangle  BGU  may  be  considered  as  straight 
to  the  degree  of  approximation  with  which  we  are  concerned 
at  present,  and  since  the  sides  of  the  angle  GBU  are  per- 
pendicular to  the  sides  of  the  angle  of  incidence  a,  so  that 
ZGBU  = a,  we  obtain: 


arc  BU  = arc  GB.cosa. 
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Combining  this  relation  with  the  one  above,  we  have  there- 
fore: 

arc  GB.cosa 


d6  = - 


Moreover,  since  ZGOB  = d</>, 


V 


d(j)  = 


arc  GB 


r 


and,  therefore,  by  adding  this  equation  to  the  last  and  taking 
account  of  the  relation  above,  we  find : 


_ ,1  cos  a 

da= ( 

r 


. arc  GB. 


(1) 


V 


(2) 


Similarly,  for  the  corresponding  refracted  rays  BP'  and 
GP'  which  intersect  at  the  image-point  P , for  which  BP  — 
p',  we  can  derive  the  analogous  relation: 

da  = ( — ) • arc  GB. 

\r  V / 

Now  according  to  the  law  of  refraction, 

w.sin  a = n'.sin  a',  n.sin(a+da)=n'.sin(a'+da'), 
and  if  in  the  expansions  of  sin(a+da)  and  sin(a'+da') 
we  write  da  and  da'  in  place  of  sinda  and  sinda'  and  put 
cos d a = cos d a'  = 1,  as  is  permissible  on  account  of  the  small- 
ness of  these  angles,  we  may  derive  the  following  relation 

between  d a and  da':  ^ 

n.cosa.da  = n'.cosa'.da'.  (3) 

Hence,  multiplying  equation  (1)  by  n. cos  a cu<t  equation  (2) 
by  n'.cos  a',  and  equating  the  two  expressions  thus  obtained, 
according  to  equation  (3),  we  find,  after  removing  the  com- 
mon factor,  arc  GB,  the  following  formula  connecting  the 

ray-intercepts  p and  p': 

, /cos  a'  1\  / cos  a _ . 

a J“-n*C0SaV  p r)  ’ 


n . cos 


which  may  also  be  written  thus: 


n'.^csr  a ft.  cos^a 


V'  V 

where  the  symbol  L)  has  the  same  me< 
If  we  introduce  Abbe’s  differential 
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operator  A placed  in  front  of  a symbol  to  denote  the  differ- 
ence in  the  value  of  the  magnitude  denoted  by  the  symbol 
before  and  after  refraction,  that  is,  for  example,  if  A z = z'  — z; 
then  we  may  write  the  two  formulae  for  p and  q in  the 


following  abbreviated  form: 


q p 


The  position  of  the  image-point  P'  of  the  meridian  section 
of  a narrow  bundle  of  rays  refracted  at  a spherical  surface 
may  also  be  quickly  ascertained  by  a simple  geometrical 


R 


z 


Fig.  237. — Construction  of  center  of  respective  (K)  with  respect  to  a given 


ray  refracted  at  a spherical  surface. 


construction  which  depot,  d,  on  finding  a point  K called  the 
center  of  perspective,  which  bears  precisely  the  same  relation 
to  the  pair  of  pom  ,s  P,  P'  as  the  center  C of  the  spherical 
surface  bears  to  the  pair  of  points  Q,  Q'  (§  184);  that  is,  just 
as  the  straight  line  QQ'  must  pass  through  C,  so  also  the 
straight  line  PP'  must  pass  through  K.  The  existence  of 
this  point  K was  first  recognized  by  Thomas  Young  (1801). 
In  the  rhagram  (Fig.  237)  the  chief  incident  ray  is  represented 
by  the  straight  line  RB  and  the  chief  refracted  ray,  con- 
ducted by  the  method  given  in  § 175,  is  represented  by  the 
straight  line  BT.  From  the  center  C draw  CY  and  CY' 
perpendicular  to  RB  and  BT  at  Y and  Y',  respectively.  The 
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point  K will  be  found  to  lie  at  the  point  of  intersection  of  the 
straight  lines  YY'  and  SS';  and  hence  if  P designates  the 
position  of  an  object-point  lying  anywhere  on  the  chief  in- 
cident ray,  the  corresponding  image-point  P'  in  the  meridian 
section  will  lie  at  the  point  where  the  straight  line  PK  meets 
the  chief  refracted  ray.  This  beautiful  construction  is  ex- 
ceedingly useful  in  graphical  methods  of  investigating  the 
imagery  in  the  meridian  section  along  a particular  ray.  The 
proof  of  the  construction  is  not  at  all  difficult,  but  it  cannot 
be  conveniently  given  here. 

187.  Measure  of  the  Astigmatism  of  a Narrow  Bundle  of 
Rays.— We  have  seen  that,  in  general,  a narrow  homocentric 
bundle  of  rays  falling  obliquely  on  a spherical  refracting 
surface  is  transformed  into  an  astigmatic  bundle  of  refracted 
rays,  so  that  corresponding  to  a given  object-point  P (or  Q) 
there  will  be  two  so-called  image-points  P'  and  Q'  lying  on 
the  refracted  chief  ray  at  the  points  of  intersection  of  the 
rays  of  the  meridian  and  sagittal  sections,  respectively.  The 
interval  between  these  image-points,  that  is,  the  segment 
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Q'  — Q = P'.  cos2  a' — P.  cos2  a = D; 
where,  on  the  assumption  that  the  me  er  is  taken  as  the  unit 
of  length,  the  magnitudes  denoted  by  the  capital  letters  wi 

I all  be  expressed  in  terms  of  the  dioptry.  The  astigmatism 
of  the  bundle  of  refracted  vays  is  measured  by  {P  Q )• 
the  bundle  of  incident  rays  is  homocentric  (Q  = P),  the  as- 
tigmatism of  the  bundle  of  refracted  rays  will  be: 


p-Q'  = P’.  sin2  a'  — P.sin2  a. 


Accordingly,  we  see  that  the  astigmatism  of  a bundle  of 
rays  refracted  at  a spherical  surface  will  vanish  provided 
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Q — P and  P'.sin2a'  — P.sin2a  = 0;  which  may  happen  in 
two  ways,  as  follows: 

(1)  If  a'  = a = 0,  that  is,  if  the  chief  ray  of  the  narrow 
bundle  meets  the  refracting  surface  normally,  as,  for  ex- 
ample, when  it  is  directed  along  the  axis,  then  no  matter 
where  the  object-point  may  lie,  the  two  image-points  will 
coincide.  In  fact,  in  case  of  the  axial  ray  we  may  put  Q = 
P=U,  Q'  = P'  = U',  D = F,  so  that  the  formulae  for  the  me- 
ridian and  sagittal  sections  both  reduce  in  this  case  to  the 
fundamental  equation  for  the  refraction  of  paraxial  rays  at 
a spherical  surface,  namely,  U'  =U +F. 

(2)  But  for  any  value  of  a,  we  shall  have  P'  — Q'  = 0, 
that  is,  P'.sin2  a' = P.sin2  a,  provided  P'/n'2  = P/n2  or 
n'.p'  = n.p.  In  this  case  the  points  designated  by  P,  P' 
(or  Q,  Q')  are  identical  with  the  points  S,  S'  in  Figs.  226  to 
229.  If  the  vertex  of  the  homocentric  bundle  of  incident  rays 
lies  at  any  point  S on  the  surface  of  the  suheie  described 
around  C as  center  with  radius  equal  to  n'.r/n,  the  bundle 
of  refracted  rays  will  likewise  be  homocentric  with  its  ver- 
tex at  the  corresponding  point  S'  on  ino  surface  of  the  con- 
centric sphere  of  radius  n.r/w'  (see  § 177). 

188.  Image-Lines  (or  Focaj  Lines)  of  a Narrow  Astig- 
matic Bundle  of  Rays. — In  all  the  preceding  discussion  of 
the  properties  of  an  astigmatic  bundle  of  rays,  it  cannot  have 
escaped  notice  that  only  poch  rays  have  been  considered  as 
are  contained  in  the  ewe  principal  sections  of  the  bundle.  If 
there  were  no  o+hsr  rays  to  be  taken  into  account  besides 
these,  we  might  say  that  to  each  point  of  the  object  P (or  Q) 
there  correstmr.ded  two  image-points  P'  and  Q'.  But  this  is 
by  no  meai.s  a complete  or  even  approximately  complete 
statement  of  the  image-phenomenon  in  this  case;  for,  indeed, 
the  rayc  which  lie  in  neither  of  the  two  principal  sections  do, 
as  a matter  of  fact,  constitute  by  far  the  greater  portion  of 
ti  e total  number  of  rays  of  the  bundle.  According  to  the 
theorem  of  Sturm  (1803-1855),  the  constitution  of  a narrow 
bundle  of  rays  is  exhibited  in  the  accompanying  diagram 
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(Fig.  238)  called  Sturm’s  conoid  (§  113).  All  the  rays  of  the 
bundle  pass  through  two  very  short  focal  lines  or  image-lines 
XX  and  YY  which  are  both  perpendicular  to  the  chief  ray. 
The  image-line  XX  which  goes  through  the  point  of  intersec- 
tion P'  of  the  meridian  rays  lies  in  the  plane  of  the  sagittal 
section;  and,  similarly,  the  image-line  YY  which  goes  through 


the  point  of  intersection  Q'  of  the  sagittal  rays  lies  in  the 


Fig.  238. — Sturm’s  conoid. 


plane  of  the  meridian  section.  Strictly  speaking,  this  theo- 
rem can  be  regarded  as  representing  the  actual  facts  onl^y  on 
the  assumption  that  the  bundle  of  rays  is  infinitely  thin , and 
on  this  assumption  the  entire  bundle  may  be  conceived  as 
generated  by  a slight  rotation  either  of  the  meridian  seowon 
around  the  image-line  YY  as  axis,  whereby  the  point  ? will 
trace  the  image-line  XX,  or  of  the  sagittal  section  around 
the  image-line  XX  as  axis,  whereby  the  point  Q'  will  trace 
the  image-line  YY.  Thus,  according  to  Sturm’ s theorem, 
with  an  object-point  P (or  Q)  lying  on  the  chief  ray  of  an 
infinitely  narrow  bundle  of  incident  rays  tuere  are  associated 
two  exceedingly  tiny  image-lines  ly  mg  in  the  principal  sec- 
tions of  the  bundle  of  refracted  revs  at  right  angles  to  the 
chief  ray.  Not  only  as  to  the  mentation  of  the  image-lines 
of  Sturm,  but  as  to  their  practical,  nay,  even  as  to  their 

1 mathematical  existence,  rhere  has  been  much  controversy, 
but  we  cannot  enter  mto  this  discussion  here.  In  spite  of 
its  limitations  and  admittedly  imperfect  representation, 
Sturm’s  conoid  remains  a very  useful  preliminary  mode  of 
conception  of  the  character  of  a narrow  astigmatic  bundle 
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of  rays.  The  only  proper  way  of  arriving  at  a more  accurate 
knowledge  of  the  constitution  of  a bundle  of  light-rays  is  by 
the  aid  of  the  powerful  methods  of  the  infinitesimal  geom- 
etry. Mathematical  investigations  of  this  kind  have  been 
pursued  with  great  skill  by  Gullstrand  whose  writings  con- 
tained in  a series  of  published  papers  and  treatises  dating 
from  about  1890  have  extended  the  domain  of  theoretical 
optics  far  beyond  the  narrow  limits  imposed  upon  it  by 
Gauss  and  the  earlier  writers  on  this  subject. 

189.  The  Astigmatic  Image-Surfaces. — Thus,  the  effect 
of  astigmatism  is  that  the  rays  of  a narrow  oblique  bundle, 
instead  of  being  brought  to  a focus  at  a single  point,  pass 
through  two  small  focal  lines  at  right  angles  to  the  path  of 


the  chief  ray  in  +he  image-space.  If  the  chief  rays  proceeding 
from  the  various  object-points  lying  in  a meridian  plane  of  a 
symmetrical  optical  instrument  are  constructed,  and  if  along 
each  of  these  rays  the  positions  of  the  image-points  P',  Q'  of 
the  pencils  of  meridian  and  sagittal  rays  are  determined,  the 
loci  c+  these  points  will  be  two  curved  lines,  both  symmetri- 
cal with  respect  to  the  axis,  which  touch  each  other  at  their 
c ommon  vertex  on  the  axis.  In  the  diagram  (Fig.  239)  the 
object  is  supposed  to  be  infinitely  distant,  as,  for  example, 
in  the  case  of  a landscape  photographic  lens.  The  contin- 
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uous  curved  line  represents  the  locus  of  the  points  of  inter- 
section of  the  sagittal  rays,  whereas  the  dotted  curve  repre- 
sents the  locus  of  the  points  of  intersection  of  the  meridian 
rays.  These  curved  lines  are  the  traces  in  the  meridian  plane 
of  the  two  astigmatic  image  surfaces  which  are  generated  by 
revolving  the  figure  around  the  axis  of  symmetry.  The  two 
image-surfaces  which  correspond  to  a definite  transversal 
plane  in  the  object-space,  and  which  are  the  loci  of  the  most 
sharply  defined  images  of  object-points  lying  in  this  plane,  are 
not  to  be  confused  with  the  two  sheets  of  the  caustic  surface 
of  a wide-angle  bundle  of  rays  emanating  from  a single  point 
of  an  object  (§  183).  The  focal  lines  of  the  narrow  pencils  of 
meridian  rays  lie  on  one  of  these  surfaces  and  the  focal  lines 
of  the  narrow  pencils  of  sagittal  rays  lie  on  the  other  surface. 
The  positions  and  forms  of  the  image-surfaces  will  depend 
essentially  on  the  place  of  the  stop;  for  it  is  evident  that  if 
the  stop  is  shifted  to  a different  place,  the  chief  ray  of  each 
bundle  (§§  140,  184)  will  be  a different  ray,  and  the  points 
P'  and  Q'  will  all  occupy  entirely  different  positions.  If  a 
curved  screen  could  be  exactly  adjusted  to  fit  one  of  the 
image-surfaces,  a fairly  sharp  image  of  the  object  might-  be 
focused  on  it,  but  not  only  would  the  image  be  curved  in- 
stead of  flat,  but  there  would  also  be  a certain  astigmatic 
deformation  due  to  the  fact  that  each  point  of  tne  object 
would  be  reproduced  not  by  a point  but  by  a he  tie  focal  line, 
as  has  been  explained.  Between  the  two  miage-points  P'  and 
Q'  on  each  chief  ray  there  lies  a certain  e pproximately  circu- 
lar cross-section  of  the  narrow  astigmatic  bundle  known 
(§  113)  as  the  “circle  of  least  confusion,”  and  the  locus  of 
the  centers  of  these  circles  will  he  on  a third  surface  interme- 
diate between  the  other  two,  which  is  sometimes  taken  as  a 
kind  of  average  or  compromise  image-surface. 

There  can  be  no  doubt  that  astigmatism  of  oblique  bundles 
is  responsible  for  serious  defects  in  the  image  produced  by 
an  optical  instrument,  and  much  pains  has  been  bestowed  on 
trying  to  remedy  this  fault  as  far  as  possible.  Fortunately, 
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the  possibility  of  abolishing  astigmatism  of  this  kind,  that 
is,  of  making  the  two  image-surfaces  coincide  in  a single 
surface,  is  afforded  by  the  fact  that  the  astigmatic  difference 
(§  187)  is  opposite  in  sign  according  as  the  refracting  surface 
is  convergent  or  divergent.  For  example,  Fig.  240  shows 

graphically  the  opposite 
effects  of  a convergent 
and  a divergent  spheri- 
cal refracting  surface 
under  otherwise  equal 
conditions.  The  two 
curves  on  the  left-hand 
side  relate  to  the  con- 
vergent system,  and  the 
two  curves  on  the  right- 
hand  side  relate  to  the 
divergent  system ; and 
we  see  mat  not  only  are 
the  curvatures  opposite  in  the  two  cases,  but  the  relative 
positions  of  the  curves  are  different,  it  will  not  be  difficult 
to  understand  that  it  may  be  possiLlt  by  suitable  choice  of 
the  radii  of  the  refracting  surfaces  and  of  their  distances 
apart  and  also  of  the  position  of  the  stop,  to  design  a system 
which  will  be  free  from  astigmatism  at  any  rate  for  a certain 
zone  of  the  lens;  so  that,  although  we  may  not  be  able  to 


Fig.  240. — Astigmatism  of  convergent 
spherical  refracting  surface  (plotted 
on  the  left)  and  astigmatism  of  diverg- 
ent spherical  refracting  surface  (plotted 
on  the  right). 


make  the  two  astigmatic  image-curves  coincide  absolutely 
throughout  their  enure  extent,  we  may  contrive  so  that  the 
two  curves  are  nowhere  very  far  apart,  while  at  one  point, 
correspondmg  to  the  corrected  zone,  they  actually  intersect 
each  other. 

190.  Curvature  of  the  Image  — Now  let  us  suppose  that 
the  astigmatism  of  oblique  bundles  has  been  completely 
abolished  for  a certain  angular  extent  of  the  field  of  view,  so 
tnai  at  last  there  is  strict  point-to-point  correspondence  by 
means  of  narrow  bundles  of  rays  between  object  and  image. 
The  two  image-surfaces  have  thus  been  merged  into  one,  and 


Curvature  of  Image 


539 


§190] 


over  this  surface,  within  the  assigned  limits,  the  definition 
of  the  image  is  clear-cut  and  distinct.  There  still  remains, 
however,  another  trouble  due  to  the  fact  that  the  image  is 
curved  and  not  flat;  consequently,  if  the  image  is  received 
on  a plane  focusing  screen,  only  those  parts  of  the  stigmatic 
image  which  lie  in  the  plane  of  the  screen  will  be  in  focus 
(Fig.  241),  whereas  the  rest  of  the  image  on  the  screen  will 
be  blurred. 

Now  this  error  of  the  curvature  of  the  image  cannot  be 
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overcome  by  employing  methods  similar  to  those  above  de- 
scribed for  the  abolition  of  astigmatism.  For  txie  correction 
of  the  latter  error  the  particular  kinds  of  glass  of  which  the 
lenses  were  made  were  not  essential;  vhereas  with  unsuitable 
kinds  of  glass  there  is  no  choice  of  the  radii,  thicknesses,  etc., 
which  will  yield  an  image  which  is  at  the  same  time  stig- 
matic and  flat.  This  fact  wac  well  known  to  Petzval  (1807- 
1891).  Petzval’s  formula  (published  in  1843)  for  the  abo- 
lition of  the  curvature  o'  a stigmatic  image  produced  by  a 
system  of  infinitely  thin  lenses  in  contact  with  each  other  is 
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where  F[  denotes  the  refracting  power  and  n,  denotes  the 
index  of  refraction  of  the  ith  lens  of  the  system.  This 
formula  is  equivalent  also  to  the  following  statement:  The 
curvature  of  the  stigmatic  image  of  an  infinitely  distant 
object  in  a system  of  lenses  whose  total  thickness  is  negli- 
gible is  equal  to 

1 2 (refracting  powers  of  all  lenses  of  index  n) 


n 


* 

The  general  principal  of  this  equation  was  discovered  by  Airy 
and  was  given  by  Coddington  in  his  treatise  published  in 
1829.  Seidel  pointed  out  that  the  two  faults  of  astigmatism 
and  curvature  could  not  both  be  corrected  at  the  same  time 
unless  some  of  the  convex  lenses  of  the  system  were  made  of 

more  highly  refracting  glass  than  the  con- 
cave lenses.  Now  with  the  varieties  of 
glass  which  were  availa^L  oefore  the 
production  of  the  modern  Jena  glass, 
this  requirement  was  diiectly  opposed  to 
the  condition  of  achromatism,  and  as  the 
latter  error  was  considered  more  serious 
than  the  cur  rati  u e-error,  the  earlier  lens- 
designers  made  no  attempt  to  obtain  a 
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Fig.  242.  Stigmatic  gtign.atic  image.  But  with  the  new 

image  in  trans-  , ° 

versal  focal  plane  kinds  oi  glass  now  at  our  disposal,  it  is 

for  a given  zone  possdue  to  design  the  optical  system  so 
of  optical  system.  . ° J 

that  not  only  is  the  astigmatism  corrected 


for  a certain  zone  us  explained  in  § 189,  but  the  point  of  in- 
tersection of  the  two  image-lines  lies  in  the  same  transversal 
plane  as  the  axial  point  where  the  two  image-lines  touch 
each  other  (Fig.  242).  Accordingly,  we  may  say  that  for 
this  zooe  the  image  is  both  flat  and  stigmatic.  The  construc- 
tion of  modern  photographic  lenses  which  are  practically 
free  from  these  spherical  errors  is  an  almost  unsurpassed 
;riumph  of  human  ingenuity. 

191.  Coma. — Astigmatism  implies  that  the  bundles  of 
rays  concerned  in  producing  the  image  are  very  narrow,  and 
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this  means  that  the  diameter  of  the  stop  is  very  small.  But 
the  validity  of  the  assumptions  which  are  at  the  foundation 


of  geometrical  optics  begins  to  be  cahed  in  question  in  the 


case  of  narrow  bundles  of  rays,  as  was  pointed  out  in  § 175; 
so  that  we  must  be  careful  here  not  to  push  our  conclusions 
too  far.  As  a matter  of  fact,  in  various  optical  instruments 


and  particularly  in  some  modern  types  of  photographic 
lenses,  the  diameter  of  the  stop  is  by  no  means  small  and  the 


lenses,  the  diameter  of  the  stop  is  by 


Fig.  243. — Symmetrical  character  of  sagittal  section. 


field  of  view  is  extensive.  The  spherical  aberrations  which 
are  encountered  in  an  optical  system  of  this  kind  are  of  an 
exceedingly  complicated  nature  which  cannot  be  described 
here  in  detail. 


A bundle  of  rays  of  finite  aperture  emanating  from  a point 
outside  the  optical  axis  will  show  aberrations  of  a general 
character  similar  to  the  aberrations  along  th?  axis  of  a direct 
bundle  of  rays  (§  178).  But  the  effects  in  +iie  two  principal 

{sections  of  the  bundle  will  be  very  dif  erent  from  each  other; 
because,  whereas  the  rays  in  the  sagittal  section,  being  sym- 
metrically situated  on  opposite  sides  of  the  meridian  plane, 
are  therefore  symmetrical  with  respect  to  the  chief  ray,  as 
represented  in  Fig.  243,  there  will,  in  general,  be  a complete 
absence  of  symmetry  in  the  meridian  section  (Fig.  244).  The 
image  (if  indeed  we  nity  continue  to  use  this  term)  of  an 


extra-axial  object-ooint  under  such  circumstances  will  be 


at  best  an  element  of  one  or  other  of  the  two  sheets  of  the 
caustic  surface.  Usually,  however,  what  is  called  the  image 
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is  the  light-effect  as  obtained  on  a focusing  screen  placed  at 
right  angles  to  the  axis  at  the  place  where  the  central  parts  of 
the  object  are  best  delineated.  The  appearance  on  the  screen 
may  be  described  as  a kind  of  balloon-shaped  flare  of  light, 


Fig.  244. — Unsymmetrical  character  of  meridian  section,  giving  rise  to 

coma. 

with  a bright  nucleus  growing  fainter  as  it  expands  in  some 
cases  towards,  in  other  cases  away  from,  fhe  axis.  This  de- 
fect of  the  image  is  known  to  practical  opticians  as  side-flare 
or  coma  (from  the  Greek  word  meaning  “hair”  from  which 
the  word  “comet”  is  likewise  indirectly  derived).  The  def- 
inition in  the  outer  parts  of  tue  field  of  the  object-glass  of  a 
telescope  depends  on  the  removal  of  this  error;  and  this  ap- 
plies also  to  the  case  of  n.  -^de-angle  photographic  lens.  The 
only  way  to  obtain  a j aai'y  clear  and  accurate  conception  of 
this  important  spherical  aberration  is  to  study  the  forms  of 
the  two  sheets  of  the  caustic  surface.  Generally  speaking, 
we  may  say  tnac  the  convergence  of  wide-angle  bundles  of 
rays  will  be  setter  in  the  case  of  an  optical  system  which  has 
been  corrected  for  astigmatism,  but  even  then  there  will  be 
lack  c+  symmetry  in  all  the  sections  of  a bundle  of  rays  ex- 
cep*  in  the  sagittal  section.  If  the  slope  of  the  chief  ray  is 
comparatively  slight,  although  not  negligible,  the  condition 
of  a sharp  focus  is  equivalent  to  Abbe’s  sine-condition  (§  182). 
But  for  greater  inclinations  of  the  chief  rays,  it  will  generally 
be  necessary  to  resort  to  the  exact  methods  of  trigonometri- 
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l.i,  cal  calculation  of  the  ray-paths  in  order  to  determine  t e 

jl  nature  and  degree  of  the  convergence, 
al  192.  Distortion;  Condition  of  Orthoscopy.  Let  us  assume 
s„|,  that  the  system  has  been  corrected  for  both  astigmatism  and 
ra  curvature  of  the  image,  in  the  sense  explained  in  § 190,  so 
ft  that  by  means  of  narrow  bundles  of  rays  a flat  stigmatic 
li  image  is  obtained  of  a plane  object  placed  at  light  ang  es  to 
[j  the  axis.  The  next  question  will  be  to  inquire  whether  the 
1 image  is  a faithful  reproduction  of  the  object  or  whether  it  is 
If,  distorted.  If  the  image  in  the  “screen-plane”  (§  134)  is 
u geometrically  similar  to  the  object-relief  projected  from  the 
I center  of  the  entrance-pupil  on  the  “focus-plane  (§  L 
I then  we  may  say  that  the  optical  system  is  orthoscojnc  or 

I free  from  distortion.  , 

fi  The  dissimilarity  which  may  exist  between  an  object  an 
1 its  image  is  a fault  of  an  essentially  different  kind  from  those 
1 which  have  been  previously  considered,  and  there  is  no 


I from  the  center  zl  the  exit-pupil. 


544 


Mirrors,  Prisms  and  Lenses 


[§  192 


In  the  diagram  (Fig.  245)  the  centers  of  the  entrance-pupil 
and  exit-pupil  of  the  optical  system  are  designated  by  0 and 
O'.  The  straight  lines  PO,  P'O'  represent  the  path  of  a chief 
ray  which  crosses  the  focus-plane  in  the  object-space  at  the 
point  P and  the  screen-plane  in  the  image-space  at  the  point 
P'.  If  ?/  = MP,  y' = M'P'  denote  the  distances  of  P,  P'  from 
the  axis,  then  the  condition  that  the  image  in  the  screen- 
plane  shall  be  similar  to  the  projected  object  in  the  focus- 


Fig.  246. — Object  (a)  reproduced  by  image  ( b ) barrel-rhaped  distortion 

or  by  image  ( c ) cushion-shaped  distortion. 

plane,  that  is,  the  condition  of  orthoscopy  (freedom  from 
distortion)  is  that  the  ratio  y' / y sha^  hnve  a constant  value 
for  all  values  of  y within  the  limits  cf  the  field  of  view.  If, 
on  the  contrary,  this  is  not  the  Case,  and  if  the  ratio  y'jy  is 
variable  for  different  values  of  y,  then  the  image  will  be  dis- 
torted; and  this  distortion  will  be  one  of  two  kinds  according 
as  the  ratio  y'/y  increases  or  decreases  with  increase  of  y. 
For  example,  if  the  object  is  in  the  form  of  a square,  as  shown 
in  Fig.  246,  a,  then  on  the  supposition  that  y'jy  decreases 
as  y increases  the  image  of  the  diagonal  will  be  shortened 
relatively  mj»*e  than  the  image  of  a side  of  the  square,  and 
the  square  will  be  reproduced  by  a curvilinear  figure  with 
convex  sides  as  shown  in  Fig.  246,  b;  this  is  the  case  of  barrel- 
shaped  distortion,  as  it  is  called.  On  the  other  hand,  if  the 
ratio  y'jy  increases  in  proportion  as  the  object-point  is  taken 
i archer  and  farther  from  the  axis,  we  have  the  opposite  type 
known  as  cushion-shaped  distortion  (Fig.  246,  c). 

If  in  Fig.  245  we  put  OM  = z,  O'M' = 2',  ZMOP=co, 
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Z M'O'P'  = co',  the  condition  of  orthoscopy  may  be  expressed 
as  follows: 

V-  __ 2 »tana^  _ cons^an^ . 
y z. tan  co 

and  if  we  assume,  as  has  been  tacitly  assumed  in  the  pre- 
j:  ceding  discussion,  that  the  chief  rays  all  pass  through  the 
< pupil-centers  O,  O',  so  that  the  abscissse  denoted  by  z}  z have 
[ the  same  values  for  all  distances  of  the  object-point  P fiom 
ft  the  axis,  then  we  derive  at  once  Airy’s  tangent-condition  of 
) orthoscopy,  namely,  tan  co'  : tan  co  = constant.  But  although 
a chief  ray  must  pass  through ‘the  center  of  the  aperture- 
stop  (§  140),  it  will  not  pass  through  the  centers  of  the  pupils 
unless  the  latter  are  free  from  spherical  aberration.  The 
constancy  of  the  tangent-ratio  by  itself  is  not  a sufficient 
condition  for  orthoscopy;  in  addition,  the  spherical  aberra- 
tion must  be  abolished  with  respect  to  the  centeis  of  the 

pupils. 

If  the  optical  system  is  symmetrical  with  respect  to  an  in- 
terior aperture-stop,  the  tangent-condition  will  lie  immedi- 
ately satisfied,  because  on  account  of  the  symmetry  of  the 
two  halves  of  the  system,  every  chief  ray  will  issue  in  exactly 
)l  the  same  direction  as  it  had  on  entering,  and  therefore 
tan  6:  tan  0'  = 1 . Accordingly,  if  a “symmetric  doublet” 
of  this  kind  is  spherically  corrected  with  respect  tc  the  center 
of  the  aperture-stop,  it  will  give  an  image  which  will  be  free 
1 from  distortion. 

193.  Seidel’s  Theory  of  the  Five  Aberrations—  In  the 

theoiy  of  optical  imagery  which  was  developed  according  to 

I general  laws  first  by  Gauss  (§  119)  in  his  famous  Dioptrische 

II  Untersuchungen  published  in  1841  the  fundamental  assump- 
tion is  that  the  effective  rays  ere  all  comprised  within  a nar- 
row cylindrical  region  of  space  immediately  surrounding  the 
optical  axis;  this  region  being  more  explicitly  defined  by  the 

| condition  that  a paraxial  ray  is  one  for  which  the  angle  of 
incidence  (a)  and  the  slope-angle  ( 6 ),  in  the  case  of  each 
refraction  or  reflection,  are  both  relatively  so  minute  that  the 
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powers  of  these  angles  higher  than  the  first  can  be  neglected 
(§  63).  Evidently,  therefore,  Gauss’s  theoiy  is  applicable 
only  to  optical  systems  of  exceedingly  small  aperture  and 
limited  extent  of  field  of  view.  But  with  the  development 
of  modern  optical  instruments  and  especially  with  the  in- 
crease of  both  aperture  and  field  demanded  for  certain  types 
of  photographic  lenses,  it  became  necessary  to  take  account 
of  rays  which  lie  far  beyond  the  narrow  confines  of  the  central 
or  paraxial  rays.  Long  prior  to  the  time  of  Gauss  important 
contributions  to  the  theory  of  spherical  aberrations  had  been 
made  in  connection  with  certain  more  or  less  special  problems ; 
but  the  first  successful  attempt  to  extend  Gauss’s  theory  in 
a general  way  by  taking  account  of  the  terms  of  higher  orders 
of  smallness  was  made  by  Seidel  (1821-1896)  in  a re- 
markable series  of  papers  published  between  the  years  1852 
and  1856  in  the  Astronomische  N achrichte' t.  Seidel’s 

method  consisted  in  tracing  the  path  of  the  lay  through  the 
centered  system  of  spherical  refracting  surfaces  and  in  de- 
veloping the  trigonometrical  expressions  m series  of  ascend- 
ing powers  which  were  finally  simplified  by  neglecting  all 
terms  above  the  third  order.  If  the  ray-parameters  are  re- 
garded as  magnitudes  of  the  first  order  of  smallness,  it  is 
easy  to  show  that  on  account  of  the  symmetry  around  the 
optical  axis  these  series-developments  can  contain  only  terms 
of  the  odd  orders  of  smallness;  so  that  in  Seidel’s  theory 
the  terms  neglected  are  ot  the  fifth  and  higher  orders.  It  is 
impossible  to  describe  here  in  detail  the  elegant  mathemati- 
cal treatment  by  which  Seidel  was  enabled  to  arrive  at 
his  final  results;  suffice  it  to  say,  that  he  obtained  a sys- 
tem of  formula}  from  which  it  was  possible  to  ascertain  the  1 

influence  both  of  the  aperture  and  the  field  of  view  on  the  | 

perfection  of  the  image.  In  Seidel’s  formulae  the  aber- 
rations of  the  ray,  that  is,  its  deviations  from  the  path  pre- 
fer; bed  by  Gauss’s  theory,  are  expressed  by  five  different 
sums,  denoted  by  Si,  S2,  S3,  S4,  and  Sb,  which  depend  only  on 
the  constants  of  the  optical  system  and  the  position  of  the 
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object-point,  and  which  are,  in  fact,  the  coefficients  of  the 
various  terms  in  the  equations.  The  condition  that  there 
shall  be  no  aberration  demands  that  all  of  these  five  sums 
shall  vanish  simultaneously,  that  is, 

Si = S2  = S 3 = S4  = Ss = 0. 

If,  on  the  other  hand,  these  conditions  are  not  satisfied,  the 
image  yielded  by  the  lens-system  will  not  be  faultless;  and 
therefore  it  will  not  be  without  interest  to  inquire  more  par- 
ticularly into  the  separate  influence  of  each  of  these  five  ex- 
pressions which  occur  in  Seidel  s formulae. 

Thus,  for  example,  if  the  optical  system  is  designed  so  that 
Si  = 0,  then  there  will  be  no  spherical  aberration  at  the  center 
of  the  field  (§  178)  for  the  given  position  of  the  axial  object- 
point.  And  if  not  only  Si  = 0 but  also  S2  = 0,  then  there 
will  be  no  coma  (§  191).  The  condition  S2  = 0 means  also 
that  Abbe’s  sine-condition  (§  182)  will  also  be  satisfied,  so 
that  the  image  of  the  parts  of  the  object  in  the  immediate 

vicinity  of  the  axis  is  sharply  defined.  . , 

But  even  when  we  have  Si  = S2  = 0,  the  optical  system 
will,  in  general,  still  be  affected  by  astigmatism  of  oblique 
rays  (§  184),  so  that  an  object-point  lying  at  some  little  i:«- 
tance  from  the  axis  will  not  be  reproduced  by  an  image-point 
but  at  best  by  two  short  focal  lines  at  different  distances 
from  the  lens-system  and  directed  approximately  at  right 
| angles  to  each  other.  Moreover  if  the  distance  of  the  objec  - 
point  from  the  axis  is  varied,  the  positions  of  these  two  foca 
lines  will  vary  also  both  with  respect  to  their  distance  from 
the  lens-system  and  with  respect  to  their  mutual  distance 
apart.  In  other  words,  when  both  Si  and  S2  vanish,  then,  in 
general,  there  is  no  unique  image  of  a transversal  o jec  - 
plane,  but  this  latter  may  be  said  to  be  reproduced  by  two 
so-called  image-surfaces  (|  3 39)  which  are  surfaces  of  revolu- 
tion around 'the  optical  axis  and  which  unite  and  touch  each 
other  at  the  point  where  the  axis  crosses  them.  The  ex- 
pressions for  the  curvatures  of  these  surfaces  at  this  common 
point  of  tangency  are  given  by  Seidel’s  sums  .S3  and 
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84;  so  that  if  also  83—84  = 0,  the  two  image  surfaces  will 
coalesce  and  now  the  image  of  the  plane  object  will  be  sharply 
defined,  that  is,  stigmatic,  although  it  will  usually  still  be 
curved.  But  if  also  83  = 84  = 0,  the  image  will  be  both  plane 
and  stigmatic.  However,  it  may  still  show  unequal  magnif- 
ications toward  the  margin,  which  means  that  there  is  dis- 
tortion (§  192).  This  last  error  will  be  abolished  provided 
85  = 0;  and  now  the  image  may  be  said  to  be  ideal  inasmuch 
as  it  is  flat  and  sharply  defined  not  only  in  the  center  but 
out  toward  the  edges  and  is  at  the  same  time  a faithful  re- 
production of  the  plane  object. 

To  attempt  to  derive  Seidel’s  actual  formulae  or  even 
to  discuss  the  equations  would  be  entirely  beyond  the  scope 


Fig.  247. — Diagram  representing  the  (t— l,th  and  ith  lenses  of  a system  of 


infinitely  thm  lenses. 


of  this  volume.  But  it  may  be  convenient  to  insert  here 
without  proof  the  expressions  of  Seidel’s  five  sums  for 
the  comparatively  simp’*1  case  of  an  optical  system  considered 

as  composed  of  a seres  of  m infinitely  thin  lenses  each  sur- 
rounded by  air. 

Let  Ai  (Fig.  247)  designate  the  point  where  the  optical  axis 
crosses  thezth  lens  of  the  system,  the  symbol  i being  employed 
to  denot  1 any  integer  from  1 to  m;  and  let  us  consider  two 
paraxia^  lays  which  traverse  the  optical  system,  one  of  which 
emanating  from  the  axial  object-point  Mx  (AiMi^O  and 
moeiing  the  first  lens  at  a point  Bx  such  that  AiBi  = ^,  - 
crosses  the  axis  after  passing  through  the  (z— l)th  lens  at  a 
point  Mi  (AiMi  = izi)  and  meets  the  z'th  lens  at  a point  B; 
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such  that  AiBi  = /ii  whereas  the  other  ray,  which  emanates 
from  an  extra-axial  object-point  and  which  in  the  object- 
space  passes  through  the  center  Oi  of  the  entrance-pupil 
(§  139)  of  the  system  (AiOi  = si)  and  meets  the  first  lens  at 
a point  Gi  such  that  0i  = AiGi,  crosses  the  axis  after  passing 
through  the  (i— l)th  lens  at  a point  Oi(AiOi  = si)  and  meets 
the  ith  lens  at  a point  Gi  such  that  AA  = g{.  Then  if  we  put 

| ' U^l/uif  Si  = l/si, 

it  may  easily  be  shown  that 


hi(Ui+F  9 

ViiSi+Fd  =ft+i.Si+i; 


where  Fx  denotes  the  refracting  power  of  the  ith  lens.  Now 
if  nx  denotes  the  index  of  refraction  of  the  fth  lens  and  if  Rx 
denotes  the  curvature  of  the  first  surface  of  this  lens;  and  if, 
further,  for  the  sake  of  brevity,  the  symbols  Ax,  Bl}  CX1  Dv 
and  E[  are  introduced  to  denote  the  following  functions  of 
nv  Fiy  R„  U[  and  Si}  namely: 
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then  Seidel’s  formulae  for  the  spherical  errors  of  a sys- 
tem of  m infinitely  thin  lenses  may  be  expressed  as  follows: 


The  greatest  practical  value  of  these  formulae  is  to  guide 
the  optician  to  a correct  basis  (o>'  the  design  of  his  instrument 
and  to  supply  him,  so  to  speak,  with  a starting  point  for  a 
trigonometrical  calculation  of  the  optical  system  which  he 
aims  to  achieve.  Bui  :he  reader  who  wishes  to  pursue  this 
subject  further  will  find  it  necessary  to  consult  the  more  ad- 
vanced treatises  on  applied  optics. 
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1.  If  L,  L'  designate  the  points  where  a ray  crosses  the 
axis  of  a spherical  refracting  surface  before  and  after  refrac- 
tion, respectively,  and  if  C designates  the  center  of  the  sur- 

face,  show  that 

0+0' 


n_n 


. cos- 
n—n 


cos 


a+a'  ’ 


1 where  c = CL,  c'  = CL',  a,  a'  denote  the  angles  of  incidence 
and  refraction,  6,  0'  denote  the  slope-angles  of  the  ray 
( before  and  after  refraction,  r denotes  the  radius  of  the  sur- 
face,  and  n,  n'  denote  the  indices  of  refraction.  Also,  show 

that 

• A a'+0' 

, sin  0cos — - — 

c'+r  2 


r 


c +r 


sin  0'cos 


a + 0 


2.  A ray  parallel  to  the  axis  meets  the  first  surface  of  a 
glass  lens  (index  1.5)  at  a height  of  5 cm.  above  the  axis,  und 
after  emerging  from  the  lens  crosses  the  axis  at  a point  L . 
The  thickness  of  the  lens  is  1 cm.  Determine  the  aberration 
F'L',  where  F'  designates  the  position  of  the  second  focal 
point,  for  each  of  the  following  cases:  (a)  First  surface  of 

I lens  is  plane  and  radius  of  curved  surface  is  50  cm.;  ( b ) 
Second  surface  of  lens  is  plane  and  radius  of  curved  surface 
is  50  cm.;  and  (c)  Lens  is  symmetric,  radius  of  each  surface 

being  100  cm. 

Ans.  (a) / = ± 100  cm.,  F'L'  = ^1.13  cm.;  (&)/==*=  100 cm., 
F'L' = =f0.29  cm. ; (c) /-^  100.17  cm.,  F'L'  = =f0.42  cm.; 
where  in  each  case  the  upper  signs  apply  to  positive  lens  and 

the  lower  signs  apply  to  negative  lens. 

3.  An  incident  tuv  crosses  the  axis  of  a lens  at  an  angle  u\ 
and  meets  the  fhft  surface  at  a point  Bb  the  angle  of  inci- 
dence being  d,  the  slope  of  the  refracted  ray  BiB2,  which 


s 
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meets  the  second  surface  at  the  point  B2  is  02,  and  the  angle 
of  incidence  at  this  surface  is  a2.  If  the  radii  of  the  surfaces 
are  denoted  by  r\  and  r2,  show  that 

T2  t>  _r2.sin(a2—  02)  — ri.sin( a\—  6 1) 

sin  t/2 

4.  The  chief  ray  of  a narrow  bundle  of  parallel  rays  is  in- 

cident on  a spherical  mirror  of  radius  32  cm.  at  an  angle  of 
60°.  Find  the  distance  between  the  two  image-points  P' 
and  Q'  of  the  bundle  of  reflected  rays.  Ans.  24  cm. 

5.  The  chief  ray  of  a narrow  bundle  of  parallel  rays  is  in- 

cident on  a spherical  mirror  of  radius  r at  a point  B,  the  angle 
of  incidence  being  60°.  Determine  the  positions  of  the  image- 
points  P'  and  Q'.  Ans.  BP'  = r/4,  BQ'  = r. 

6.  A narrow  bundle  of  parallel  rays  in  air  is  refracted  at 
a spherical  surface  of  radius  r into  a medium  whoce  index  of 
refraction  is  \/3.  If  the  angle  of  incidence  is  60\  find  the 
positions  of  the  image-points  P'  and  Q'. 

Ans.  p'  = 3 r Vs/i,  q'  = r\/ 3. 

7.  A narrow  bundle  of  parallel  rays  is  ircident  on  a spheri- 
cal refracting  surface  at  an  angle  of  6 )\  If  the  meridian  rays 
are  converged  to  a focus  at  a poii.t  I ' lying  on  the  surface  of 
the  sphere,  show  that  the  angle  of  refraction  of  the  chief  ray 

is  equal  to  the  complement  of  the  critical  angle  of  the  two 
media. 

8.  The  radius  of  each  of  the  two  surfaces  of  an  infinitely 
thin  double  convex  lens  is  8 inches,  and  the  index  of  refrac- 
tion is  equal  to  v 3.  The  chief  ray  of  a narrow  bundle  of 
parallel  rays  inclined  to  the  axis  at  an  angle  of  60°  passes 
through  the  optical  center  of  the  lens.  Find  the  positions  of 
the  foci  of  the  meridian  and  sagittal  rays. 

Ans  The  focal  point  of  the  meridian  rays  is  1 inch  and 
that  of  the  sagittal  rays  is  4 inches  from  the  optical  center. 

V.  If  in  Young’s  construction  of  a ray  refracted  at  a spher- 
ical surface  (§  176)  a semi-circle  is  described  on  the  incidence- 
radius  BC  as  diameter  intersecting  the  incident  and  refracted 
rays  in  the  points  Y,  Y',  respectively,  show  that  the  straight 
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line  YY'  is  perpendicular  to  the  straight  line  CS.  The  point 
K where  the  straight  lines  YY'  and  CS  meet  is  the  center  ot 
perspective  of  the  range  of  object-points  lying  on  the  inci- 
dent ray  and  the  corresponding  range  of  meridian  image- 
points  lying  on  the  refracted  ray  (see  § 186).  Show  that 


CK  = 


n.r.  sirr  a 

ft' 


and  that 

tanZ  BIvC  = tan  a+tan  a'. 

10.  If  the  chief  ray  of  a narrow  homocentric  bundle  of 
rays  is  incident  on  a plane  refracting  surface  at  a point  B, 
and  if  a,  a'  denote  the  angles  of  incidence  and  refraction, 

show  that 


BP'  = 


n cosz  a 


.BP, 


BQ'  = -.BQ, 

ft 


ft  cos2  a 

where  P (or  Q)  designates  the  position  of  the  vertex  of  the 
incident  rays  and  P'  and  Q'  designate  the  positions  of  the 
image-points  of  the  meridian  and  sagittal  rays,  respectively. 

11.  In  the  preceding  problem  show  that  the  straight  line 
QQ'  is  perpendicular  to  the  plane  refracting  surface.  ^ 

12.  The  position  of  the  image-point  P'  of  a pencaoi  me- 
ridian rays  refracted  at  a plane  surface  may  be  constructed 
as  follows:  Through  the  object-point  P (or  Q)  draw  PQ  per- 
pendicular to  the  refracting  plane  and  meeting  the  chief  re- 
fracted ray  in  Q';  and  from  P and  Q'  draw  PX  and  Q per- 
pendicular to  the  incidence-normal  at  X and  Y,  respectively. 
Draw  XG  perpendicular  to  the  chhf  incident  ray  at  G and 
YG'  perpendicular  to  the  corresponding  refracted  ray  at  G . 
Then  the  straight  line  PP'  drawn  parallel  to  GG'  will  inter- 
sect the  chief  refracted  ray  in  the  required  point  P . sing 
the  result  of  No.  10  abo  at,  show  that  this  construction  is 

I 

correct 

13.  The  chief  ray  BB  of  a narrow  pencil  of  sagittal  rays 
meets  a spherical  -efracting  surface  at  the  point  B and  is  re- 
fracted in  the  direction  BT.  Through  the  center  C draw  CV 
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parallel  to  BT  meeting  BR  in  V and  CV'  parallel  to  BR  meet- 
ing BT  in  V'.  If  Q,  Q'  designate  the  positions  of  the  points 
of  intersection  of  the  sagittal  rays  before  and  after  refraction, 
respectively,  and  if  BQ  = g,  BQ'  = </,  show  that 

BV  BV'  , 

1 — — 1, 

q q 

and  that 

VQ.V'Q'  = VB.V'B. 

(Compare  this  last  result  with  the  Newtonian  formula  for 
refraction  of  paraxial  rays  at  a spherical  surface,  viz.,  x.x'  = 
/•/'.) 

14.  The  chief  ray  RB  of  a narrow  pencil  of  meridian  rays 
meets  a spherical  refracting  surface  at  the  point  B,  and  is  re- 
fracted in  the  direction  BT.  Through  the  center  of  perspec- 
tive K (see  § 186;  see  also  problem  No.  9 above)  draw  KU  par- 
allel to  B1  meeting  BR  in  U and  KU'  parallel  *:o  BR  meeting 
BT  in  U'.  If  the  positions  of  the  points  of  in  ei  section  of  the 
meridian  rays  before  and  after  refraction  e re  designated  by  P 
and  P',  respectively,  and  if  BP  = p,  BP'  — p',  show  that 

BU  BU' 

1 — -t — 1, 

V V 

and  that 

UP.U'P'  = UB.U'B. 

(Compare  this  result  with  +hat  of  the  preceding  problem.) 

15.  If  J,  J'  designate  the  positions  of  the  aplanatic  points 
of  a spherical  refr^ting  surface,  and  if  6,  6'  denote  the 
slopes  of  the  incident  and  refracted  rays  BJ,  BJ',  respec- 
tively, show  that 

sin  6 _n' 
sin  d'  n ’ 

where  g denotes  the  magnification-ratio  for  paraxial  rays. 

’G.  A.  Steinheil’s  so-called  “ periscope”  photographic 
lens  is  composed  ol  two  equal  simple  meniscus  lenses,  both 
of  crown  glass,  separated  from  each  other  with  a small  stop 
midway  between.  The  data  of  the  system,  as  given  in  Von 
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;1  Rohr’s  Theorie  und  GeschicUe  des  photographischen  Objektivs 
ij  (Berlin,  1899),  p.  288,  are  as  follows: 

I Indices:  rij  = W3 = fis = 1 J n%  = ni=  1.5233 

j Radii:  n-  -r4=  +17-5  mm.;  r2=  -r,=  +20.8  mm. 

I Thicknesses:  di  = d%=  +1.3  mm.;  d2=12-6mm. 

Distance  of  center  of  stop  from  second  vertex  of  first  lens 
= +6.3  mm. ; diameter  of  stop  = 2.38  mm. ; diameter  of  each 

si  lens  = 11.32  mm. 

I Employing  the  above  data,  determine  (1)  the  position  and 
/.  1 size  of  the  entrance-pupil,  (2)  the  angular  extent  ol  the  field, 
3!  (3)  the  position  of  the  second  focal  point  F';  and  (4)  the 
. | point  where  an  edge-ray  directed  towards  a point  in  the 
1)  circumference  of  the  entrance-pupil  and  parallel  to  the  axis 

i!)  crosses  the  axis  after  emerging  from  the  system. 

| Ans.  (1)  Distance  of  center  of  entrance-pupil  from  second 
v vertex  of  first  lens  is  +6.45  nun.;  diameter  of  entrance- 
(|  pupil  is  2.53  mm.  (2)  The  angular  extent  of  the  field  is 
(l  nearly  90°.  (3)  Distance  of  F'  from  last  surface  is  A4F'  = 

| +90.946  mm.  (4)  The  edge-ray  crosses  the  axis  at  a dis- 

I tance  A4L5  = +90.432  mm. 

I 17.  The  abscissae  of  the  points  Mk,  Mk+i  where  a par- 
£.  axial  ray  crosses  the  axis  of  a centered  system  of  m spherical 
$ refracting  surfaces  before  and  after  refraction  at  the  h, th  sur- 
) face  are  denoted  by  wk  = AkMk,  wk  — AkMk+i.  + the  lay 
1 proceeds  in  the  first  medium  of  index  m in  a a'rection  par- 
-J  a allel  to  the  axis,  it  may  be  shown  (c/.  problems  Nos.  16  and 
^1  17,  end  of  Chapter  X)  that  the  primary  focal  length  of  the 
3;  system  is  given  by  the  formula 


Wl‘  paXIl  (JI  Ulc  pciia,A.icPi  i< 

Jj  ploy  the  above  formulf 
1 Steinheil’s  “ periscope.’ 


ormula  to  determine  the  focal  length  of 
scope.”  Ans.  /= +98.696  mm. 

i a chief  ray  which  in  traversing  the  air- 


18.  The  path  of  a 


fei  space  between  the  two  lenses  of  Steinheil’s  “periscope” 
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(see  No.  16)  goes  through  the  center  of  the  stop  will  be  sym- 
metrical with  respect  to  the  two  parts  of  the  optical  system, 
so  that  for  such  a ray  we  must  have : 


Ci  = -ch  Ci=  — ci,  c3'=  — c2,  c3  = — c2r; 

a4=  a/,  a4'=ai,  a3=  a2',  a3'=  a2; 

0&  = 61,  04~  02- 


Show  that  if  03=  — 30°  for  a ray  which  goes  through  the 
stop-center,  the  ray  must  have  been  directed  initially  at  a 
slope-angle  0i=-28°  2'  54.43"  towards  a point  Li  on  the 
axis  whose  distance  from  the  second  vertex  of  the  first  lens  is 
A2Li  = +6.563  mm. 

19.  The  astigmatism  of  a narrow  bundle  of  rays  refracted 
through  a centered  system  of  spherical  surfaces  may  be  com- 
puted logarithmically  by  means  of  the  following  recurrent 
formulae : 


nc.sin  ak' 


ft.  v K/  7 K • s\  } 

Wk+i.sin  0k +i 
Sagittal  Section 


Qk  — Qk+Dk,  '^k+l— "j 

1 — tk-tjk 


Meridian  Section 


where  the  symbols  a,  a',  0,  n and  r have  their  usual  mean- 
ings and  wo  ere  P,  P'  and  Q,  Q'  and  D are  the  magnitudes  de- 
fined ir.  186  and  184.  The  calculations  according  to  these 
foimulae  will  be  considerably  simplified  in  the  case  of  a chief 
ray  which  traverses  a system  like  Steinheil’s  “periscope" 
\see  No.  16)  which  is  symmetric  with  respect  to  the  stop- 
center.  For  example,  for  this  particular  system  we  can  write 
for  a chief  ray: 
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D 4 = D\j  T)z  = D,i)  hi 
Ct  1 — dl  = ( 0>4  0^4  ) > 

ctl — 01  = ~ 05  = a i ^4j 


— hi,  hz  — 
a2  — a2'  = 
a2—  02  = 


— h<i,  tz  = t\) 

— (a3—  a3'), 
a3'-  04=  a3- 


03» 


Apply  the  above  formulae  to  the  optical  system  of  problem 
No.  16  to  calculate  the  astigmatic  difference  (§  186)  of  a nar- 
row bundle  of  emergent  rays  whose  chief  ray  is  the  ray  whose 
path  was  determined  in  problem  No.  18;  assuming  that  the 

bundle  of  incident  rays  was  cylindrical,  that  is,  = 

Ans.  Vi  ~ 9- « = +6-453  mm. 

20.  The  refracting  power  of  a glass  lens  of  index  n,  sur- 
rounded by  air,  and  of  negligible  thickness  (d  = 0),  is  de- 
noted by  F.  The  refracting  power  of  the  first  surface  of  the 
lens  is  denoted  by  Fi-(n-l)«i.  The  lens  is  provided 
with  a rear  stop  whose  distance  from  it  is  denoted  y 
z'  = 1 lZ'.  Using  Seidel ’s  formulae  for  the  abolition  ot  as- 
tigmatism (§  193),  show  that  the  condition  that  this  system 
shall  give  a punctual  or  stigmatic  image  of  an  infinitely  dis- 
tant object  ( U i = 0)  is  given  by  the  following  equation  ar- 
ranged as  a quadratic  in  F\\ 

aF\  + 0Fi  + 7 = 0> 

where  the  symbols  a,  0,  7 are  abbreviations  used  to  de- 
note the  following  functions  of  n,  F and  Z' : 


n + 2 

a = 


F,  0 = 


2(n  4 1 , v>\  w 

a H — t ;v  ^ f r y 

n(  v-L)  J 


21  A plane  object  is  set  up  in  the  primary  focal  plane  of  a 
thin  lens  (d  = 0,  Ui  = - F)  which  is  provided  with  a rear 
stop  whose  distance  from  the  lens  is  z'  = l/Z  , as  in  the  pre- 
ceding problem,  a similar  notation  being  used  here  From 
the  formula,  in  § 193,  show  that  the  condition  of  the  aboh  ion 
of  astigmatism  ot  oblique  bundles  in  case  of  a single  thin  lens 


558 


Mirrors,  Prisms  and  Lenses  [Ch.  XV 

with  txiis  arrangement  of  object  and  stop  is  given  by  the  fol- 
lowing quadratic  equation  in  F2: 

aF22  + (3F2  + 7 = 0, 

where  F2  = —(n  — l)R2  denotes  the  refracting  power  of  the 
second  surface  of  the  lens,  and  the  functions  denoted  by  the 
symbols  a,  (3,  y have  here  the  following  meanings: 


- n + 2 
a n(n— l)2 


2n  + 1 p 2(n  + 1) 
(n  — l)2  n(n— 1) 


2 

F. 


22.  If  in  Problem  No.  21  the  center  of  the  stop  is  beyond 

the  lens  at  a distance  of  25  mm.,  show  that  for  n = 1.52  the 
extreme  limiting  values  of  the  refracting  power  are  F = +7.78 
dptr.  and  F = 24.68  dptr. j and  that  for  h’gner  powers, 

either  positive  or  negative,  it  is  impossible  to  satisfy  the  re- 
quired condition. 

23.  If  in  Problem  No.  22  the  center  of  the  stop  is  beyond 
the  lens  at  a distance  of  30  mm.,  show  that  for  n = 1.52  the 
maximum  value  of  the  refracting  power  of  a convex  lens 
which  will  give  a punctual  image  of  a plane  object  placed  in 
the  primary  focal  plane  is  F ~ + 12.72  dptr. 


CHAPTER  XVI 

APPENDIX.  MISCELLANEOUS  NOTES  AND  ADDITIONS 

194.  Rectilinear  Propagation  of  Light  (Historical).  The 

“motes  in  the  sunbeam”  showing  the  path  ot  sunlight 
through  dust-laden  air,  the  forms  of  shadows,  the  passage  of 
sunlight  through  windows  and  crevices,  all  the  various  proc- 
esses of  sighting  and  aiming,  together  with  many  other 
common  phenomena  of  similar  nature,  had  satisfied  the 
ancient  philosophers  that  vision  was  performed  in  straight 
lines;  and  they  had  fixed  their  attention  upon  those  straight 
lines,  or  rays,  as  the  proper  object  of  optics.  It  was  gcneia  y 
supposed  at  first  that  light  was  some  sort  of  fiery  substance 
which  had  its  source  in  the  eye;  but  the  opinions  of  the  early 
Greek  philosophers  about  all  these  questions  and  particu- 
larly about  form  and  color  are  extremely  vague.  They 
were  fond  of  speculations  but  had  an  aversion,  it  would  al- 
most seem,  to  making  experiments  in  support  of  then  hy- 
potheses. Aristotle  (384-322  B.  C.)  questioned  whether 
the  eye  could  be  considered  as  the  source  of  light.  Geomet- 
rical optics  can  hardly  be  called  a science  before  the  tune  of 
Euclid  (330-275  B.  C.)  and  Archimedes.  In  the  work  on 
Optics  attributed  to  Euclid  it  is  assumed  as  an  axiom  that 
the  so-called  rays  of  light  proceed  from  the  eye  and  are  sep- 
arated by  intervals  between  them,  so  that  if  an  object  lies 
in  a gap  where  no  rays  fall  on  it,  it  is  invisible  to  the  eye  m 
question.  The  art  of  perspective  which  reached  a high  de- 
gree of  development  among  the  Greeks  is  merely  a corollary 
from  the  doctrine  of  rectilinear  visual  rays.  This  art  was 
reinvented  in  modem  times  in  the  flourishing  period  of 
painting  in  Europe.  According  to  Leonardo  da  Vinci 
(1452-1519),  if  rays  of  light  coming  through  a plate  of  glass 
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set  in  a picture-frame  could  leave  their  impresses  on  the 
glass,  each  ray  making  its  own  characteristic  sign  or  mark 
on  the  glass  where  it  passed,  the  picture  of  the  scene  thus 
Produced  would  appear  to  the  eye  in  correct  perspective. 

However,  there  were  some  phenomena  of  common  occur- 
rence whose  explanation  on  the  hypothesis  of  the  rectilinear 
propagation  of  light  continued  to  offer  some  difficulties. 
Thus,  for  example,  when  sunlight  enters  a dark  chamber 
through  a small  aperture  in  the  window-shutter  and  falls 
on  the  opposite  vertical  wall,  it  forms  there  a round  spot  of 
light,  no  matter  whether  the  aperture  itself  is  round  or 
square  or  any  other  shape.  Moreover,  when  the  sun  is  par- 
tially eclipsed  by  the  moon,  the  spot  of  light  on  the  wall  will 
be  found  to  be  then  more  or  less  crescent-shaped  and  similar 
in  outline  to  the  exposed  segment  of  the  sun’s  disk,  but  op- 
positely turned  or  inverted.  During  a partial  eclipse  these 
crescent-formed  spots  of  light  produced  by  sunlight  shin- 
ing through  the  vacant  spaces  in  the  foliage  of  a tree  can 
be  seen  scattered  about  on  the  pavement  below.  Why  is 
it  that  the  contour  of  the  spot  of  light  is  similar  in  form  to 
that  of  the  light-source  and  quite  independent  of  the  form 
of  the  aperture?  This  was  a question  that  perplexed  Aris- 
totle and  other  natural  philosophers  for  a long  time  to  come. 
A correct  explanation  on  .'he  hypothesis  that  light  goes  in 
straight  lines  was  given  hrst  by  Maurolycus  (1494-1577) 
and  afterwards  by  Kepler  (1571-1630).  A simple  and  in- 
teresting experiment  which  Kepler  made  to  show  how  the 
effect  on  a screen  i 3 obtained  by  rectilinear  rays  coming  from 
a luminous  source  through  an  aperture  of  any  form  may  be 
described  as  follows:  He  mounted  an  object,  for  example,  a 
book,  on  a.  high  shelf  to  represent  the  luminous  body;  and  at 
one  ot  its  corners  he  attached  the  end  of  a long  cord  which 
wrs  drawn  through  an  irregular  hole  cut  in  the  top  of  the 
lame.  The  other  end  of  the  cord  had  a crayon  attached  to  it 
tor  drawing  a figure  on  a vertical  wall  or  blackboard  at  some 
considerable  distance  in  the  room  beyond  the  table.  Keep- 
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ing  the  cord  stretched  straight  to  represent  a ray  of  light  and 
guiding  it  by  the  edge  of  the  hole  with  which  it  was  always  in 
contact,  Kepler  drew  the  outline  of  a closed  figure.  He  con- 
structed a number  of  such  diagrams,  partly  overlapping  each 
other,  for  different  points  of  attachment  of  the  string  to  the 
object  on  the  shelf;  and  he  found  that  the  contour  of  the 
figure  which  would  envelop  or  circumscribe  all  these  over- 
lapping closed  curves  was  more  and  more  similar  to  the  form 
of  the  object  on  the  shelf  the  farther  the  blackboard  was 

moved  away  from  it. 

In  one  of  the  chapters  of  his  famous  book  called  Magia 
naturalis  Porta  (1543-1615)  describes  the  arrangement  of  a 
camera  obscura,  which  he  invented;  explaining  how  an  in- 
verted image  will  be  cast  on  the  wall  of  a dark  room  by  ad- 
mitting the  light  through  a narrow  opening  in  the  window- 
shutter,  and  how  the  size  of  the  image  depends  only  on  the 
distance  between  the  aperture  and  screen.  This  is  the 
pinhole  camera  (§  3).  With  a certain  air  of  mystery  as  if  he 
were  revealing  a great  secret,  the  author  proceeds  then  to 
tell  how  a brighter  and  more  distinct  image  will  be  obtained 
bv  inserting  a glass  lens  in  the  aperture,  and  adds  sign/fi- 
cantly  “ There  can  be  no  doubt  that  the  human  eye  is  such 
a camera  obscura  into  which  the  light  comes  from  outside. 

It  is  not  without  interest  to  mention  here  that, he  eye  ot 
the  nautilus  which  is  a beautiful  little  marine  animal  that 
is  often  seen  floating  on  the  surface  of  the  *ea  is  of  a very 
primitive  type,  consisting  of  a little  hollow  depression  in  the 
head  which  appears  to  act  like  a pinhole  camera  of  large 
aperture,  so  that  vision  by  means  of  this  organ  is  probably 

blurred  and  extremely  rudimentary  in  every  way. 

The  theory  of  shadows  'var  also  an  object  of  investigation 
by  the  Greek  geometers.  In  the  adjoining  diagram  (Fig. 
248)  d = CC'  denotes  the  distance  of  the  center  C ot  an 
opaque  globe  or  dirk  from  the  center  C of  a similar  luminous 
, . , and  2r  = FT)  2r'  = B'D'  denote  their  diameters.  I he 

straight  fines  BB',  DD'  and  BD',  DB'  intersecting  the  line 
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of  centers  CC'  at  A and  A',  respectively,  determine  the  limits 
of  the  umbra  and  penumbra  of  the  shadow  cast  by  the  opaque 

obstacle  (§  4)  and  l = C'A  denotes  the  length  of  the  umbra 

D 


and  V = A'C'  gives  the  corresponding  dimension  of  the  pe- 
numbra. From  the  two  pairs  of  similar  right  to  wangles  ACD, 

AC  D and  ACD,  A'C'D',  the  following  expressions  for  l 
and  V can  be  readily  found: 


Moreover,  if  we  put  Z CAD  = co,  Z C'A'D'  = a/,  then 


r — r 
tan  co  = — — > 


, t r'  + r 
tan  co  = 


d d ’ 

and  hence,  taking  account  of  the  signs  of  these  angles, 
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tan  w — tana/  = —2 r/d  = 2 tan  0, 
where  6 = Z CC'D. 

When  the  luminary  is  infinitely  distant  (d  = oo),  DB  (or 
A'B')  will  be  parallel  to  DD'  (or  D'A),  and,  similarly,  BD 
(or  A'D')  will  be  parallel  to  BB'  (or  B'A) ; and  consequently 
the  triangle  AA'D'  (Fig.  249)  will  be  isosceles  (o>  = - co'  = 0). 
However,  when  the  luminary  is  the  sun  or  moon,  its  angular 
diameter  20  is  only  about  half  a degree  and  therefore  the 
-penumbra  will  be  scarcely  perceptible  unless  the  screen  on 
which  the  shadow  is  cast  is  placed  relatively  far  away  from 
the  opaque  obstacle.  For  d=oo,  we  find  the  length  CA 


A/C^  = cot  0. 

195.  Reflection  of  Light;  Mirrors. — The  law  of  the  re- 
flection of  light  was  probably  known  in  very  early  times. 
From  the  symmetrical  congruence  of  object  and  image  in  a 
plane  mirror  (§  15)  the  fundamental  relation  of  the  equality 
between  the  angles  of  incidence  and  reflection  was  deduced 
by  Euclid  in  the  first  proposition  of  his  treatise  on  “Cat- 
optrics” (from  the  Greek  “katoptron”  meaning  a mirror), 
which  was  the  name  given  by  the  ancients  to  that  part  or 
Optics  which  treats  of  the  behavior  of  light  when  it  is  re- 
flected from  a polished  surface  of  a metal  or  glass  or  fi  o.n  the 
smooth  surface  of  a tranquil  liquid.  Euclid’s  methods  and 
conclusions  are  not  always  free  from  objections  by  any  means; 
but  even  so,  his  investigations  of  the  property's  of  both  plane 
and  curved  mirrors  were  original  and  remarkable  in  many 
ways.  Although  it  is  known  that  Archimedes  (who  was 
born  about  287  B.  C.)  made  contr:  butions  to  the  science  of 
Optics  as  well  as  to  other  branches  of  Physics  and  Gcometiy, 
his  writings  have  not  come  down  to  us.  The  story  of  his 
having  set  fire  to  the  Roman  fleet  by  concentrating  the  sun  s 
rays  on  the  ships  by  meaos  of  a huge  concave  mirror  is  per- 
haps no  more  than  a fairy  tale,  and  yet  it  may  have  a sub- 
stratum of  truth  enough  to  warrant  a conjecture  whether 
this  renowned  philosopher  may  not  have  been  an  optical 
as  well  as  a mechanical  engineer.  Hero  of  Alexandria,  with 
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an  insight  deeper  than  Euclid ’s,  derived  the  law  of  reflection 
of  light  from  the  principle  of  the  shortest  path  (§  38)  as  a 
striking  instance  of  economy  here  as  in  so  many  other  natural 
processes.  The  optical  theories  of  Alhazen  who  lived  in 
the  eleventh  century  at  a time  when  Arabian  science  was  at 
the  zenith  of  its  extraordinary  development  as  contained  in 
his  famous  treatise  on  optics  were  far  in  advance  of  those  of 
the  Greeks.  For  example,  his  notions  about  the  nature  of 
vision,  so  far  from  being  vague  were  exceedingly  concrete  and 
almost  modern  in  many  respects;  and  he  was  under  no  illu- 
sion about  the  rays  emanating  from  the  eye  instead  of  from 
the  object.  He  amplified  the  statement  of  the  fundamental 
fact  that  the  reflected  ray  is  contained  in  the  plane  of  inci- 
dence (§13);  and  besides  the  forms  of  mirrors  treated  by 
earlier  geometers  he  investigated  also  cylindrical  and  conical 
mirrors.  Two  centuries  or  more  glide  by  before  there  is  any 
further  progress  in  Optics  worthy  to  be  noted  and  here  we 
have  to  pause  to  mention  at  least  that  extraordinary  and 
eccentric  genius  Roger  Bacon  (c.  1294 -c  1294)  or  “Frier” 
Bacon,  as  he  was  commonly  called  by  his  contemporaries  in 
England  and  by  many  writers  long  i.Rerwards.  He  was  un- 
doubtedly a man  of  prodigious  learning  and  skill,  but  his 
scientific  imagination  was  prouably  greater  than  his  real 
scientific  performance,  and  when  he  speaks  of  the  possibility 
of  having  locomotives  that  are  propelled  by  their  own 
power  and  machines  that  can  make  flights  in  the  air,  it  is 
not  necessary  to  suppose  that  he  had  actually  invented  the 
ancestors  of  the  modern  automobile  and  aeroplane.  Specta- 
cles appeared  m Europe  in  the  thirteenth  century,  and  Bacon 
was  doubtlessly  well  acquainted  with  their  various  uses,  just 
as  he  wes  lamiliar  also  with  ordinary  reading  glasses  and 
magm.  trs;  but  there  is  little  evidence  to  show  that  he  in- 
vented these  things.  One  item  about  his  work  may  be  men- 
tioufd  as  adding  a link  to  the  chain  of  contributions  to  this 
particular  branch  of  Optics  and  that  is  a book  which  he 
wrote  entitled  Tractatus  despeculis;  wherein  a more  complete 
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theory  of  the  concave  mirror  (see  Problem  23,  p.  632)  is  to  be 
found  than  in  the  works  of  any  of  his  predecessors.  About 
the  same  time  Vitello  (c.  1270),  a native  of  Poland,  com- 
posed a treatise  on  optics,  based  in  large  measure  on  Al- 
hazen ’s  book,  but  which  contained  also  some  original  mate- 
rial. Apparently,  he  deserves  the  credit  of  having  been  the 
first  to  point  out  the  peculiar  focal  advantages  possessed  by 
a parabolic  mirror  (§205).  Finally,  in  order  to  complete  this 
brief  historical  survey  of  the  development  of  the  science  of 
Catoptrics  it  may  be  added  that  Porta’s  Magia  naturalis 
(alluded  to  in  § 194)  contains  much  discussion  of  the  proper- 
ties of  mirrors  of  various  kinds,  with  perhaps  what  is  the 
first  accurate  explanation  of  the  images  of  an  object  that  are 
to  be  seen  in  a pair  of  inclined  mirrors  (§§  17,  foil.). 

In  connection  with  the  theory  of  a pair  of  inclined  mirrors, 
a problem  of  some  practical  importance  is  as  follows: 

To  construct  a pair  of  plane  mirrors  which  will  produce  a 
given  deviation  of  a ray  which  has  been  reflected  once  from  each 
mirror  ( see  §17). 
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Fig.  250 —Deviation  of  ray  by  successive  reflections  fro™  Pair  °f  “dined 
plane  mirrors:  deviation  m same  for  pair  of  mirrors  OM,  ON  and  lor 
pair  of  mirrors  O'M'  anr.  G'N'. 

Draw  two  straight  lines  PK  and  KS  (Fig.  250)  intersect- 
ing in  K to  represent  the  paths  of  the  ray  before  and  after 
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the  two  reflections.  Take  a point  Q anywhere  on  the  straight 
line  PK  and  through  Q draw  a straight  line  QR  intersecting 
the  straight  line  KS  in  a point  R.  Draw  the  straight  lines, 
OM  perpendicular  to  the  bisector  of  the  angle  PQR  and  ON 
pet  pendicular  to  the  bisector  of  the  angle  QRS,  intersecting 
each  other  at  O.  Then  if  OM,  ON  represent  the  traces  of  the 
planes  of  the  mirrors  (both  supposed  to  be  perpendicular  to 
the  plane  of  the  paper),  the  broken  line  PQRS  will  repre- 
sent the  path  of  the  light  in  going  from  P to  S after  being 
reflected  from  OM  at  Q and  from  ON  at  R. 

In  the  diagram  the  light  after  being  reflected  at  the  second 
mirror  ON  is  represented  as  actually,  that  is,  “really”  going 
through  the  point  K;  and  when  this  is  the  case  the  dihedral 
angle  y = Z MON  between  the  two  mirrors  is  half  the  angle 
PER.  As  long  as  these  conditions  are  satisfied,  the  mirrors 
may  be  placed  anywhere,  the  angle  y being  kept  always  the 
same,  and  the  onl}r  other  change  in  the  diagram  will  be  in  the 
path  QR  which  the  light  takes  in  going  frcm  the  first  mirror 
to  the  second.  But  it  is  possible  to  have  <nso  a different  com- 
bination of  plane  mirrors  which  will  accomplish  the  same 
result,  as  is  shown  in  the  same  diagrt  m by  the  pair  of  mirrors 
whose  tiaces  in  the  plane  of  the  paper  are  the  straight  lines 
OM  and  ON  which  are  constructed  in  the  same  way  as 
OM  and  ON.  In  this  case  the  path  of  the  ray  is  represented 
by  the  broken  line  PQ,  A and  the  difference  between  the 
two  cases  consists  essentially  in  the  fact  that  here  the  point 
K is  behind  the  secoi.  d mirror  so  that  the  ray  R'S  now  passes 
“.virtually”  through  K.  In  this  case  also  the  angle  M'O'N' 

is  not  equal  to  y but  to  (180° — <y),  where,  as  before  y = 

Z MON  = § Z PER. 

When  an  object  is  placed  in  front  of  a compound  mirror 
consisting  of  two  plane  mirrors  so  adjusted  that  the  angle 
between  them  expressed  in  degrees  is  an  exact  multiple  of 
icO  , the  last  image  of  one  of  the  two  series  of  images  will 
coincide  precisely  with  the  last  image  of  the  other  series,  as 
explained  in  § 18,  and  the  position  of  this  final  image  can  be 
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found  simply  by  rotating  the  object  around  the  common 
edge  or  geometrical  line  of  intersection  of  the  planes  of  the 
two  mirrors  through  an  angle  equal  to  twice  the  angle  made 
c by  the  mirrors.  A special  case  of  much  practical  importance 
■ I (for  example,  in  the  construction  of  reflection  prisms)  is  a 
compound  mirror  in  which  the  two  plane  mirrors  are  at  right 
angles  to  each  other  (§  20),  so  that  the  final  image  formed  by 
rays  which  have  been  twice  reflected  has  the  same  position 
and  appearance  as  if  the  object  had  been  rotated  bodily 
around  the  edge  through  an  angle  of  180°,  as  shown  in  Fig.  31 
and  represented  also  in  Fig.  251.  Now  when  a point  of  this 


Fig.  251. — 


\ 

Reversal  of  image  formed  by  two  reflections  in  a rectangular 

pair  of  plane  mirrors. 


image  is  viewed,  the  actual  rays  tket  enter  the  eye  may  indeed 
be  portions  of  two  entirely  diff  'rent  bundles,  because  it  is  all 
the  same  here  whether  the  lays  proceeding  originally  from 
the  corresponding  point  e+  the  object  fall  partly  on  one  of 
the  mirrors  and  partly  o.i  the  other,  because  ultimately  they 
will  all  appear  to  come  from  the  same  point  behind  the 
compound  rectangular  mirror.  It  is  this  circumstance  that 
is  the  essenFiJ  principle  in  the  modus  operandi  of  so-called 
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roof-angle  prisms  such  as  are  employed  in  parts  of  various 
modern  optical  instruments  (particularly  in  many  military 
fire-control  instruments,  such  as  panoramic  telescopes,  “anti- 
aircraft fire-control  apparatus/’  etc.)  Amici’s  roof-angle 
prism  (Fig.  252)  may  be  considered  as  an  ordinary  right  angle 


Fig.  252.-  — / mici’s  roof-angle  prism. 


isosceles  prism  (see  h:g.  54)  in  which  the  hypothenuse  face  is 
replaced  by  two  p'ane  reflecting  surfaces  placed  at  right 
angles  to  each  other  and  forming  the  roof  of  the  prism ; the 
faces  of  entrance  and  emergence  being  the  gable-ends  of 
this  sloping  roof.  The  rays  suffer  two  reflections  inside  the 
prism  fust  at  one  side  of  the  roof  and  then  at  the  other ; and,  I 
consequently,  an  object  (for  example,  the  portion  of  a printed' 
page)  seen  through  a roof-angle  prism  will  not  appear  “per- 
verted” like  the  image  of  the  object  in  a single  plane  mirror, 
but  merely  inverted  with  respect  to  the  edge  of  the  roof! 

But  if  the  roof-angle  differs  ever  so  little  from  a right  angle,  | 
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the  effect  will  be  a double  or  overlapping  image;  and  hence 
such  prisms  are  peculiarly  hard  to  manufacture,  because  the 
right  angle  has  to  be  exceedingly  accurate  for  good  results. 

If  the  incident  rays  fall  perpendicularly  on  one  of  the  gable- 
ends  they  will  emerge  perpendicularly  to  the  other  one,  and 
the  total  deviation  of  the  beam  will  be  90°. 

196.  Dioptrics.  (Historical). — The  science  of  Dioptrics 
which  is  concerned  with  the  behavior  of  light  when  it  passes 
from  one  transparent  optical  medium  to  another  made  slow 
progress  among  the  ancients;  and  although  many  of  the  phe- 
nomena of  refraction  were  too  striking  not  to  be  recognized 
and  described,  it  is  not  until  after  the  first  century  of  the 
Christian  Era  that  we  find  in  such  writings  of  the  Greek 
philosophers  as  have  survived  any  well-directed  efforts  to 
find  an  explanation  of  these  effects.  In  fact,  the  law  of  re- 
fraction itself  remained  to  be  discovered  until  after  the  in- 
vention of  the  telescope.  The  first  data  on  the  subject  are 
to  be  found  in  the  Optics  of  Claudius  Ptolemy,  the  great 
Greek  astronomer  and  geographer  who  flourished  in  Alexan- 
dria (138  A.  D.)  and  whose  epicyclic  theory  of  the  mechan  - 
ism of  the  solar  system  is  still  given  in  modern  text-books  on 
celestial  mechanics.  One  of  the  divisions  of  this  work  is  on 
Dioptrics.  The  experiment  with  a coin  in  a basin  of  water 
(§  26)  is  described  there  and  explained;  and  the  fact  that  a 
ray  of  light  is  bent  in  towards  the  normal  to  the  refracting 
surface  when  the  ray  passes  from  one  medium  into  a denser 
one,  and  away  from  the  normal  when  the  second  medium  is 
less' dense  than  the  first,  is  specifically  stated  perhaps  for  the 
first  time.  But  unlike  his  predecessors,  Ptolemy  was  not 
content  with  mere  qualitative  results,  and  a noteworthy 
thing  about  this  work  is  that,  here  we  find  almost  the  first 
attempt  among  the  Greek  scientists  at  making  physical  meas- 
urements.* He  actually  measured  the  refraction  at  different 

* R.  A.  Houstoun,  ' The  Law  of  Refraction.”  Science  Progress,  XVI 
(1922),  pp.  397-407  The  quotations  in  the  text  are  from  this  valuable 

paper. 
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angles  for  at  least  three  different  pairs  of  substances,  and  al- 
though we  do  not  know  the  kind  of  glass  he  used,  some  idea 
of  the  degree  of  precision  of  his  experimental  methods  can  be 
obtained  by  calculating  “the  numerical  values  of  the  indices 
of  refraction  from  Ptolemy’s  data”  which  “give  means  of 
1.311  for  air  to  water,  1.485  for  air  to  glass,  and  1.109  for 
water  to  glass.”  “Ptolemy,  of  course,”  as  Dr.  Houstoun 
adds,  “did  not  discover  the  law  of  refraction,  and  knew  noth- 
ing of  the  index  of  refraction.  He  merely  left  his  results 
in  the  form  of  tables.  But  he  applied  them  correctly  to  the 
explanation  of  astronomical  refraction,  i.  e.,  the  apparent 
displacement  of  a star  towards  the  zenith  by  the  refraction 
of  its  rays  in  its  passage  through  the  earth’s  atmosphere.” 

Alhazen  (§195)  was  well  aware  that  the  density  of  the  at- 
mosphere diminishes  with  increase  of  altitude  above  the 
earth ’s  surface  and,  consequently,  he  inferred  that  the  path 
of  a ray  of  light  proceeding  from  a star  not  directly  overhead 
must  be  curvilinear  after  it  entered  the  cm  til’s  atmosphere 
(§3).  He  argued  also  that  on  account  of  atmospheric  refrac- 
tion the  disks  of  the  sun  and  moon  the  horizon  must  ap- 
pear oval  instead  of  circular,  and  likewise  that  a star  would 
be  visible  a short  time  after  it  had  actually  set  below  the  hor- 
izon or  before  it  had  actually  risen  (§  8).  He  investigated  also 
the  deviation  of  the  refracted  rays  by  making  measurements 
similar  to  those  of  Ptolemy,  and  he  noted  the  fact  that  the 

refracted  ray,  like  the  reflected  ray,  lies  in  the  plane  of  inci- 
dence. 

Vitello  (§195)  published  tables  of  corresponding  values 
of  the  anglpo  of  incidence  and  refraction  from  air  to  both 
water  and  glass,  from  water  and  glass  to  air,  from  water  to 
glass,  a il  from  glass  to  water,  which  agree  very  closely  with 
Ptolemy’s  results.  About  this  time  spectacles  began  to  be 
used  in  Europe  and  magnifying  glasses  also.  Several  cen- 
ses later  we  find  Porta  (§§  3, 194,  195)  and  Maurolycus 
f§  194)  studying  the  properties  of  lenses.  In  one  of  his  writ- 
ings Maurolycus  shows  that  a ray  of  light  issues  from  a 
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transparent  plate  bounded  by  two  parallel  plane  faces  in  the 

same  direction  it  had  originally  (§  44). 

The  beginning  of  the  seventeenth  century  marks  a notable 
epoch  in  the  history  of  optical  science.  Already  in  1604 
Kepler  (1571-1630)  had  published  in  Latin  a small  volume 
on  geometrical  optics  called  u Supplements  to  Vitello  s 
Optics”  which,  together  with  his  subsequent  work  on  “Diop- 
i tries”  (1611),  was  by  far  the  most  original  and  systematic 
treatise  on  the  subject  that  had  been  composed  up  to  that 
time.*  Meanwhile  the  invention  of  the  telescope  in  1609 
and  the  extraordinary  discoveries  which  Galileo  (1564- 
1642)  had  made  with  his  new  instrument  stimulated  the 
I imagination  and  added  a practical  motive  to  the  cultivation 
of  optics  as  an  applied  science.  In  Milton’s  famous  lines 
in  which  he  compares  the  shield  of  Satan  to  the  moon 

“ Whose  orb 

Through  optic  glass  the  Tuscan  artist  views 
At  ev’ning  from  the  top  of  Fesole 
Or  in  Valdarno,  to  descry  new  lands 
Rivers  or  mountains  in  her  spotty  globe,” 

we  catch  even  now  an  echo  of  the  universal  acclaim  that 
greeted  the  celestial  discoveries  of  Galileo  and  his  suc- 
cessors. Taking  Vitello’s  numerical  data  for  air  and  water 
as  the  basis  of  investigation,  Kepler  attacked  anew  the  prob- 
lem of  refraction  in  his  peculiar  thoroughgoing  fashion  and 
sought  to  discover  a general  relation  connecting  the  angles 
of  incidence  and  refraction  which  would  bt  Lavished,  appioxi- 
inately  at  least,  by  each  of  the  pairs  of  corresponding  values 
jj  as  given  in  the  table.  The  nearest  he  could  come  to  finding 
a law  was  to  say  that  the  deviation  of  the  ray  was  apparently 
proportional  both  to  the  angle  of  incidence  ( ct)  and  to  the 
secant  of  the  angle  of  reflation  (a');  which  is  equivalent 
to  the  following  formula: 

a--  a'  = C.  a.seca', 

* Both  of  these  wer’e*  have  been  published  in  German  in  Ostwald’s 
||  “ Klassiker  der  exaki  en  Wissenschaften.” 
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where  C denotes  a certain  constant  characteristic  of  the  two 
media.  The  smaller  the  angles  the  better  the  agreement  was 
found  to  be  between  the  values  as  calculated  by  the  formula 
and  those  obtained  by  actual  measurement;  but  when  the 
angles  were  comparatively  large,  the  discrepancy  was  more 
and  more  marked.  For  very  small  values  of  a',  there  is  no 
g1  eat  error  in  putting  secct/=  1,  and  then  the  formula  be- 
comes. a,— a.  =C.a  or  a'  =(1—  C)  a.  Now  both  Ptolemy 
and  Alhazen  had  observed  long  before  that  so  long  as  a 
and  a were  small  angles,  they  were  in  a constant  ratio 


to  each  other,  that  is,  a = nar  or  a' =— , where  n denotes 

n 


the  constant  which  is  now  known  as  the  relative  index  of  re- 
fraction of  the  two  media  (§  27).  Comparing  the  two  ex- 
pressions for  a',  we  are  able  to  translate  Kepler’s  constant 
C into  the  following  function  of  n,  namely: 

n-1 


C = 


n 


Although  Kepler  did  not  succeed  in  ascertaining  the  true 
law  of  refraction,  it  is  little  short  of  astonishing  to  read  his 
wi  itings  and  see  what  an  insight  he  somehow  contrived  to  get 
into  the  essential  nature  of  ties  pnenomenon  and  how  surely 
and  accurately  he  perceived  tae  characteristic  effects  of  prisms 
and  lenses  and  optical  co  uninations.  He  understood  clearly 
the  principle  of  total  redeAion  (§  36)  and  knew  how  to  deter- 
mine the  so-called  critical  angle”;  and  with  unerring  genius 
he  conceived  tt>e  combination  of  two  convex  lenses  which 
constitutes  the  aFtronomical  telescope  (§  159)  and  which  en- 
abled Scheint.r  afterwards  (c.  1614)  to  construct  an  instru- 
ment accoiding  to  this  theory. 

Schemer  had  a remarkable  talent  for  experimenting  to- 
gether with  an  extraordinary  grasp  of  optical  laws.  His 
famous  book  on  the  eye  and  vision  called  “Oculus  sive  funda- 
lientum  opticum”  published  first  in  1619  is  extremely  valu- 
able and  interesting  even  to  this  day.  In  trying  to  trace  the 
paths  of  the  visual  rays  through  the  various  ocular  media,  he 
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I as  confronted  always  with  the  difficulty  of  not  knowing  pie- 
sely  how  the  rays  were  bent  so  as  to  form  finally  an  image 
jon  the  retina.  He  spared  no  pains  to  discover  the  exact  law 
|j)f  refraction;  and  a book  called  “ Ars  magna”  published  by  a 
esuit  writer  named  Kircher  in  1646  contains  Scheiner  s 
able  of  the  corresponding  values  of  the  angles  of  incidence 

*\nd  refraction  for  air  and  water. 

The  law  of  refraction,  however,  was  at  last  discovered 

< ibout  1621  by  W.  Snellius  (§27),  a professor  of  mathe- 
•umatics  at  Leyden,  who  died  without  publishing  his  manu- 
script on  the  subject.  Huygens  states  that  he  had  seen  this 
(manuscript,  in  which  the  correct  geometrical  construction  is 
Liven  for  drawing  the  refracted  ray.  The  modern  form  of 
Stating  the  law  in  terms  of  the  ratio  of  the  sines  of  the  angles 
of  incidence  and  refraction  (p.  66)  was  given  first  by  Des- 
jlCARTES  (§  28)  in  his  Dioptrique  published  in  1637. 

197.  Reflection  Prisms. — In  modern  optical  instruments 
(glass  “reflection  prisms”  in  which  the  light  is  reflected  intei- 

IJnally  at  one  or  more  of  the  plane  faces  are  employed  for  man- 
ifold purposes,  sometimes,  for  example,  to  erect  an  ^imc  g° 
iwhich  would  otherwise  appear  inverted  (as  in  the  o^ao 
iprism-system,  § 20),  and  sometimes  also  merely  to  change 
.the  directions  of  the  rays  so  that  the  eyepiece  of  tt.e  instru- 
ment can  be  inserted  at  a more  convenient  place,  etc.  Par- 
ifticularly  in  the  case  of  a prism  of  this  type  a very  consider- 
1 able  portion  of  the  light  path  lies  in  the  glass  medium,  and 
„ hence  to  minimize  as  far  as  possible  losses  of  light  by  absorp- 
i tion  the  optical  glass  used  in  the  manufacture  of  these  parts 
ft  must  be  of  the  highest  quality,  that  is,  as  transparent  an 
t uniform  as  possible,  and  at  the  same  time  in  order  to  reduce 
i losses  by  reflection  and  also  in  order  to  obtain  the  requisite 
H effects  with  the  necessary  precision  the  surfaces  and  edges  o 
1 the  prism  must  be  executed  by  the  optician  with  the  greatest 
i mechanical  skill  (§37).  The  reflecting  faces  are  sometimes 

§ silvered. 
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A plane  perpendicular  to  the  parallel  edges  of  a prism  will 
cut  it  in  a principal  section  (c/.  § 48),  which  usually  has  the 
form  of  a polygon  of  three  or  more  sides.  Some  of  the  faces 
of  a prism  may  be  “idle”  in  the  sense  that  they  have  abso- 
lutely no  duty  to  perform  so  far  as  light  is  concerned,  and 
their  only  raison  d ’ elre  is  that  sometimes  by  shaping  the  prism 
in  this  way  it  is  possible  to  use  a smaller  piece  of  glass  which 
is  not  only  economical  of  the  material  but  also  makes  the 
prism  as  a whole  take  up  less  space  in  the  optical  instrument. 

According  as  the  light  in  transit  through  the  prism  under- 
goes one  or  two  or  more  reflections,  the  prism  is  called  a 
“single  reflection,”  “double  reflection,”  “triple  reflection” 


C 


Fig.  253.  Double  reflects  n prism  BCDE:  deviation  45°. 


prism,  etc.  In  the  ordn:«n  y form  of  prism  (Chapter  V)  where 
internal  reflections  not  considered  at  all  but  merely  the 
refractions  which  the  rays  undergo  on  entering  and  leaving  the 
prism,  only  thec^  two  refracting  surfaces  are  concerned  in  pro- 
ducing the  deviation  of  the  light;  but  a reflection  prism  usually 
has  at  leas\  as  many  as  three  active  faces  where  the  rays  are 
deviated  either  by  refraction  or  by  reflection.  However, 
even  m a reflection  prism  only  two  of  the  faces  may  be  in- 
volved, for  the  rays  can  have  two  adventures  at  the  same 
face;  as,  for  example,  in  the  prism  illustrated  by  the  section 
BCDE  in  the  above  diagram  (Fig.  253),  which  shows  the 
case  of  a double  reflection  prism  where  the  ray  is  transmitted 


Single  Reflection  Prism 


575 


into  the  prism  across  the  first  face  BE  and  then  after  being 
reflected  from  the  second  face  CD  is  reflected  again  at  the 
first  face.  In  the  diagram  the  ray  is  represented  as  crossing 
the  first  face  perpendicularly  and  leaving  the  prism  at  rig 
angles  to  the  face  BC.  The  two  reflecting  faces  are  inclined 
at  an  angle  of  22°  30'.  The  actual  form  of  a principal  section 
is  that  of  the  quadrilateral  BCDE  with  a right  angle  at  E and 
an  angle  of  45°  at  B.  The  ray  is  deviated  through  45  which 
is  twice  the  angle  between  the  reflecting  faces  (§  17). 

Thus,  in  a reflection  prism  a ray  must  have  at  least  three 
“adventures”  (as  we  called  them  above),  one  of  refraction 
T when  the  ray  enters  the  prism,  and  two  others  consisting  o 
1 an  internal  reflection  and  another  refraction  on  leaving  the 
c prism  (single  reflection  prism)  or  of  two  internal  reflections 
(double  reflection  prism),  in  which  latter  case  there  will  have 
to  be  another  refraction  also  if  the  ray  is  to  emerge  back  into 
the  air  again.  And  generally  (as  has  been  stated)  these  t ree 
first  “adventures”  or  deviations  will  occur  at  three  dtfferen 
faces,  which  are  the  important  faces  so  far  as  the  geometry 
of  the  prism  and  its  optical  effects  are  concerned  In  a dia- 
gram of  a principal  section  of  the  prism  these  three  at  ■ w, 
faces  will  be  shown  as  straight  lines  whose  points  oi  inter- 
section A,  B,  C determine  a triangle  ABC. 

198.  Single  Reflection  Prism —Consider,  first,  the  case  of 

a single  reflection  prism  as  represented  by  the  triangle  ABC  in 

Fig.  254;  and  suppose  that  a ray  of  light  whose  path  in  air  is 
along  the  straight  line  PQ  meets  the  side  AB  at  Q;  where  it  is 
refracted  into  the  glass  along  the  straight  line  QR  meeting 
the  side  AC  in  R;  reflected  thence  it  falls  on  the  side  BC  at  b 
and  emerges  finally  back  invi  the  air  along  the  straight  line 
line  ST.  We  proceed  to  show  that  the  problem  of  tracing  t 
path  PQRST  of  a ray  through  a single  reflection  prism  can  be 
reduced  to  that  of  constructing  the  path  of  a ray  through  an 

ordinary  prism,  as  shown  in  §49. 

Locate  the  point  B'  which  is  symmetrical  to  B with  respect 
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to  the  opposite  side  of  the  triangle  ABC,  and  construct  the 
triangle  AB'C,  which,  obviously,  is  not  only  congruent  with 
the  triangle  ABC  but  is  in  fact  the  image  of  the  latter  tri- 


angle in  the  common  base  AC  regarded  as  being  the  trace  of 
a plane  mirror.  Now  if  the  quadrilateral  ABCB'  were  the 
stct’on  of  a glass  prism,  the  ray  after  entering  the  prism 
would  proceed  along  the  straight  line  QRS'  to  the  point  S' 
in  the  side  B'C  and  would  emerge  into  the  air  in  the  direction 
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S'T';  and  it  is  quite  a simple  matter  to  construct  the  path 
PQS'T',  as  follows: 

Take  a point  V anywhere  in  the  plane  of  the  drawing; 
which,  if  convenient,  may  be  (as  in  Fig.  254)  the  point  of  in- 
tersection of  the  straight  lines  AB  and  B'C.  Draw  \X, 
VY  and  VZ  parallel  to,  and  co-directional  with,  the  straight 
lines  AB,  CB'  and  AC,  respectively.  Around  V as  center 
describe  the  arcs  of  two  concentric  circles  with  radii  in  the 


Fig.  255.— Single  reflection  prism:  de  fl’.cion  90°. 


ratio  1 : n,  where  n denotes  the  index  of  refraction  of  the 
glass;  and  draw  the  straight  line  VQ  in  the  same  direction 
as  that  of  the  given  incident  ray  PQ,  marking  the  point  G 
where  VG  meets  the  inner  ere.  Draw  GE  perpendicular  to 
VX  at  E and  meeting  the  outer  arc  at  H.  Draw  HF  per- 
pendicular to  VY  at  F ai  d meeting  the  inner  arc  at  J.  Draw 

OS'  parallel  to  VH  and  S'T'  parallel  to  VJ. 

As  a matter  o'  fact,  however,  the  glass  body  does  not  ex- 
tend below  the  line  AC;  and  the  light,  on  arriving  at  the 
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point  R is  reflected  (partially  or  totally,  as  the  case  may  be) 
along  RS  to  a point  S in  the  side  CB  which  is  symmetrical 
to  S with  respect  to  the  straight  line  AC.  Thus,  by  taking 
the  point  C as  center  and  striking  an  arc  with  radius  equal  to 
CS',  the  point  S can  be  located  and  the  straight  line  RS  can 
be  drawn.  Determine  the  point  O at  the  intersection  of  the 
straight  lines  S'T'  and  AC  and  draw  the  straight  line  OS 
which  determines  the  path  ST  of  the  emergent  ray.  This 


V 


p 


Fig.  256.  Single  rotlcction  prism:  zero  deviation. 


path  may  be  found  also  by  drawing  the  straight  line  VK  so 
that  Z JVZ  = ZZVK;  because  ST  is  parallel  to  VK. 

Conveisely,  L^ing  given  two  of  the  sides  of  the  prism  to- 
gether with  tht  index  of  refraction  of  the  glass,  it  is  easy  to 
construct  oh  3 third  side  of  the  triangle  ABC  when  the  direc- 
tions 70  and  VK  of  the  incident  and  emergent  rays  are  pre- 
scribed m advance. 

iseveial  special  cases  are  shown  in  the  accompanying  dia- 
?iams.  For  example,  Fig.  255  is  drawn  for  the  case  when  the 
ray  ST  emerges  in  a direction  perpendicular  to  that  of  the 
incident  ray  PQ,  whereas  in  Fig.  256  ST  is  parallel  to  PQ, 
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I that  is,  the  total  deviation  is  zero.  If  the  triangle  ABC  is 
isosceles  (BA  = BC),  the  quadrilateral  ABCB'  is  a rhomb; 
and  if  also  PQ  is  parallel  to  AC,  ST  will  likewise  be  parallel 

to  AC  (Fig.  257).  ...  . 

The  total  deviation  of  a single  reflection  prism  is  measure 

by  the  angle  5=  ZGYK  (Fig.  254)  through  which  the  di- 
rection of  the  incident  ray  has  to  be  turned  in  order  to  bring 
it  into  the  direction  of  the  emergent  ray.  The  internal  angles 
i at  the  vertices  of  the  triangle  ABC  are  denoted  in  the  fol- 
lowing discussion  by  a,  0,  7,  thus:  a=  ZCAB,  0-  Z 

B 


J 

I 

of 


T' 


m 


7 = Z BCA,  so  that  if  these  angles  (which  are  exorbssly  defined 
so  that  they  all  have  the  same  sense  of  rotation  and  are  rec  v- 
oned  as  positive)  are  given  in  radians.,  then  <*  + 0+7= 
Evidently,  also  ZZVK=a,  ZYVZ-x-7-  Draw  NQ  per- 
pendicular to  AB  at  Q,  MS  perpendicular  to  BC  at  S,  and 
M'S'  perpendicular  to  B'C  at  S',  the  points  designated  by 
N M and  M'  being  all  outside  the  glass.  The  ang  es  o inci- 
dence and  emergence,  denoted  here  by  the  symbols  6 and 
respectively  (neither  of  which  is  ever  more  than  a right  angle), 

are  defined  thus:  V 

6 = Z NQP  = Z EGV,  ip  = Z MST  = Z T'S'M'  = Z VJF; 
and  are  reckoned  positive  or  negative  according  as  tie 
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sense  of  rotation  is  the  same  as  that  of  the  angles  a,  ft,  y 
or  in  the  opposite  sense,  respectively. 

Now  from  the  diagram  it  is  evident  that 

ZGVK  = ZGVX+ZXVZ+ZZVK; 

and  since 

Z ZVK  = Z JVZ  = Z J VY+Z  YVZ, 
it  follows  that 


Z GVK  = Z GVX+Z  XVZ+Z  JVY+Z  YVZ. 

If  in  this  equation  the  symbols  are  introduced  as  defined 
above,  noting  that 

ZGVX  = |-0,  ZXVZ--a,  ZJVY-*.-?, 

Z YVZ  = 7r  — 7,  d = 7T— a—  y; 

we  find  the  following  convenient  expression  for  the  angle  of 
deviation  of  a single  reflection  prism,  namely;  I 

5 = <P-d  + (3.  (i) 

This  formula  might  have  been  obtained  also  by  consid- 
ei  ing  the  total  deviation  5,  as  the  algebraic  sum  of  the  sepa- 
rate deviations  produced  at  each  rf  the  three  active  faces  of 
the  prism.  Thus,  if  the  angle  of  refraction  at  the  first  face 

AB  of  the  prism  is  denoted  by  O ',  so  that  according  to  the  law 
of  refraction, 

n.  sin  d =sin  0;  (2) 

and  if  the  angle  of  incidence  at  the  emergent  face  BC  is  de- 
noted by  \f/,  so  that  in  the  same  way  • 1 

n.  sin  \f/=  sin  tp ; (3) 

then  evidently  </  = Z EH V,  ^ = ZVHF  and 

T~a==?/+^.  (4)  I 

Moreover,  if  denotes  the  angle  of  incidence  of  the 

ra>  when  it  falls  on  the  reflecting  face  AC,  that  is  if 

77  = Z QRA  = Z CRS  = Z S'RC  = Z HVZ, 


then 
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(The  deviations  of  the  ray  at  each  of  the  three  faces  in  succes- 
sion are  ( 0'-  6),  2u  and  (<p-*) ; and  hence  the  total  devia- 

( tion  is  . 

| 5=  Q'-  0+2r)+<p-t; 

v which  after  elimination  of  6',  V and  * by  means  of  equations 
(4)  and  (5)  reduces  immediately  to  formula  ( ) 

^Combining  (3)  and  (4)  so  as  to  eliminate  we  obtain 
a very  useful  formula  for  calculating  the  angle  of  emergen 
(p  in  terms  of  n,  a,  7 and  0',  as  follows. 

sin  <£=n.sin  (7— a—  0')-  © 

This  formula  not  only  enables  us  to  see  clearly  what  we  must 
know  in  order  to  determine  the  angle  <p;  but,  taken  in  connec- 
tion with  (2),  it  shows  also  that  for  a given  set  of  values  of  n, 
nnT(Y-a)  the  angle  * has  a perfectly  definite  value; 
and  it  should  not  be  difficult  for  the  student  to  show  that  this 
value  of  <p  is  precisely  equal  to  the  angle  of  emergence  of  * 
ray  which  traverses  an  ordinary  prism  whose  refracting  ang.t 
is  equal  to  (a-7),  P™vided  U meet8  the  first  faceor  w 

nrism  at  an  angle  of  incidence  equal  to  - 6-  rn  r.g.  25» 
PORST  shows  the  path  of  a ray  which  traverse:  the  single 

SSLtl  whose  section  is  ABC;  and  F'«W  — 
path  of  a ray  which  taverses  an  ^ whose 

refracting  angle  AV  C = a- y.  it  tne  mg 
of  the  two  rays  are  equal  but  opposite  m sign,  the  angle 
emergence  from  each  of  the  prisms  wul  be  the  same. 

More  important  still  is  another  conclusion  which  can  be 
derived  immediately  from  formula  (6),  namely:  If  for  a 
given  direction  of  the  incident  ray  PQ,  that  is,  for  a given 
value  of  the  angle  6,  the  direction  of  the  emergent  ray  is  to 
be  independent  of  the  value  of  the  index  of  refraction  n,  we 

must  have 


7-a=0; 
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and  this  means  that  a single  reflection  prism  will  be  achromatic 
(cf.  § 169),  that  is,  the  deviation  will  be  the  same  for  all  colors 


1;g.  2o8.  Single  reflection  prism  ABC:  construction  of 

path  of  ray. 


(no  matter  how  n varies  for  different  colors,  p.  466),  provided 
the  triangle  ABC  » isosceles  (BA-BC).  For  example,  a ray 
of  white  light  PQ  entering  an  isosceles  single  reflection  tri- 
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angular  glass  prism  ABC,  as  represented  in  Fig.  259,  will  be 
split,  say,  into  a red  ray  and  a blue  ray  which  will  have  diffei- 


P 


B 


Fig. 


259 —Isosceles  single  reflection  triangular  glass 
prism  ABC:  showing  how  red  and  blue  rays  emerge 
from  the  prism  parallel  to  each  other. 


ent  paths  inside  the  prism  but  will  emerge  in  the  same  direc- 
tion.  In  this  case 

<p=-0,  5 = 0-20,  (y  = a). 

When  the  incident  rays  are  parallel  to  the  base  AC  of  ar. 
isosceles  single  reflection  triangular  prism  ABC,  as  shown  m 
Fig.  260,  that  is,  when  0 = 0/2,  the  deviation  vanishes  (8-0). 


The  so-called  “ reversion  prism  ” of  Dove  is  an  isosceles  single 

reflection  triangular  prism  with  the  faces  of  ™j.rance  an  "IJ 
gence  perpend  cular  to  each  other  (0  = tt/2,  6=  d~<P+*W- 
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The  condition  that  a ray  shall  traverse  a single  reflection 
prism  without  deviation  is 

0-<P  = P,  (6=0); 

as  shown  in  Fig.  256. 

A particularly  important  practical  type  is  the  so-called 
“constant  deviation  prism ” which  is  designed  so  that  the  angle 


A A'  C 

Fig.  261.  Pellin-Broca  constant  deviation  prism  ABB'/.':  dv'viation  90°. 

of  deviation  is  equal  to  the  angle  (3  between  the  two  refract- 
ing faces;  and  for  which,  therefore,  we  have  the  following 
relations : 


e=<p,  (5-/3). 

It  appears  from  the  above  that  the  angles  O',  ^ and  y which 
are  made  by  the  ray  inside  a prism  of  this  description  de- 


Fig.  262. — Single  reflection  constant  de- 
viation prism:  5 = a = = y =3  6Q°f 


stant  deviation  prism:  isos- 
celes right  angle  prism: 
d = P=  90°. 
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pend  entirely  on  the  geometrical  form  of  the  prism  and  are 
wholly  independent  of  the  optical  material  of  which  the  prism 
is  made,  since  the  expressions  for 
these  angles  do  not  involve  the  index 
of  refraction  (n).  The  Pellin-Broca 
constant  deviation  prism  which  has 
the  form  of  a quadrilateral  ABB'A' 

(Fig.  261)  has  a right  angle  at  B and 
hence  the  deviation  is  90°.  The  in- 
terior angles  at  A,  B'  and  A'  are  75  , 

60°  and  135°,  respectively.  Figs.  262, 

263  and  264  show  principal  sections 
of  several  common  constructions  of 

single  reflection  constant  deviation  ^ 264.— Single  reflection 
prisms  (8=jS)  designed  for  rays  'constant  deviation 

which  enter  and  leave  the  glass  p^1  bd 
body  at  right  angles  to  two  of  the 

faces  (0-0' - ¥>=*  - 0,  7 = «) • In  order  ,to  utlllf  +C0“‘ 
pletely  all  the  material  of  a single  reflection  constant  de- 
viation prism,  the  design  should  be  such  that  after  refraction 


l — V — ^ / • 

at  the  first  face  AB  the  rays  should  go  over  to  the  reflecting 
face  AC  in  lines  paral'e!  to  the  emergent  face  BC,  as  shown 

in  Fig.  265 ; which  means  that  here  2 ( tt  - a) 

-1  = 7,  5 = /3=2t  = q — ' 
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199.  Double  Reflection  Prism.— After  entering  a double 
reflection  prism  across  the  face  AB  (Figs.  266  and  267)  the 
ray  is  reflected  first  from  the  face  AC  and  then  reflected  again 
either  at  a third  face  BC  (as  represented  in  both  diagrams) 
01  at  the  first  face  AB  (as  represented  in  Figs.  253  and  270) ; 
the  path  inside  the  glass  being  shown  by  the  broken  line 
QRST  in  Figs.  266  and  267,  and  QRUV  in  Figs.  253  and  270. 
In  order  to  obtain  the  angle  relations  for  a double  reflection 
prism,  a notation  can  be  employed  almost  identical  with  that 
used  in  studying  a single  reflection  prism  {$  198).  The  essen- 
tial difference  between  the  two  types  of  prism  is  that  in  the 


Fig.  266.  Double  rejection  prism  ABC. 


case  of  the  double  reflection  prism  shown  in  each  of  the  dia- 
grams, Figs.  266  and  267 , the  ray  is  reflected  at  the  side  BC 
of  the  triangle  ABC  instead  of  being  refracted  at  this  side- 
and,  consequently,  by  merely  putting  n = — 1 (see  § 75)  in 
equation  (6)  of  '$  198,  we  shall  obtain  immediately  an  expres- 
sion for  the  angle  <p  in  the  case  of  a double  reflection  prism 
namely,  ’ 

<p  = a~y+  $ 

as  can  be  also  obtained  immediately  from  a consideration  of 
either  of  the  two  diagrams,  since  Z QRA  = Z CRS  = rj,  ZRST 
=?><£  and  evidently 

d'=T,-y  = y +<p. 
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' IThe  deviations  at  each  face  in  succession  are  (6'  - 6), 
land  (t+2 <p);  and  hence  the  total  deviation  5 which  is  the 
■<] algebraic  sum  of  these  partial  deviations  will  be  found,  after 
tj  eliminating  tj  and  S',  to  be  given  by  the  following  expression: 

II  g = 7 v+(p-d+0. 

:>l 

I This  may  be  written  also: 

J 5=  d'~  d-2y+2Tr 

wfrom  which,  however,  the  last  term  can  be  dropped  because 
27r  is  merely  equivalent  to  a complete  revolution  of  360  . 


a 


Fig.  267.— Double  reflection  prism  ACYX. 


The  term  2y  in  this  expression  is  due  to  the  two  reflecting 
surfaces  which  arc  inclined  to  each  other  at  the  angle  7 (see 

§17). 
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The  ray  ST  which  marks  the  path  of  the  light  after  it  has 
been  reflected  at  the  face  BC  is  still  inside  the  prism,  and  if 
the  light  is  to  emerge  into  the  air,  it  must  be  refracted  from 
glass  to  air  at  one  of  the  plane  faces.  Suppose,  for  example, 
that  the  face  of  emergence  is  represented  by  the  straight  line 
XY  (Fig.  267)  which  intersects  the  straight  lines  BA  and  BC 
in  the  points  designated  here  by  X and  Y,  respectively.  If 

the  angles  of  incidence  and  refrac- 
tion at  this  face  are  denoted  by  co, 
o>',  then,  by  the  law  of  refraction, 

n sin  co = sin  oo'; 

and  the  total  deviation  of  the 
emergent  ray  U V will  be  : 

A = 5+co' — co, 
or 

A = ( 0r—  0)+(co'-co)-2y. 

Put  n = Z YXB  and  an  inspection 
of  the  diagram  (taking  account 
always  of  The  sense  of  rotation  of 
each  angle  as  defined)  will  show 
that  : I 

ai=2y+co  — 0'. 

Hence,  in  the  special  case  when  co=  0',  we  must  have  v=2y; 
and  since  also  in  this  case  co'  = 0,  it  follows  that  the  total 
deviation  A will  be  j±  = —2y.  Accordingly,  if  the  straight 
line  XY  is  dravm  so  as  to  make  with  the  side  AB  an  angle 
twice  the  given  ‘ingle  y between  the  two  reflecting  sides  AC 
and  BC  of  the  iriangle  ABC,  the  deviation  A will  be  constant 
for  all  raj  s that  traverse  the  prism.  A good  example  of  a 
constant  deviation  double  reflection  prism  is  the  quadrilateral 
prism  ACYX  shown  in  Fig.  269,  a so-called  Wollaston 
prkm,  in  which  the  angle  denoted  by  n is  a right  angle  (and 
hfnoe  angle  y=45°)  so  that  the  total  deviation  is  90°. 
Anothei  illustration  is  the  well  known  penta  prism  (see  Prob- 
lem 43,  p.  148)  the  principal  section  of  which  has  the  form 
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of  a pentagon  BXA'C'B'  with  the  sides  BX  and: XA^equal 
in  length  and  also  the  sides  A'C'  and  BB  , Z.B7LA-W, 
Z XA'C'  = Z B'BX  = 112°  30'.  The  ray  is  refracted  into 

the  prism  across  the  face  BX  and  reflected  first  tom  AO 
and  then  from  B'B  and  finally  emerges  across  the  face  A A 
in  a direction  which  makes  a right  angle  with  the  dnection 


135‘ 


eo£ 


X 


Fig  269.— Wollaston  Prism:  deviation  90c. 
of  the  incident  ray.  The  side  B'C' is  an  ‘ idle”  face.  (The 

diagram  can  be  readily  drawn  from  the  description.) 

Alluln  was  made  to  another  type  of  double  reflection 
prism  in  which  the  ray  is  reflected  back  from  the  second  ace 
AC  to  the  first  face  AB  where  it  is  again  reflected;  so  that 
including  the  refraction  on  entering  the  prism  across  A , e 
ray  suffers  three  deviations  at  the  two  faces  AB  and  AC 
as  represented  in  Fig.  270  where  the 

^ angles 

are  obvious  from  the  figure: 
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and  the  deviation  is: 


or 


<5  = ( 6'—  6)+2v+(2cr—  T)=cr-a, 
5=  O' ~ d+2a. 


It  is  not  by  any  means  always  easy  to  determine  the  best 

piactical  actual  form  of  a double  reflection  prism  such  that 

n 


V 


P 

Fig.  270.— Double  reflection  prism  in  which  ray  is  reflected  internally 

rom  the  face  at  which  it  ei  itered  the  prism. 


It  will  transmit  the  maximum  part  of  a bundle  of  parallel 
rays  incident  normally  on  the  entrance-face  AB.  If  the  two 
reflections  take  place  at  the  faces  AC  and  BC  in  succes- 
sion, then,  since  0=  £ -U,  the  deviation  will  be  §=—  2y. 
Consider  the  ray  which  enters  the  prism  at  the  corner  A 
(Fig.  271)  and  proceeds  inside  the  prism  along  the  path 
shown  by  the  broken  line  AEZ,  where  Z designates  the  point 
of  intersection  of  the  straight  lines  EZ  and  AC.  Draw  ZD 
perpendicular  to  AB  at  D;  then  AD  is  the  part  of  the  side  AB 
which  k actually  utilized  in  the  transmission  of  light  through 
the ^pi ism;  and  accordingly  the  triangular  portion  of  glass 
having  no  part  in  the  optical  performance,  may  be 
removed.  Draw  the  straight  line  ZF  meeting  the  side  BC  at 
F;  and  draw  FG  parallel  to  EZ,  and  ZG  perpendicular  to  FG  at 
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It  can  easily  be  shown  that  ZG=AD.  The  most  eco- 
nomical and  efficient  shape  of  the  prism  is  represented  b> 
none  whose  principal  section  has  the  form  of  the  polygon 
i ADEFGZA.  The  emergent  face  ZG  will  be  a continuation  o 


B 


the  face  AZ  when  the  angle  a is  equal  to  twice  the  angle 

^ The  more  complicated  forms  of  optical  prisms  i-^rdly  need 
to  be  described  in  this  book,  especially  as  their  effects  can 
nearly  always  be  ascertained  by  application  o:  die  same  g 
S methods  as  have  been  employed  in  ffie  above  ana  y- 
The  orientation  of  the  image  in  a reflexion  prism  is  the  sa 
as  the  problem  of  an  image  in  a plane  mirror  or  ma^mW 
tion  of  such  mirrors  and  involves  the  same  questions  as  are 
treated  in  §§  15,  foil.;  although  it  must  be  admitted Ahat it  is 
not  always  easy  to  keep  In  mind  the  various  rotations  of  the 
image  that  take  place  in  a prism-system  where  there  are  - 
merous  reflections.  An  excellent  description  of  ceitam  spe 
cial  types  of  prisms  which  are  essential  parts  of  opticd  appa- 
ratus that  is  extensively  used  in  modern  warfare  in  hot 
and  navy,  in  to  be  found  m a serviceable  little  volume 
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“Elementary  optics  and  applications  to  fire  control  instru- 

1029  TnUblf !fd  by  the  0rdnance  Bureau  in  Washington, 

, ' lh^  following  papers  may  be  recommended  to  the 

student : ^Reflecting  Prisms”  by  T.  Y.  Baker  (Trans. 

XIX>  1918>  PP-  H3-119),  and  “On  tracing  rays  of 
light  through  a reflecting  prism  with  the  aid  of  a meridian 

projection  plot”  by  F.  E.  Wright  (Jour.  Opt.  Soc.  America, 

200.  Optics  in  the  Seventeenth  Century.— There  is  evi- 
ence  to  show  that  the  Chaldeans  were  acquainted  with  the 
u e o magni  ying  glasses  perhaps  some  six  thousand  years  ago 
It  is  not  to  be  doubted  that  the  focal  properties  of  convex 
burning  glasses”  were  known  in  very  remote  times;  but  in 
the  ancient  world  generally  a glass  lens  appears  to  have  been 
reated  more  as  a philosophic  toy  for  producing  striking  and 
o en  curious  effects  rather  than  as  an  aid  to  virion  The 

veil ZGCtUleS  !?JTPe  Pr°babIy  date<  fTOm  about  the 

hn  Zi  J 18  ?lffiCUlt  t0  estimate  either  how  much  or 
how  little  the  early  investigators  of  optics,  individuals,  for 

example,  as  widely  separated  as  Roger  Bacon  (8  195)  and 

LeoNarDo  da  Vinci  (§  194),  knew  about  the  theory  of  lenses 

an^tbeir  combinations.  We  do  know  that  Maurolycus 

(§  ) sought  to  explain  the  action  of  the  crystalline  lens  in 

J • j , , , ^ convex  glass  lens 

d was  acquainted  wit  >,  die  use  of  spectacles  for  both  near 

sightedness  and  far  sightedness.  An  idea  of  the  originality 

and  extent  of  his  researches  is  afforded  by  the  fact  that  he 

investigated  the  caustic  surface  (§  178)  which  arises  when  a 

cy  mdncal  ban  die  of  incident  rays  is  refracted  through  a 

glass  sphere. . With  the  invention  of  the  telescope  and  the 

compound  microscope  probably  about  ten  years  later,  the 

°pe  o ringing  these  instruments  to  greater  perfection  was 

pemaps  the  impelling  motive  that  directed  men’s  minds  more 

aDi  mor^  the  studY  of  optical  laws.  Even  before  the  dis- 

meZ  ° om  uZ  0{  re{raction>  both  Kepler  and  Scheiner 
(88  , 196)  had  succeeded  m gaming  clear  conceptions  of 
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(the  fundamental  actions  of  lens-systems  so  that  they  «re 

fable  to  design  and  construct  qmte  complied  optu»d« 

• i • Hno  nf  the  problems  m Kepler  s uiopin 

Ibmations.  One  of  the  pioD  a system 


inations.  One  ot  xne  piuui^o  - svstem 

“to  show  objects  distinct,  erect,  and  magnified  by  a system 

em  telephoto-objective.  Far  more  clearly  and  aceorale  y 
than  Maurolycus  had  done,  Ksplk 

crystalline  le“  JX^hTImilned  to  be  hyperbolic 

'rjhZ  spherical)  for  the  sake  of  giving  better  definition 

-r— 1 

, . vrrrro+inn  after  Kepler  and  ScheinEi  , althougn 

the  next  geneiat  < C1650')  as  Descartes. 

„ i0++or  rlipd  in  the  same  yeai  tioou;  , 

the  lattei  cue  • nce  of  Dion  tries  were  made 

by" Dbic^.UHe 

from  a point  in  one  m medium  which  is  the 

accurately  to  a point  focus  rn  ““ther  medium  »h 

remarkable  property  possess-  name  of  their 

hich  ever  led  to  try 

bh^ri“X Stpec  Jon  that  such  types  would 
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prove  vastly  superior  to  the  ordinary  forms  of  lenses  (see 
§ 205).  Kepler  had  already  discovered  (see  § 205)  that  a 
hyperbolic  refracting  surface  under  certain  conditions  was 
free  from  spherical  aberration  along  the  axis  (§  178).  Des- 
cartes is  to  be  considered  also  as  the  genuine  author  of  the 
explanation  of  the  rainbow  which  for  many  generations  had 
been  one  of  the  fascinating  problems  in  optics  and  had  exer- 
cised the  ingenuities  of  Maurolycus,  Kepler  and  Antonius 
de  Dominis  (about  1600)  each  of  whom  made  some  contribu- 
tions towards  the  final  solution.  In  trying  to  find  a philo- 
sophical explanation  of  reflection  and  refraction  as  a general 
principle  of  mechanics,  Descartes  was  not  so  successful. 
This  achievement  remained  to  be  accomplished  by  Fermat 
(1601-1665)  who  formulated  the  “principle  of  least  time” 
(§  38)  which  may  be  considered  as  an  extension  of  the  prin- 
ciple of  the  shortest  path  employed  by  Hero  of  Alexandria 
in  the  deduction  of  the  law  of  reflection  (§  19f). 

As  far  as  known,  the  first  definite  rule  fo."  calculating  the 
focal  length  of  a thin  glass  lens  was  givec  by  Ca valeri  in 
1647  and  was  equivalent  to  the  formula: 


f 2ri.r2 

r2~r  i’ 


but  he  did  not  know  the  so-called  abscissa-relation  between 
conjugate  foci  (lfu'  = lfv-{-lfj;  see  §89),  although  equiva- 
lent foimulae  were  now  soon  to  be  discovered  almost  simul- 
taneously in  various  quarters,  as  we  shall  see. 

Huygens  (§  6)  and  Newton,  who  was  the  younger,  are  the 
two  most  illustrious  names  in  the  annals  of  natural  philosophy 
in  the  generation  succeeding  that  of  Descartes.  Optics 
was  only  one  of  the  rapidly  expanding  territories  of  science 
which  vas  enriched  by  their  powerful  labors.  At  intervals 
during  nearly  the  whole  of  his  busy  life  Huygens  was  at 
wo:k  on  a treatise  on  Dioptrics  which  he  died  without  ever 
completing  and  which  in  its  unfinished  form  was  published 
in  1703  in  the  first  posthumous  edition  of  his  voluminous 
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writings.  It  has  been  republished  recently  (1916)  by  the 
Dutch  Society  of  Sciences.  Unfortunately  not  a few  o 
Huygens’  original  and  sometimes  most  valuable  theorems 
in  optics  did  not  come  to  light  until  long  after  they  were 
first  obtained,  and,  consequently,  he  lost  the  prion  y o 
number  of  important  discoveries.  The  problem  of  conji  B 
foci  both  for  a single  spherical  refracting  surface  and  for  an 
infinitely  thin  lens  is  contained  in  the  following  proportion 
which  Huygens  obtains  in  the  first  part  of  his  Dioptncs, 

namely: 

MF  :MA=MC  :MM', 

where  the  letters  used  here  have  the  same  meanings  as  m 
Chapter  VI  on  the  “ Reflection  and  Refraction  of  Paraxial 
Rays  at  a Spherical  Surface”;  and  if  in  this  formula  A is 
written  in  place  of  C,  the  equation  is  equivalent  to  the  ab- 
scissa-relation for  the  case  of  an  infinitely  thin  tens i as  give 
on  n.  229.  Huygens  obtained  these  results  about  16o3,  a 
communicated  them  to  the  Royal  Society  of  London  m the 
form  of  an  anagram  in  1669.  Meantime,  in  that  same  year, 
Dr.  Isaac  Barrow  (1630-1677),  a professor  m Cambrige 
University  when  Newton  was  a student  in  rim  y ^ '-.  go, 
had  just  published  his  “Lectures  on  Optics  in  *;li  were 
to  be  found  essentially  the  same  theorems  derived  m a diffei- 
ent  way.  Barrow’s  methods  are  long  and  mvoived  as  com- 
pared with  the  simple  proportion  by  which  Huygens  sum- 
marized his  results,  but  they  are  applicable  to  thick  lenses 
also.  On  the  other  hand,  Huygens  had  the  idea  o equiv  - 
lent  lenses  which  Barrow  did  not  have.  When  Huygens 
Dioptrics  was  finally  published  in  1703,  other  writers,  notably 
William  Molyneux  (16921  and  Edmund  Halley  (1693) 
had  given  rules  which  were  practically  the  same  as  those  of 

H Huygens  had  the  clearest  ideas  of  the  action  of  optical 
systems,  nor  did  he  ever  lose  sight  of  the  essential  fact  that 
all  instruments  of  this  kind  were  intended  to  aid  vision  and 
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therefore  were  to  be  used  in  conjunction  with  the  eye.  He 
treats  of  magnifying  power  and  field  of  view,  and  he  was 
fundamentally  aware  of  the  nature  and  importance  of  the 
so-called  “ pupils”  of  the  instrument  (§  134).  His  theory  of 
the  telescope  is  in  every  way  quite  as  modern  and  complete 
as  if  it  were  embodied  in  an  elementary  text-book  of  to-day. 
There  can  be  no  question  that  the  beautiful  theorem  which 
states  that  the  apparent  size  of  an  object  as  seen  through  a 
lens-system  (c/.  § 157)  will  not  be  altered  when  the  positions 
of  the  eye  and  object  are  mutually  interchanged,  and  which 
is  generally  attributed  to  Robert  Smith,  had  been  discovered 
by  Huygens  a century  before  the  publication  of  Smith’s 
“Compleat  System  of  Opticks”  in  1738.  The  construction 
that  Huygens  gives  for  the  path  of  a ray  refracted  at  a spher- 
ical surface  (see  Fig.  274)  is  practically  identical  with  Young’s 
construction  as  given  in  § 176.  Huygens  was  certainly  the 
discoverer  of  the  pair  of  so-called  “aplanatic  points”  of  a 
spherical  refracting  surface  (§  177).  A ’arge  part  of  the 
Dioptrics  is  devoted  to  an  investigation  of  spherical  aberra- 
tion of  lenses,  and  the  results  in  many  respects  are  in  com- 
plete agreement  with  the  modem  tneory  of  this  complicated 
subject.  The  famous  “Treatise  on  Light”  in  which  Huy- 
gens espouses  the  wave-theory  and  shows  how  the  wave- 
front  is  constructed  (§  6)  was  written  in  1678  but  not  pub- 
lished until  1690.  In  this  work  is  contained  also  his  theory 
of  double  refraction  in  Iceland  spar,  which  had  been  de- 
scribed first  by  Erasmus  Bartholinus  in  1669.  Another 
strange  phenomenon  which  was  soon  noticed  in  this  same 
substance  and  which  belongs  to  the  class  of  facts  known  as 
the  polarization  of  light  was  discovered  and  investigated  by 
Huygens.  But  it  would  take  too  long  to  enumerate  in  de- 
tail all  the  advances  in  optical  theory  which  we  owe  to  this 
original  and  penetrating  philosopher. 

Certain  curious  and  obscure  phenomena  of  light  had  been 
observed  and  investigated  by  F.  M.  Grimaldi  (1613-1663), 
a Jesuit  professor  of  mathematics  in  Bologna,  which  led  him 
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I to  infer  that  light  does  not  travel  only  by  straight  lines  and 
by  reflection  and  refraction  but  may  have  also  under  some 

i circumstances  a fourth  method  of  procedure  which  he  caflcd 
il  diffraction  (p.  14)  and  which  Newton  discusses  in  Op 
»;ul“  (1704)  under  the  name  of  “inflexion  of  the  ^ o 

I I light.  Similar  observations  were  communicated  to  the  y 
j SoCietv  independently  in  1672  by  Robert  Hooke  (163o 
J 1703),  who  in  his  “Micrographia”  (1604)  had  already  de- 

‘ ieribed  another  series  of  remarkable  investigations  concerning 
the  “fantastical  colors”  seen  in  thin  transparent  p a es  ant 
films  It  was  these  observations  that  led  to  Newton  s . - 
periments  with  the  phenomena  of  the  rainbow-colored  rings 
which  are  produced  when  two  glass  lenses  are  pressed  to- 
gether  in  close  contact  so  as  to  enclose  between  them  a fihn  of 
air  of  varying  thickness,  and  which  are,  described 
ton’s  “ Discourse  on  Light  and  Colouis  ( 
optical  researches  and  his  own  explanations  were s an i antici- 
nation  of  the  doctrine  of  interference  which  was  destined  to 
Te  ome  famous  long  afterwards  by  the  epoch-making  work 
of  Young  and  Fresnel  (§7)  and  inclined  him  to  adop, 
in  an  imperfect  form  the  undulatory  tlieoiy  of  ligl  t. 
cording  to  Robert  Smith  it  is  to  Hooke  that  we  o ve 
famous  datum  about  the  resolving  power  of  the 
which  states  “that  the  sharpest  eye  cannot  wefi  disting^^ 
any  distance  m the  he“J  , si oppose  a sp  ^ a legs 

angfe’  at  £ ^ ; and  that  hardly  one 

T:  hundred  men  can  distinguish  it  when  it  subtends  a 

“s^Isaa^Newton  (1642-1727)  was  born  the  same  year 
that  Galileo  died  and  lived  well  into  the  eighteenth ^cartrny. 
His  lectures  on  optics  in  Cambridge  University  m 
Published  in  1728)  ana  his  first  communication  to  the  Royal 
££££  1672  show  that  be  was  the  real  discovers  d he 
laws  of  astigmatism  of  oblique  bundles  o rays 
which  had  been  previously  investigated  als  y 
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a certain  measure  of  success.  In  the  same  year  (1672)  New- 
ton sent  another  communication  to  the  Royal  Society  de- 
scribing the  celebrated  experiments  on  dispersion  of  light 
(Chapter  XIV)  which  were  begun  as  early  as  1666  and  among 
other  notable  results  had  led  to  the  invention  of  the  reflecting 
telescope  (c/.  p.  480).  A whole  series  of  hitherto  puzzling 
phenomena  concerning  light  and  color  were  capable  of  satis- 
factory explanation  on  the  assumption  that  there  was  an 
endless  variety  of  light  of  (afferent  kinds  or  colors  each  hav- 
ing its  own  peculiar  refrangibility  or  index  of  refraction  for  a 
given  pair  of  media  (see  § 163).  It  is  usually  stated  that 
Newton  was  the  first  to  distinguish  seven  colors  in  the  pris- 
matic spectrum  (§  160),  but  Maurolycus  in  the  explanation 
which  he  gave  of  the  circular  arc  of  the  rainbow  (1575)  calls 
attention  to  the  “four  principal  colors”  in  it,  namely,  croceus 
(yellowish  like  saffron),  viridis  (green),  ccerulevs  (sky-blue), 
and  purpureus  (purple)  altogether  with  three  other  colors 
which  he  regards  as  transitions  or  connexior.es.  Newton’s  I 
investigations  ranged  over  all  the  known  phenomena  of  light 
including  double  refraction,  polarization,  etc.;  but  these  are 
intricate  questions  and  beyond  the  scope  of  this  volume.  In 
fact,  the  most  notable  advance  :u  optics  that  marks  the  close 
of  the  seventeenth  century  (as  the  invention  of  the  telescope 
and  the  microscope  and  the  discovery  of  the  law  of  refraction 
may  be  said  to  have  given  In'rth  to  the  science  of  Geometrical 
Optics  in  the  early  pait  of  this  century)  is  the  growth  and 
development  of  the<  >ries  as  to  the  nature  of  light  itself  leading 
to  bigger  views  and  wider  generalizations  which  belong  rather 
to  the  more  modern  province  of  Physical  Optics.  The  era 
made  illust’  icus  by  the  achievements  of  Huygens  and  Hooke 
and  Newton  a hundred  years  later  was  to  be  followed  by  the 
epocn  of  Young  and  Fresnel  and  Fraunhofer.  But  now 
the  story  becomes  too  complicated  to  be  told  in  detail;  and 
cot  student  must  consult  special  works  on  the  history  of 

modern  optics  in  all  its  manifold  developments  in  both  theory 
and  practice.  J 
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201.  Combination  of  Two  Thin  Lenses— The  formula  for 
ttie  focal  length  of  a combination  of  two  thin  lenses,  as  given 
on  page  367,  is: 

I , Uh 


f= 


/1+/2  c 

, where  /,,  /2  denote  the  focal  lengths  of  the  separate  lenses 
and  c = A1A2  denotes  the  length  of  the  air-interval  between 
them.  As  long  as  the  only  condition  imposed  is  that  the  focal 
length  of  the  system  shall  have  a certain  prescribed  value, 
this  requirement  can  manifestly  be  satisfied  by  an  endless 
variety  of  possible  combinations  in  which  two  of  the  arbi- 
trary variables  fu  h and  c may  be  treated  as  independent 
while  the  third  depends  on  the  other  two  according  to  t ic 
above  equation.  In  the  following  discussion  in  order  to  keep 
clearly  in  mind  the  variable  character  of  these  magnitudes,  it 
may  be  helpful  to  substitute  x,  y and  z in  place  of  the  symbols 

used  above,  and  put 


/i=x,  f2=y,  c=z. 

Any  constant  value  may  be  chosen  for  the  focal  length  of  the 
combination;  for  example,  it  is  convenient  to  put  / « L 
in  which  case  all  the  other  linear  magnitudes  will  be  exprt  ssed 
in  terms  of  / as  the  unit  of  length.  The  results  thus  obtained 
can  be  applied  immediately  to  any  other  case  when  / has  a 
value  greater  or  less  than  unity  and  is  positive  or  negative; 
because  all  that  is  necessary  is  to  multiply  each  linear  magni- 
tude by  this  new  value  of  /.  The  preceuing  formula  may 

therefore  be  written: 


xy 


x+y-z 


= 1,  (/=!)• 


(1) 


Incidentally,  it  may  be  remarked  that  this  equation  is  sym- 
metrical with  respect  to  x and  y,  as  shown  by  the  fact  that  it 
is  not  altered  when  these  letters  are  interchanged;  and  hence 
the  focal  length  of  a combination  of  two  lenses  remains  un- 
changed when  the  system  as  a whole  is  reversed  so  that  the 
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light  goes  through  it  from  the  opposite  end.  Now  according 
as  x,  y or  z is  regarded  as  the  dependent  variable,  equation  (1)  I 


may  be  written  in  three  different  ways,  thus: 


But,  in  general,  the  optical  system  will  have  to  fulfill  some 
othei  requirement  in  addition  to  the  condition  of  having  a 
given  focal  length.  Thus,  for  example,  it  may  be  demanded 
that  the  distance  (a)  of  the  second  focal  point  (Fr)  from  the 
second  lens,  that  is,  the  so-called  “back  focus”  (§  128)  of  the 
combination  (a=A2F')  shall  have  a certain  value  as  com- 
pared with  the  focal  length.  This  second  condition  leads  to 
anothei  equation  which  is  obtained  from  the  expression  for 
A2F  given  on  page  367,  and  which  in  terms  of  the  new  sym- 
bols will  appear  here  as  follows: 


x — z 


(/=1). 


(3) 


x 


The  variables  x and  z are  therefore  connected  by  the  linear 
relation 


which  1 eferred  to  a system  01  rectangular  axes  x,  z represents 
a straight  line  going  through  the  origin.  If  x and  z are  re- 
gal ded  as  the  independent  variables,  the  second  of  equations 
(2)  gives  the  expiesnou  for  the  dependent  variable  y in  terms 
of  the  other  two  variables. 

On  the  other  hand,  regarding  x and  y as  the  two  independ- 
ent variable,  we  can  combine  equations  (1)  and  (3)  so  as  to 
eliminate  t ie  dependent  variable  2,  thus  obtaining  the  fol- 


lowing relation: 


xy—ax—y  = 0; 


(4) 


vvh  ch  when  plotted  with  reference  to  a pair  of  rectangular 
axes  x,  y will  be  found  to  represent  a curve  known  as  an  equi- 
lateial  hypeibola,  one  of  whose  branches  goes  through  the 
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origin  of  the  system  of  coordinates.  The  asymptotes  of  the 
hyperbola  are  parallel  to  the  axes  of  * and  y,  and  the  center 
of  the  curve  is  at  the  point  x-1,  V=°-  The  third  o equa- 
tions 2)  gives  the  expression  for  the  dependent  variable  2 m 

^Finally,  if  y and  2 are  treated  as  independent  variables,  and 
accordingly  if  * is  eliminated  from  equations  (1)  and  (3),  the 
following  result  will  be  obtained. 


yz+(a-l)y-az=0; 


(5) 


I which,  referred  to  axes  y,  2,  likewise  represents  an  equilateral 
1 hyperbola  which  goes  through  the  origin  and  has  its  center  at 
the  point  y = a,  M-l-a.  The  first  of  equations  (2  gives  the 
1 corresponding  expression  for  the  dependent  variable  x 
Thus  three  pairs  of  equations  may  be  denved,  w , 
though  they  are  in  fact  identical  with  each  other,  having  all 
been  obtained  from  the  same  two  original  equations  (1)  an 
(3)  are  useful  in  these  various  forms  depending  on  whi 
two  of  the  three  variables  x,  y,  and  2 it  is  convenient  to 
choose  as  independent  variables  to  which  more  or  less  arbi  - 
trary values  can  be  assigned.  Each  of  equations  ( ,,  -) 

and  (5)  represents  a family  of  curves,  the  differences  between 
the  curves  in  any  one  family  being  due  to  differences  in  the 

^the  particular  illustration  which  is  used  here,  the  “back 
focus  ” /expressed  in  terms  of  the  focal  of  the 

bination  is  an  arbitrary  constant  or  parameter  the  actual 
value  of  which  has  to  be  selected  with  inference  to  each  pe 
liar  problem  as  being  the  best  value  for  that .purpose.  If, 
for  example,  we  choose  a=/=l,  then  according  to  equa- 
tion (3)  either  2 = 0,  which  means  that  the  two  thin  lenses 
must  be  placed  in  contact  and  that  their  focal  lengths  x,  y 
may  have  any  finite  ^ues  provided  their  product  is  equal 
to  lheir  algebraic  sum  (xy=x+y);  or,  else,  we  must  have 
x infinite  and  that  is,  the  first  lens  must  be M 

(like  a plate  of  glass  with  plane  parallel  faces),  whereas 
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focal  length  of  the  second  lens,  which  may  be  placed  anywhere 
beyond  it,  must  be  unity. 

A telephoto-lens  for  photographing  far  distant  objects 
consists  essentially  of  a combination  of  a positive  front  lens 
with  a stronger  negative  rear  lens,  placed  at  such  a distance 
apart  that  the  “back  focus”  of  the  system  is  much  shorter 
t an  the  focal  length;  so  that  the  parameter  a in  this  case 
is  a proper  fraction.  For  example,  suppose /=1  and  a =0.2; 
and  hence  according  to  equation  (3),  2=0.8  a:.  If  from 
practical  considerations  it  is  found  that  the  best  value  to 
give  2 is  2=0.16,  we  must  have  *=+0.2.  Thus  if  the  focal 
length  of  the  combination  is  to  be  one  meter,  the  two  lenses 
must  have  focal  lengths  of  +20  and  -5  cm.  and  must  be 
separated  by  an  interval  of  16  cm.  This  simple  example  may 
serve  to  illustrate  how  the  formula?  and  particularly  the 
graphs  obtained  by  plotting  these  equations  win  help  us  to 
make  the  best  choice  of  values  for  a practical  solution  of  a 
problem  of  this  kind;  which  is  a process  that  nas  nearly  always 
to  be  carried  out  in  the  preliminary  design  of  an  optical  sys- 

tem.,._evJen  lf  these  vaIues  may  subsequently  require  to  be 
modified  to  a greater  or  less  extent  m virtue  of  other  condi- 
tions. 

202.  Types  of  Optical  Instruments.— Optical  instruments 

are  usually  classified  as  cc  emergent  or  divergent  (§  120)  ac- 
cording as  the  focal  length  of  the  system  is  positive  (/>  0) 

01  negative  (/< 0);  ano  the  system  is  said  to  be  “afocal” 
when  the  focal  length  is  infinite,  as  in  the  case  of  a telescope 
when  the  instrument  is  in  what  is  called  sometimes  normal 
adjustment.  Jn  a recent  paper  entitled  “The  classification 
of  optical  instruments”  {Jour.  Opt.  Soc.  America  and  Rev 
Sci.  Instv.,  VI,  1922,  pp  682-687)  Mr.  T.  Smith  has  proposed 
a new  method  of  “division  comprising  five  classes,”  which 
certainly  has  much  to  be  said  in  its  favor  from  the  point  of 
view  of  the  practical  designer  of  optical  instruments,  even  if 
it  should  never  be  generally  adopted.  The  basis  of  the  new 
method  depends  essentially  on  the  fundamental  constants 
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[ which  according  to  Gauss’s  theory  (§§  119,  foil.)  determine 
"the  character  of  the  imagery  produced  by  an  optical  system 

i • l • n vAimrl  Q 11  Q W 


which  is  symmetrical  around  an  axm. 

Let  the  positions  of  the  focal  points  of  a centered  system 
of  spherical  refracting  surfaces  surrounded  by  air  on  both 
sides  be  designated  by  F,  F';  and  let  the  vertex  of  the  first 
. surface  be  designated  by  A and  the  vertex  of  the  last  surface 
l by  B;  and,  moreover,  let  the  point  conjugate  to  A be  desig- 
nated by  A'.  Put  AF=a,  BF=6  and  BA'=fc.  Finally, 

M M'  designate  the  positions  of  a pair  of  conjugate  points 
on’  the  axis,  and  if  we  put  x=AM,  x'=BM',  then,  since 

1 23)  FM  . F'M' = FA  . F'  A'  = -f, 

where  / ( = -/')  denotes  the  focal  length  of  the  system,  the 
following  equations  may  easily  be  derived: 

■ xx'—ax' -bx+ak=0, 

aiK*  ab-ak+f2  = 0. 


Accordingly,  when  three  of  the  steps  denoted  by  a,  b,  k and , 
are  known,  the  other  one  can  be  found,  and  hence  also  a e 
value  of  x'  corresponding  to  any  assigned  value  of  x i hus, 
for  example,  if  the  focal  length  of  the  system  is  given  together 
with  the  positions  of  the  three  points  designated  V A , B an 
F',  the  character  of  the  imagery  can  be  completely  ascer- 

Mr.  Smith’s  method  of  classifying  optical  systems  is  based 
therefore  on  the  order  of  arrangement  of  the  points  A B an 
F'.  When  an  object-point  starting  ac  an  infinite  distance  m 
front  of  the  instrument  moves  along  the  axis  steadily  m t e 
same  direction  as  that  of  the  incident  light  until  it  arrives  at 
the  vertex  A of  the  first  surface,  the  conjugate  image-point 
starting  at  F'  and  moving  always  in  one  constant  direction 
will  finally  reach  the  point  A'  conjugate  to  A.  But  this  jour- 
ney must  be  performed  in  one  direction  only,  that  is,  in  t 
direction  along  the  axis  in  which  the  image-point  is  compelled 
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to  go  by  the  nature  of  the  imagery  in  each  special  case;  and 
ence  when  A'  is  at  a finite  distance  from  F'  in  the  direction 
o motion  of  the  image,  the  distance  which  the  image  goes 
will  be  finite,  otherwise  it  will  be  infinite  because  it  has  to 
pass  through  the  infinitely  distant  point  of  the  axis  before  it 
can  reach  its  final  destination  at  A'.  For  example,  in  the  ac- 
companying diagrams  (Figs.  272  and  273)  the  direction  of  the 
incident  light,  the  so-called  positive  direction,  is  that  indica- 
ted by  the  arrow;  and  here  not  only  the  object  but  the  image 
also  is  supposed  to  move  in  this  same  direction;  but  no  mat- 
ter how  the  diagrams  are  drawn  the  statements  below  will  be 
ound  to  be  perfectly  general  and  applicable  to  all  cases.  The 
horizontal  line  representing  the  axis  must  be  thought  of  as 
extending  to  infinity  in  both  directions,  and  that  part  of  it 
which  is  drawn  thicker  than  the  other  represents  the  portion 
o the  axis  which  is  traversed  by  the  image  when  the  object 
progresses  from  an  infinite  distance  to  the  vertex  of  the  first 
surface.  In  Fig.  272,  the  distance  from  F'  to  A'  in  the  sense 

of  the  motion  is  a finite  inter- 
val, and  when  this  is  the  case, 
the  points  A B,  F'  may  be 
" anged  along  the  axis  in  three 
possible  orders  as  shown;  on 
the  other  hand  in  Fig.  273,  the 
image  point  has  to  pass  through 
the  infinitely  distant  point  of 
the  axis  in  order  to  go  from 
F'  to  A',  and  again  there  are 
three  possible  orders  of  ar- 
rangement of  the  points  A',  B, 
F'  as  shown. 

Accordingly,  optical  systems 

may  all  be  grouped  under  one 
or  ether  of  two  main  divisions,  which  in  turn  may  be  sub- 
Qivided  as  follows: 

The  first  group  includes  those  optical  systems  for  which 
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the  part  of  the  axis  traversed  by  the  image  is  finite  (Fig.  272) 

and  in  this  case:  . , , , 

1 if  the  step  BF'  is  in  the  same  direction  as  that  ot  the 

incident  light  (6>0),  the  order  in  which  the  points  occur  is 

B,  F',  A',  as  in  Fig.  272  (a) ; whereas  _ . 

2 If  the  step  BF'  is  in  the  opposite  direction  to  that  of  the 
incident  light  (6<0),  the  order  in  which  the  points  occur  may 
be  either  F',  A',  B (when  fc=BA'  is  negative),  as  in  ^272 

(b)  or  F'  B A'  (when  k =BA  is  positive),  as  in  Fig.  272  (c). 
The  second  group  includes  those  optical  systems  for  which 

the  part  of  the  axis  traversed  by 
the  image  is  infinite  (Fig.  273) ; 

and  in  this  case: 

1.  If  the  step  BF'  is  in  the  (a) 
opposite  direction  to  that  of  the 
incident  light  (b< 0),  the  older 
in  which  the  points  occui  is 
A',  F',  B,  as  shown  in  Fig.  273  (b) 

(a) ; whereas 

2.  If  the  step  BF'  is  in  the 
same  direction  as  that  of  the 
incident  light  (f»0),  the  order  (c) 

in  which  the  points  occur  may  ^ 273  _T  smith’s  classification 
be  either  B,  A',  F (when  Qf  optical  ins:ruments. 

k=  BA'  is  positive),  as  in 

Fig.  273  ( b ),  or  A',  B,  F'  (when  k=  BA  :s  negative),  as  in 

Fie.  273,  (c).  , . , 

If  the  optical  system  is  a single  infinitely  thm  lens,  the 

points  A'  and  B coincide  with  each  other  and  lie  both  on  the 
same  side  of  F';  so  that  an  infinitely  thin  convex  lens  be- 
longs to  the  second  division  of  the  second  group  and  an  in- 
finitely thin  concave  lens  to  the  second  division  of  the  first 
group.  An  ordinary  concave  thick  lens  will  have  the  arrange- 
ment F'  A'  B as  represented  in  Fig.  272  ( b ) ; and  (to  quote 
from  Mr.  Smith's  original  paper)  it  is  because  the  negative 
lenses  ordinarily  used  belong  to  this  class,  and  not  because 
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the  power  is  negative,  that  all  the  images  they  form  are  vir- 
tual. 

An  optical  instrument  on  the  order  of  a telescope,  that  is, 
an  afocal  instrument  (/=  oo ) constitutes  a special  case,  be- 
cause in  this  case  the  focal  point  F'  is  itself  the  infinitely  dis- 
tant point  of  the  axis,  and  consequently  the  segment  F'A'  is 
necessarily  infinite  in  this  case.  In  the  Kepler  type  of  tel- 
escope (p.  456),  prism  binoculars,  etc.,  A'  lies  beyond  B in 
the  direction  of  the  incident  light,  so  that  all  such  instru- 
ments have  either  the  arrangement  F',  B,  A'  (Fig.  272,  c)  or 
^ > P (Pig-  273,  6);  whereas  in  the  Dutch  telescope 
(p.  456)  and  similar  constructions  the  order  of  these  points  is 
just  opposite,  that  is,  either  A',  B,  F'  (Fig.  273,  c ) or  F'  A' 
B (Fig.  272,  b).  / ri 

203.  Formula  for  Refracting  Power  (Fh  k)  of  Centered 
System  of  k Spherical  Refracting  Surfaces. 

Let 

Fk  = (nk+i-nk)  Rk 

denote  the  refracting  power  of  the  kth  surface  of  a centered 
system  of  spherical  refracting  surfaces,  vvhere  Rk  denotes  the 
curvature  of  the  surface  and  r.k,  ik+1  denote  the  indices 
of  refraction  of  the  two  media  on  opposite  sides  of  it.  More- 
over, let  F\t  k denote  the  refracting  power  of  the  entire  sys- 
tem from  the  first  to  the  kth  surface,  inclusive.  This  system 
may  be  considered  as  a compound  system  composed  of  two 
partial  systems,  one  ch  refracting  power  F i,  k_i  consisting  of 
all  the  members  except  the  kth  surface  and  the  other  being  the 
kth  surface  itseA*  and  the  formulae  of  § 126  may  be  applied 
to  obtain  an  expression  for  the  refracting  power  Fi,  k of  the 
resultant  system  together  with  expressions  for  the  positions 
of  the  pxincipal  points  Hi,  k,  Hi,  k';  provided  the  correspond- 
ing data  in  the  case  of  each  of  the  two  component  systems 
may  be  assumed  as  known.  The  principal  points  of  the  kth 
surface  coincide  with  each  other  at  the  vertex  Ak  of  this 
surface  (§  119);  and  hence  if  the  reduced  interval  (§  126)  be- 
tween the  two  systems  is  denoted  here  by  sk_  h that  is,  if 
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Sk-l  = 


Hi, k-i'A  k 


nk 


then  according  to  the  formula  for  the  refracting  power  of  a 
combination  of  two  optical  systems,  the  following  equation 
may  be  written  immediately: 

. | Fi,  k=^l,  k-l+^k  — Sk-l-F l,  k-l -F k,*  (1) 

a*  and  the  position  of  the  second  principal  point  of  the  centered 
m system  of  k spherical  refracting  surfaces  will  be  given  by  the 
i|)  following  expression: 

AkHi,  k'  Sk-i.F  i,  k-i.  /2) 

nk+i  ~ Fi,  k 

However,  this  latter  formula  can  be  put  in  a more  convenient 
form;  for,  since 

AkHi,  k'=AkAk+i+Ak-HHi,  k', 


I it  follows  that 


AkHi,  k' 

nk+i 


= Ck  — Sk, 


where  nk+i.Ck=dk  = AkAk4-i  denotes  the  axial  thickness  *A 
the  medium  comprised  between  the  kth  and  the  (k-fl)th  cur- 
faces.  If  this  value  is  substituted  in  (2)  above,  the  following 
recurrent  formula  will  be  obtained: 

• Sk-F\,  k=Sk-l-^l,  k-l+Ck-^l,  k-  (?) 

In  formulae  (1)  and  (3)  we  may  give  k in  succession  all  inte- 
gral values  from  k = l to  k=m,  where  m denotes  the  total 
number  of  surfaces.  Here  a difficulty  will  arise  as  to  the 
meaning  of  the  symbols  F i,  i and  F\t  u which  may  occur  when 
k is  put  equal  to  1 or  2 in  the  formulae  referred  to;  because 
without  special  explanation  thtse  symbols  can  have  no  mean- 
ing of  themselves.  It  appears  that  in  order  that  the  formulae 
may  be  true  for  all  the  values  of  k above  mentioned,  we  must 
put 

Fi,  i =F i,  F i,  o=0. 

Thus,  for  example,  if  the  values  1,  2,  3 are  assigned  to  k in 
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succession  and  the  three  equations  obtained  in  this  way  from 
equation  (3)  are  combined,  we  find: 


S3-Pl,  3 —Ci.F i,  1+C2.P  1,  2+C3.P  1, 3; 

which  is  sufficient  to  indicate  the  general  rule  as  contained 
in  the  following  formula: 


®k  — l»Fl,  k — 1 — X Cp.Pi(  p, 

p=  1 


(4) 


where  the  expression  on  the  right-hand  side  of  the  equation 
means  that  we  must  take  the  algebraic  sum  of  all  the  prod- 
ucts obtained  by  putting  p in  succession  equal  to  all  whole 
numbers  from  p = 1 to  p = k-1,  inclusive.  And  if  now  this 
equation  (4)  is  combined  with  equation  (1),  the  following  re- 
cunent  formula  will  be  obtained  finally  for  the  refracting 
power  of  a centered  system  of  k spherical  refracting  surfaces, 
in  terms  of  the  refracting  powers  of  the  single  surfaces  and 
the  reduced  intervals  between  them: 


Pi.k=Pi.  k-i+Pk  1 1-2  Cpii.p 


p = 1 


(5) 


where  k is  to  be  given  in  succession  a'l  integral  values  from 
k = 2 to  k = k.  This  elegant  ai:d  useful  formula  was  com- 
municated to  the  writer  in  1920  by  Professor  C.  W.  Wood- 
worth  of  the  University  of  California. 

These  results  can  be  eirnressed  also  in  a different  form  by 
introducing  the  symbol  A k as  a convenient  abbreviation 
for  the  following  function: 


Ai,k  = l—  Sk-1.P1,  k-i;  (6) 

whereby  formulae  (1)  and  (3)  may  now  be  written: 

Pi.  k=Pi,  k-i+Pk.Ad,  k' 

Xi,  k=Xi,  k-1-Ck-1.F1,  k-i.  ' 

For  tec  value  k = l,  we  must  put  Xi,i  = l.  These  formulae 
(7V  in  a different  system  of  notation,  were  given  first  by 
Mr.  T.  Smith  in  a “Note  on  Optical  Imagery”  published  in 
Proc.  Phys.  Soc.  of  London,  XXV  (1912-13),  pp.  239-244. 
Practically,  they  are  equivalent  to  formula  (5),  so  that  if  the 
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* value  of  F is  known  for  each  surface  and  the  value  of  c for 
each  medium,  the  refracting  power  of  the  system  can  be  cal- 
culated. 

Incidentally  it  may  readily  be  shown  that  the  position  of 
the  first  focal  point  (F)  of  a centered  system  of  m spherical 
| refracting  surfaces  is  given  by  the  following  expression: 

A,F  Xi. 


Fi, 


m 


m 


(8) 


’ 


If  the  light  is  supposed  to  traverse  the  system  in  the  re- 
verse sense  (that  is,  to  proceed  through  it  from  the  opposite 
end),  and  if,  corresponding  to  the  symbols  s and  X,  two  new 
symbols  t and  F are  introduced,  which  are  defined  as  follows: 


tk-i  = 


Ak-iHk, 


m 


(9) 


(ID 


nk 

Y k— 1,  m=  — (1  — tk-l-F k,  m)»  (10) 

evidently,  another  pair  of  formulae,  similar  to  (7),  can  be 
obtained,  namely: 

F k — 1,  m = Fk,  m +F k-l*Fk-l  , m> 

Fk  — 1,  m = Fk , m Ck  — l>Fk,  m* 

Here  it  should  be  noted  that  Fm,  m = l-  Equations  (11) 
are  useful,  partly  because  they  afford  a check  on  the  calcu- 
lation of  Fi,m  as  obtained  by  equations  (7),  bui  especially 
also  because  by  means  of  them  the  position  of  the  second 
focal  point  (F')  can  be  found,  since  we  have  here  a relation 
analogous  to  (8),  namely: 

AmF'  Fi  , m 


nm+l  ^ 1 , m 


(12) 


The  convenience  and  utility  of  these  formulae  will  be  per- 
I ceived  best  by  performing  an  actual  numerical  calculation 
to  determine  the  refracting  power  Fx,  m and  the  positions  of 
the  focal  points  F,  F of  a special  system.  For  this  purpose 
let  us  take  the  object-glass  of  a telescope  in  the  form  of  a 
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triple  cemented  lens  (m=4)  made  of  two  kinds  of  glass, 
the  indices  of  refraction  of  the  media  (for  light  corresponding 
to  the  D-line  in  the  solar  spectrum)  are  given  as  follows: 

ni  1 (aii),  n2-n4  = 1.61358  (flint);  n3  = 1.51806  (crown). 
The  radii  of  the  surfaces  are: 

n = +45.382;  r2  = +24.243;  rz=—  86.932;  r4=—  406.245; 
and  the  thicknesses  and  corresponding  reduced  thicknesses 

O • 


are: 


di=d3=  +0.500290,  d2=  +1.005820; 
ci =c3= +0.310050,  c2  = +0.662569. 

(As  a matter  of  fact,  the  precision  indicated  by  using  six 
places  of  decimals  is  far  more  than  would  probably  be  re- 
quired in  practice;  but  for  purposes  of  the  present  illustra- 
ion  it  is  desirable  to  retain  these  figures  just  as  they  were 

originally  obtained  in  the  theoretical  design  of  ihe  object- 
glass.)  J 

The  refracting  powers  of  each  of  the  surfaces  must  be  cal- 
culled  by  the  formula  *-( nk+1-„k}^  l„d 

ttius  the  following  values  are  found : 

Fi  = +0.013520;  F2  = -0.003940;  +3=  -0.001099; 

f4  = +0.001510.  The  calculation  proceeds  then  by  means  of 

TAWWMllnr.  / ^T\  ' 1*  i 1 • . m - 


Xi,k 

f'k.X  i,k 

Fi,  k 

-ck.Fi,  k 

k = 1 

k = 2 

k = 3 

k =4 

+ 1.0000C9 
+ 0 . 995803 

+ 0.C39449 
+ 0.186310 

+ 0.013520 

- 0.003923 

- 0.001087 
+ 0.001490 

+ 0 . 013520 
+ 0.009597 
+ 0.008510 
+ 0.010000 

- 0.004192 

- 0.006359 

- 0.002639 

Each  horizontal  line  in  this  table  is  the  calculation  of  one 
surface  az  indicated  by  the  value  of  k on  the  left-hand  side 
Each  number  in  the  first  column  (except  the  first  number  of 
all)  is  obtained  by  algebraic  addition  of  the  two  numbers  in 
the  preceding  line  in  the  first  and  last  columns;  and,  similarly 
each  number  in  the  third  column  (except  the  first)  is  obtained 
3y  algebraic  addition  of  the  preceding  number  on  the  same 


It 
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nine  and  the  preceding  number  in  the  same  column.  The 
fast  number  in  this  column  gives  the  value  of  the  refrac  i g 
Lower  of  the  system,  which  here  is  found  to  be  Fi  4-0-01, 
so  that  the  focal  length  of  the  object-glass  is  equal  to  100. 
1 The  scheme  for  the  calculation  of  the  system  in  the  reverse 


4. 

3. 

2 

1 


Fk,4 

FkYk,  4 

Fk,  4 

+ 1 . 000000 
+ 0.999532 
+ 0.999260 
+ 1 . 000353 

+ 0.001510 

- 0 . 001099 

- 0.003937 
+ 0.013526 

+ 0.001510 
+ 0.000411 
- 0 . 003526 
+ 0.010000 

— Ck-1  -Fk,  4 


- 0.000468 

- 0.000272 
+ 0.001093 


The  same  value  is  obtained  as  beiore,  v . 1,4  • 

positions  of  the  focal  points  arc  calculated  by  means  of  for- 

muhe  (8)  and  (12),  which  give. 

AtF=  -98.6810,  A4F'  = +100.0353. 

A good  exercise  for  the  student  would  be  to  calculate  by 
thit  method  the  focal  length,  etc  of  ^ object-^ass  given 
in  | 181.  He  may  also  repeat  the  calculations  § 

Ottt  t strand ’s  schematic  eye  in  this  way. 

204.  Trigonometrical  Calculation  of  Ray  Refracted  a.  a 
Spherical  Surface.— Instead  of  using  the  abscissa  c-ks,  fo 
one  of  the  ray-coordinates,  as  in  § 180,  any  other  convenient 
linear  parameter  may  be  chosen  for  this  purpose;  and  thu 
various  systems  of  formulae  may  be  obtained  similar  to  t 
•riven  on  page  517  for  the  trigonometnca'  calculation  of  a 
Z 2JJ  at  a spherical  surface.  Suppose  for  example 
thlt  the  ray  is  determined  by  the  angle  0 which  it  makes 
with  the  axis  and  the  length  of  the  central  perpen  icu  ar 
(Fig.  237)  let  fall  from  the  center  C on  the  ray  RB.  I 
length  of  this  perpendicular  is  denoted  here  y V,  ’ 

if  p=CY  (where  this  symbol  must  not  be  con  ounce 
the  same  symbol  » used  in  1 186),  the ■ «Mf idefirntton  of  tins 
new  linear  parameter  is  contained  in  the  formu  . 

p=  — c.sin  0: 
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and  if  p'  has  the  corresponding  meaning  with  reference  to  the 

re  racted  ray , it  may  easily  be  shown  that  the  following;  re- 
lations are  true: 


sin 


a=p.R,  sin  a'=p'.R,  n'.p'=n.p; 


wheie  R- 1/r  denotes  the  curvature  of  the  surface  and  n, 
n , a and  a have  the  same  meanings  as  in  § 180.  Accord- 
ingly, knowing  the  values  of  v,  B for  the  ray  before  refrac- 
ion,  we  can  obtain  the  corresponding  values  of  p'  O'  from 

the  above  equations  taken  in  connection  with  the  invariants 
lclation  between  the  angles,  namely:  a'—  Q'  = a—  $ 

\\hen  the  path  of  a ray  has  to  be  traced  through  a centered 

r . . ^ i the  value  of  pk+1 

before  refraction  at  the  (k+l)th  surface  can  be  obtain^ 

tom  the  value  of  p t after  refraction  at  the  kth  surface,  by 
pendiclrs  8 6Vident  re'ati°n  betWee"  these  — 


Pk+i=p\  -fak.sin  #k+1, 

rrCk?k,r  c!rtes  the  distance  ’u'-;'ween  the  enters 

e kth  and  (k+l)th  surfaces  and  ic  given  in  terms  of  the 
ladn  and  the  axial  thickness  by  meins  of  the  following  for- 


— Tk. 


the  ray  incident  on  the  first  surface  is  given  by  the  two 
mcars  parameters  (c;,  iqi,  as  is  frequently  the  case  (see  p. 
520)  where  c.-CJ,,  and  A,  denotes  the  distance  of  the 
incidence-point  F,  from  the  axis,  the  slope  ( 0,)  which  has 

to  be  found  in  oroer  to  begin  the  calculation  can  be  ascer- 
tained by  means  of  the  following  formula: 

hi 


tan  $ j = 


c i=t\/; ri2~fn2 


Wher-  the  upper  sign  in  front  of  the  radical  must  be  used  if 

firSt  ®U',face  1S  Lconvex  and  the  lower  sign  if  it  is  concave 
-his  angle  having  been  bound,  the  length  of  the  central  per- 
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Ipendicular  on  the  incident  ray  can  be  computed  by  means  of 

the  relation*  • n. 

pi=  — Ci.sm  t/i) 

1 and  then  we  may  proceed  to  trace  the  ray  fioin  one  surf 
, to  the  next  by  the  system  of  fomul®  given  abov^  ^ ^ 

1 Nearly  "™o^veml  r“  through  the  system 

»:v  volves  tracing  the  pat  ordJ  to  obtain  the  magm- 

it  d and  at  least  one  paiaxn  1 y_  . ,1  • as  f0r  ex- 

. , .(  snherical  aberration  along  the  ax  > ’ • 

at  tude  ot  the  spneuuu  koi  522;  which  is 

ill  ample,  in  the  calculation  given  calculation  However, 

I usually  a very  satisfactory  mode  of  in  cal. 

J there  is  a certain  obvious  side  by 

J culating  the  paraxia  ray g g0  that  corresponding  mag- 
»1|  side  in  parallel  vertic  their  intercepts  on  the 

J nitudes  for  the  two  ray  (P  JLared  with  each  other 

J optical  axis)  may  be  consta  y check 

* during  the  progress  of  the » catedato®  ^ 

against  gross  errors  whmh  caneas  Jan  algebraic 

vertence  or  by  an  oveisig  P computing  the  path 

sign.  Now  any  system  £ath  of  she 

of  an  edge-ray  can  be  used  also  for  »mpu.  ^ J ^ ^ 

corresponding  paraxia  1^y>  , angles  0 f)' and  a,  a' 

for  this  purpose  is  to  substrtu  te  ^ of’the 

in  these  formula,  rn  P concerned,  the  actual 

angles.  So  far  as  t he  pa « J ^ ^ angles  a,  the 

numerical  values  whi  consequence  whatever; 

outset  of  the  calculate  are  of  no  ^ effects  of 

just  as  in  drawing  diagram  angles 

'paraxial  rays,  the  ““^f^twhh  the  other  lines  in 
which  they  mate  with  each  co  u * ^ whol|y 

the  figures  were  of  no  r . t fines  the 

inpnrrect  so  long  as  the  points  wut  . ,7n 

axis  are  all  shown  correctly;  as  was  expiamec  r § - he 

K,  therefore,  the  calcn Urons  j compa, 

^ J true  that  it  mates  no  difier- 
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ence  what  initial  value  is  assigned  to  the  slope  di  in  case  of 

the  paraxial  ray,  then  in  order  that  the  numerical  results  in 

the  two  columns  may  agree  as  nearly  as  possible,  the  value  of 

di  which  is  chosen  for  starting  the  calculation  of  the  paraxial 

ray  should  be  put  equal  to  the  value  of  sin  for  the  edge- 
ray. 

If  the  formulae  given  above  are  to  be  used,  the  scheme  will 
be  as  follows: 


Paraxial  Ray 


Edge-Ray 


n 


v =-,p; 


n 


p -- -,v; 


a=p.R,  a'=p'.R ; 
6'=  Q+a'  — a) 

Pk+1 


sin  a =p.R,  sin  a' =pf.R; 

6'  = 0+a'—  a; 

Pk+i  =Pk'+ak.sin  0k+i. 


In  the  special  case  when  the  incident  ray  is  parallel  to  the 
optical  axis  (0i=O,  ci  = oo),  the  calculation  starts  with: 


Paraxial  Ray 


Jjj 


cq  =h\.Ri) 


j dge-Ray 


sin  ai=hi.Rl. 


If  a plane  refracting  (or  reflecting)  surface  is  included  in 
the  system  of  surfaces,  then  for  this  surface  R = 0,  p,  p' 
become  infinite,  and  the  icvmulae  given  above  cannot  there- 
foie  be  employed.  Suppose  the  kth  surface  is  plane,  and  that 
before  refraction  at  tfus  surface  the  edge-ray  crosses  the  opti- 
cal axis  at  Lk  ard  ttie  corresponding  paraxial  ray  crosses  the 
optical  axis  at  Mk;  then  the  calculation  here  may  proceed 
according  to  the  following  scheme: 
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Plane  Surface  (i?k  = 0): 

Paraxial  Ray  Edge-Ray 

r Symbols : 

2k-  1 =Ck  — lMkJ  Ck-l  — Ck-lhkj 

wk=AkMk,  lik'-AkMk+i;  ^k=AkLk,  ^k/=AkLk4-i* 

Formulae : 

Ck~x  " sin  6k 

^k  — Ck  - 1 ~\~rk  - 1 ^k—  1 y 

sin  dk+i  = -^-  sin  0k; 
nk+i 

, tan  0k  „ 

Vk  =1 7j  yk* 

tan  0k+i 

" A numerical  example  will  illustrate  moie  clearly  the  pioc 
ess  of  calculation  in  parallel  columns  which  has  been  de- 
scribed above.  A comparatively  simple  optical  system  wi  i 
suffice  for  this  purpose,  consisting,  let  us  say,  of  a smgio 
double  convex  lens  surrounded  by  air  (ni=n3  = l>  n;-j..  J, 
with  dimensions  as  follows: 

T\  = — r 2 — +40 ) d\  — +4. 

Assume  that  the  rays  emanate  from  a luminous  point  on  the 
axis  at  a distance  of  100  from  the  urns  (m1=«1=A1L1  = 
A L1VI i = — 100) ; and  hence  Zi=Ci  =u\ -rx  = — 140.  Assume 
also  that  the  edge-ray  meets  the  first  surface  at  a point  whose 
height  above  the  axis  is  equal  to  10  (Ai=  +10).  We  find 
then  that  lg  tan  0,  =8.994  3135+ ; and  thereafter  the  calcu- 
lation proceeds  as  follows. 


, > • 
2k— 1 — Q 1 


Uk 


= 2k  — l “h^k-  1 dk  — 1 j 


Uk  = ~~  ^k  > 

nk 
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Paraxial  Ray  Edge-Ray 

Logarithmic  Calculation 


lg01 

8.992  4114  + 

lg  sin0i 

8.992  4114 

+ 

IgCi 

2.146  1280 

— 

IgPi 

1.138  5394 

+ 

lg  n!/n2 

9.823  9087 

IgPi' 

0.962  4481 

+ 

lg  P\ 

8.397  9400 

Ig  ai' 

9.360  3881 

+ 

lg  sina/ 

9.360  3881 

+ 

lg  ai 

9.536  4794 

+ 

lg  sinai 

9.536  4794 

+ 

lg  «i 

1.880  8136 

— 

lg  «i 

1.880  8136 

■ — . 

lg 

8.214  2609 

— 

lg  sin02 

8.328  9660 

— 

. «1  02 

0.095  0745 

+ 

0.209  7796 

+1.244728 

a!.sin02 

+1.620987 

Pi 

+9.171664 

Pi 

+9.171664 

V 2 

+10.416392 

V 2 

+ 10.792651 

lg  P2 

1.017  7173 

+ 

lg  Pz' 

1.033  1281 

+ 

lg  n2/n3 

0.176  0913 

+ 

lg  n2/n3 

0.176  0913 

+ 

lgP2' 

1.193  8086 

+ 

lg  Pz' 

1.209  2194 

+ 

lg#2 

8.397  9400 

— 

IgPi 

8.397  9400 

lg  a/ 

9.591  7486 

— 

1 * smc2' 

9.607  1594 

. — 

lg  «2 

9.415  6573 

— 

lg  sina2 

9.431  0681 

lgP2' 

1.193  8086 

+ 

lg  Pz 

1.209  2194 

+ 

clg  03 

0.833  9167 

— 

clg  sin03 

0.784  9957 

lgz2' 

2.027  7253 

4- 

lg  c2' 

1.994  2151 

+ 

Angle 


0i 

+0.098  3678 

0i 

+ 5°  38'  21.96" 

a/ 

+0.229  2916 

ad 

+13°  15'  19.32" 

f 0.327  5594 

% 

+18°  53'  41.28' 

-0.343  9374 

— ai 

-20°  7'  0.99" 

O'* 

-0.016  3780 

O2 

- 1°  13'  19.71" 

tV 

-0.390  6147 

a/ 

-23°  52'  25.89" 

-0.406  9927 

• 

-25°  5'  45.60" 

-a2 

+0.260  4098 

— dz 

+15°  39'  12.00" 

@ 3 

-0.146  5829 

03 

- 9°  26'  33.60" 
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z2'  = +106.5922 
- C‘i  = - 98.6768 
L3M3=Z2'-C2'  = +7.9154 


The  example  in  § 181  should  be  calculated  by  the  above 
method  also. 

205.  Cartesian  Optical  Surfaces  (or  Surfaces  which  are 
free  from  Spherical  Aberration 
along  the  axis). — An  ordinary 
spherical  refracting  surface  or 
spherical  mirror  exhibits  the 
phenomenon  of  spherical  aber- 
ration (§  178)  in  case  of  a 
monocentric  bundle  of  incident 
rays  which  all  intersect  in  one 
point  on  the  axis  of  symmetry 
of  the  system.  It  is  doubtful 
whether  Descartes  was  aware 
of  the  existence  of  the  pair  of 
so-called  aplanatic  points  J,  Jr 
on  the  axis  of  a spherical 
refracting  surface  (§  177),  for 
which  the  spherical  aberration 
vanishes.  They  were  certainly 
discovered  independently  by 
Huygens  prior  to  1653  who  con- 
stantly alludes  to  them  in  his 
Dioptrics  (see  Fig.  274)  and  at 
least  once  in  his  “ Treatise  on 
Light.”  He  showed  how  these 
points  could  be  utilized  in  de- 
signing the  form  of  a lenc  with 
spherical  surfaces  which  would 
convert  a wide-angle  bundle  of 

incident  rays  diverging  from  a point  J on  the  optical  axis 
in  front  of  the  lens  into  another  monocentric  bundle  of  emer- 


t-t fj.  274. — Huygens’  diagram  for 
showing  construction  of  ray 
refracted  at  a spherical  sur- 
face, by  aid  of  aplanatic  points 
D,  S;  reproduced  from  Fig.  27, 
Vol.  XIII  of  Huygens’  CEuvres 
completes,  p.  63. 
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gent  rays  diverging  also  from  an  axial  point  J'  on  the  same 
side  of  the  lens  as  J,  where  J,  J'  are  the  positions  of  the  pair 
of  aplanatic  points  of  one  of  the  spherical  refracting  surfaces, 
and  either  J or  J'  is  the  center  of  curvature  of  the  other  sur- 


meniscus:  all  rays  emanat- 
ing from  J emerge  as  if  they 
had  come  from  J'. 


Fig. 


276.  Aplanatic  ” concave  me- 
niscus: all  rays  emanating  from  J 


emerge  as  if  they  had 
J'. 


come  from 


face,  so  that  the  rays  must  meet  this  latter  surface  normally 
either  on  entering  the  lens  or  on  leaving  it,  as  case  may  be. 
In  both  cases  the  practical  form  of  an  “apLrwc  lens”  of  this 
description  will  be  that  of  a meniscus,  either  convex  (Fig.  275) 

with  the  center  of  the 
less  curved  face  at  J, 
or  concave  (Fig.  276) 
with  the  center  of  the 
less  curved  face  at  J'. 

A plane  mirror  is 
unique  among  optical 
contrivances  by  rea- 
son of  the  fact  that 
no  matter  where  the 
object  lies,  or  whether 

± tg.  277. — Ellipsoidal  minor.  it  is  “real”  OI*  “vir- 

tual,” its  image  in  a 
plane  mirror  is  completely  free  from  the  so-called  spherical 
iLer rations  (and  from  chromatic  aberrations  also).  But  one  or 
two  special  forms  of  curved  mirrors  possess  a property  akin  to 
this  in  a restricted  way  inasmuch  as  they  are  free  from  spher- 
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ical  aberration  along  the  axis  for  a single  object-point  in  a 
certain  definite  position  with  respect  to  the  curved  surface; 
namely,  an  ellipsoidal  mirror  (Fig.  277),  whose  surface  is  a 
prolate  spheroid  generated  by  the  revolution  of  a portion 
of  an  ellipse  about  its  major  axis,  and  a paraboloidal  mirror 
(which  may  be  considered  as  an  ellipsoidal  mirror  with 
its  center  of  symmetry  at  infinity)  generated  by  the  revolu- 
tion of  a parabola  about  its  axis.  It  can  be  shown  that  all 
rays  emanating  from  one  of  the  two  foci  of  the  generating 
ellipse  of  an  ellipsoidal  mirror  will  be  reflected  accurately 
to  the  other  focus;  and,  similarly,  rays  emanating  from  the 


Fig.  278. — Parabolic  mirror. 


focus  of  the  generating  parabola  of  a paraboloidal  mirror 
(Fig.  278)  will  be  reflected  in  a cylindrical  bundle  of  rays  all 
parallel  to  the  axis  of  revolution,  or,  conversely,  incident  rays 
parallel  to  the  axis  will  be  reflected  to  the  focus.  Parabo- 
loidal mirrors  are  much  employed  in  searchlights,  locomo- 
tive and  automobile  headlights  and  in  some  of  the  more 

expensive  models  of  flashlights. 

Even  before  the  law  of  ref r action  itself  had  been  accurately 

ascertained,  Kepler  with  his  remarkable  scientific  instinct 
had  discovered  the  form  of  a curved  refracting  surface  which 
produced  an  effect  not  unlike  that  obtained  with  a para- 
boloidal mirror.  This  surface  was  that  of  an  hyperboloid 
generated  by  cho  revolution  of  an  hyperbola  about  its  trails- 
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verse  axis 


and  is  such  that,  when  the  relative  index  of  refrac- 
tion of  the  two  media  has  a certain  value  greater  than  unity, 
incident  rays  emanating  from  the  farther  focus  of  the  hyper- 
bola and  falling  on  the  convex  side  of  the  surface  will  be  re- 
fracted into  the  denser  medium  in  a direction  parallel  to  the 


Fig.  279.  Hyperbolic  refracting  surface. 


optical  axis  as  represented  in  Fig.  279.  It  cnn  be  shown  also 
that  a concave  refracting  surface  having  the  form  of  a prolate 
spieioid  (ellipsoid)  will  bend  incident  rays  emanating  at 
the  far  focus  of  the  ellipse  in  the  denser  medium  into  a cylin- 
drical bundle  of  rays  in  the  iarei  medium  proceeding  in  a 


lirecjon  parallel  to  the  major  axis  (Fig.  280).  In  each 
o these  cases  the  actual  dimensions  of  the  surface  and 
u-eiefore  the  distance  of  the  focus  from  the  vertex  will  de- 
pend on  the  value  of  the  relative  index  of  refraction  of  the 
two  media. 


Cartesian  Optical  Surfaces 


The  several  examples  of  .reflecting  and  refracting  surfaces 
jof  revolution  which  have  been  instanced  above  and  all  ot 
which  are  characterized  by  having  the  power,  under  certain 
( conditions,  of  transforming  a monocentric  or  stigmatic  bun- 
idle  of  incident  rays  into  a similar  bundle  of  emergent  rays 
' are  merely  particular  cases  of  the  so-called  Cartesian  Optical 
Surface  called  after  Descartes  who  first  discovered  the  gen- 


‘ 


li; 


i 


Fig.  281. — Double  convex  hyperbolic  lens. 

eral  equation  applicable  to  all  such  surfaces  and  investigated 
their  mathematical  properties  (§  200).  Descartes  himse 
expended  much  effort  in  trying  to  devise  convenient  mechan- 
ical appliances  for  successfully  grinding  hyperboloidal  and 
other  aspherical  optical  surfaces,  but  even  with  the  help  ^ 
the  best  opticians  of  that  day  in  both  France  and  Hollano 
he  never  practically  succeeded  with  this  task.  He  even  mi- 


Fig.  282. — Plano-hyperbolic  convex  lens. 


gained  that  lenses  with  hyperbola  surfaces  combined  m a 
telescope  would  enable  him  tr  perceive  the  very  details  on 
the  surfaces  of  the  moon  and  other  celestial  objects;  but  he 
would  have  been  disappointed  in  this  expectation,  because 
a good  optical  image  involves  many  other  factors  besides 
mere  sharpness  at  one  particular  mathematical  point.  ig. 
281  shows  a double  convex  hyperboloidal  lens  such  as  Des- 
cartes probably  had  in  mind  which  is  designed  to  unite  rays, 
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emanating  originally  from  a certain  point  on  the  axis,  at  an- 
other point  equally  distant  on  the  other  side  of  the  lens. 


Fig.  283.  Sphero-elliptic  convex  lens. 


Figs.  282  and  283  show  the  forms  of  a piano-hyperbolic  con- 
vex lens  and  a sphero-elliptic  convex  lens,  respectively,  which 


os1!1  CTocf  r*11!1  inddent  Vays  t0  a reaI  focus;  and  Figs. 
284  and  285  show  the  corr  esponding  forms  of  concave  lenses 


each  of  which  will  make  a beam  of  parallel  incident  rays  di- 
verge from  a virtual  focus  after  traversing  the  lens. 
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, | The  problem  of  finding  the  form  of  a surface  CDE  (V 
.1 286)  which  shall  reassemble  at  a point  B,  rays  coming  from 
another  point  A”,  the  “summit  of  the  surface”  being  at  a 
given  point  D in  the  straight  line  AB,  is  treated  wit  gi 
skill  and  thoroughness  by  Huygens  m the  ast  ^ap  " ■ 
his  famous  Traiie  de  la  lumiere  (composed  by  HJYG“ 

) 1078  and  translated  into  English  by  Professor  S.  P Thomp 
I son  London  1912) ; although  Huygens  himself  realized  that 
I there  was  much  difficulty  in  manufacturing  aspheric^ sui- 
' faCes  and  doubted  whether  it  was  worth  while  to  take  the 
trouble,  notwithstanding  (as  he  says)  that  “it  may  occui  ia 


Fig.  286. — 


“ Aplanatie  ” refracting  surface:  rays  coming  from  A are  refracted 

at  the  surface  to  B. 


“ oheinven- 

v 


some  one  in  the  future  will  discover  in  it  [that  is,  in  — - - - 
tion”  of  such  surfaces]  utilities  which  at  present  a>-e  i.ot .seen 
The  problem,  as  above  stated,  consists  m ascertaining 
form  of  a surface  of  revolution  which  will  bend  i-ays,  either 
by  refraction  or  by  reflection,  from  a gnen  Pointi)  on  t 
axis  to  another  given  point  V also  on  the  axis  (Fig.  287), 
when  the  position  of  the  straight  lme  hV  is  known,  the  value 
of  the  relative  index  of  refraction  (n)  of  the  two  media  >emg 
len  also  Since  the  time  taken  by  light  to  go  from  L to 
L'  is  the  same  by  all  the  actual  paths  between  these  POin  s 
according  to  Fermat’s  Law  (§  38),  the  optical  length  (§  39) 
from  L to  V along  the  path  LPL'  is  the  same  as  that  along 

the  axis  LAL';  that  is, 

LP +n.PL= LA +n.  AL'. 
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Using  the  same  symbols  as  are  employed  in  Chapter  XV  for  l 
the  corresponding  linear  magnitudes  in  case  of  a spherical  . 
retracting  surface,  let  us  write  therefore:  j 

y=AL,  v'=AL',  Z=PL,  Z'=PL',  1 


with  the  understanding  that  these  distances  along  the  rays 
are  to  be  reckoned  positive  or  negative  according  as  they  are  1 

y r 


l = LIV 


~ a, 


w ere  o denotes  the  constant  value  of  the  optical  length  be- 
tween the  two  terminal  points  L and  L'.  This  is  the  focal 

°™  °f  tjlle  equatlon  of  th-  famous  “ovals  of  Descartes” 
w ich  is  the  name  g’ve;-  ,0  these  curves  in  honor  of  their  dis- 
coverer and  on  account  of  their  oval  forms.  The  actual  form 
and  dimensions  of  , he  curve  in  any  given  case  will  depend  on 
the  value  of  the  constant  a.  Thus,  for  example,  when  a = 0 
the  curve  reduces  to  a circle  (nZ'-Z=0)  and  the  corre- 
sponding v- artesian  surface  will  be  a spherical  refracting  sur- 
face for  winch  the  pair  of  points  L,  L'  are  identical  with  the 
plana ac  points  J,  J'.  Or,  again,  by  putting  n = -l  (S  75) 

no  nnd  that  the  equation  of  the  generating  curve  of  a mirror 

which  iWfh  ryS  -fr°m  L t0  L'  is  l'+l=a  instant, 

which  is  the  characteristic  property  of  an  ellipse. 
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If  the  vertex  A is  taken  as  the  origin  of  a system  of  rectan- 
gular coordinates  whose  abscissa-axis  is  the  straight  line  join- 
ing L and  L'  and  if  x,  y denote  the  coordinates  of  the  pom 

P,  then  , NO 

l'2=y2+(.v'-x)-; 

and  if  l and  V are  eliminated  from  the  equation  nl'-l=nv  —v, 
the  following  equation  of  the  fourth  degree  in  x,  y is  o - 
tained  as  the  general  equation  of  the  meridian  section  of  t 

Cartesian  Surface: 

(n2— 1)  (x2  +y2) — 2(n V —v)x 

+4n(u— nr')  (r'— nr)  (x2+y2)+2(n— 1)  rr'x 

In  a paper  by  the  writer  entitled  “Aptotic  (or  C^ian) 
Optical  Surfaces”  (Journ.  Franklm  Inst.,  193  (1922),  PP-. 
609-626;  also,  194  (1922),  pp.  69-73)  this  equation  is  discuss© 
in  some  detail  and  a method  is  given  for  making  a simple 
geometrical  construction  of  the  required  curve  for  any  special 

^With  improvements  in  processes  and  machinery  for  manu- 
facturing optical  surfaces,  it  is  by  no  means  unlikely  teat 
these  Cartesian  Curves  will  have  a utility  m certain  special- 
ized forms  of  modern  optical  contrivances  (condense:  enses, 
etc ) Heal  progress  in  optical  instruments  is  certainly  to  be 
gained  by  the  possibility  of  using  asphencal  surfaces  of  some 
S although  these  surfaces  will  be  quite  d.fterent  from  he 
Cartesian  surfaces  which  have  been  described  above  S 
dal  vears  ago  Gullstrand  publis  iea  a monograph  entitled 
“Uebe^asphaerische  Flaechen  in  optischen  Instrumenten 
(Stockholm  1919,  155  pages)  which  is  a masterly  treatment 
If  the  entire  subject  from  every  point  of  view  and  contains 
both  theoretical  and  practical  suggestions  which  will  undoubt- 
edly  haso  much  infteuce  on  the  future  of  opt, cal  des.gn  and 

construction. 
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MISCELLANEOUS  PROBLEMS 


1.  Kepler  gave  an  approximate  formula  for  the  law  of 
refraction  which  may  be  written  as  follows  (§  200)  : 


a = 


a 


1—C.seQa'’ 


C= 


n — 1 
n 


whereas  the  true  law  as  found  afterwards  is  sina-n.sina' 

Give  a a series  of  values  (say,  5°,  10°,  15°,  etc.)  and  calculate 

y each  of  these  formulae  the  corresponding  values  of  the 

angle  of  incidence  (a)  for  n=|:  and  plot  two  curves  on  a 

sheet  of  coordinate  paper  with  same  set  of  axes  exhibiting  the 
results.  & 

2 The  principal  section  of  a single  reflection  glass  prism 
has  the  form  of  a triangle  ABC,  the  rays  entering  a.id  leaving 

e prism  at  the  sides  AB  and  BC,  respectively,  having  been 
reflected  meantime  from  the  side  AC.  (1)  Construct  the 
path  of  a ray  through  the  prism  for  which  the  total  deviation 
is  a right  angle;  and  (2)  construct  the  path  of  a ray  which 
leaves  the  prism  parallel  to  the  siJe  AC. 

3 The  principal  section  of  a douole  reflection  glass  prism 
has  the  form  of  a quadrilatera  ABCD  and  is  so  designed  that 
rays  entering  the  prism  across  the  face  AD  and  being  inter- 
na y 1 effected,  first,  at  t.ie  face  AB  and  then  at  the  face  BC 
emerge  across  the  face  CD  into  the  surrounding  medium  with 
a constant  total  deviation  5.  Show  that  the  angle  CDA  = 5 

and  angle  ABC  =180° -5/2.  6 ° 

4.  The  principal  section  of  a double  reflection  glass  prism 

has  the  form  or  a triangle  ABC,  the  angle  at  A being  twice 

that  at  C.  Hays  refracted  into  the  prism  across  the  side  AB 

are  rehooted  internally  at  the  sides  AC  and  BC  in  succession 

and  emerge  finally  into  the  surrounding  medium  across  the 

E“' e V - show  that  the  total  deviation  is  equal  to  twice  the 
angle  at  C. 

5.  Show  that  the  distance  between  the  two  principal  Doints 
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bf  a thick  lens  of  index  n is  surrounded  by  air  (n  l)2  ad/ N 
jwhere  a and  d denote  the  distances  between  ft.  ^ 

between  the  vertices  of  the  two  surfaces  (o-CiU,  d-*i  » 

iandN  = (n— 1)  (no— d).  convex 

6.  Show  that  the  greatest  possible  diameter  of  a convex 

lens  of  radii  n,  r2  and  thickness  d is  equal  to 

+ /(9.r,-d)  (2rt!  +d)  (2r2-2ri+d)j 

n—ri+d 

7 The  crystalline  lens  of  Gullstrand ’s  schematic  eye  is 
a double  convex  lens  of  radii  10  mm.  and  6 mm  surrounded 

,.  rvf  inrlcv  1 336  The  thickness  of  the  lens  is 
by  a medium  of  index  i.ooo.  „7„  :..Qiin 

3 6 mm  and  its  refracting  power  as  found  on  p.  373  is  19.110 
dot  Find  the  index  of  refraction  of  the  equivalent  lens  of 
Z same  external  form  and  of  equal  refractors  power,  but 

homogenous  m substance.^  ^ ^ ^ jn  the 

SC  8 Te'iVo'  andiTw  designate  the  positions  of  two  pairs 
of  conjugate  points  on  the  axis  of  • >*“ ' S- 

I ?b»^*reSn  “deiote  the  Indices  of  ’refraction  of  the  Srst 
1 and  last  media.  If  m denotes  the  lateral  m^otturn  ratro 
f&  194)  for  the  pair  of  conjugate  points  0,  0 ,*ad  * V IV 
he  value  of  this  same  ratio  for  M,  M',  where  »,  >'  denote  the 
h Lit  of  object  and  image  at  M,  M';  shew  mat  the  image- 
equations  may  be  expressed  in  the  Mowing  form: 

m2.Z'=Z+m.F,  m ,y'.Z‘=y.Z, 

where  F denotes  the  refracting  power  of  the  systerm  Andm 

We6nt£ nT^ow"  that  the  image- 
equations  referred  to  the  nodal  points  may  be  written  as 

lows: 


' 77 


a 
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9.  Fmd  the  positions  of  the  nodal  points  of  Gullstrand ’s 
schematic  eye,  employing  data  in  § 130.  What  is  the  dis- 
tance between  them?  Ans.  7.078  and  7.332  mm.  from  the 
vertex  of  cornea. 

10.  Wollaston’s  doublet  is  an  eyepiece  consisting  of  two 
thm  planoconvex  lenses  with  their  plane  faces  towards  the 
incident  light.  The  focal  length  of  the  second  lens  is  3 times 

at  of  the  first  and  the  interval  between  them  is  1.5  times 
the  focal  length  of  the  first  lens.  Find  the  focal  length  of 
e combination.  Draw  a diagram  of  the  system  showing 
where  an  object  must  be  placed  in  order  that  rays  coming 

d^rectfon  ^ WlU  ^ fr°m  the  system  aI1  in  the  same 

11.  An  automobile  headlight  is  made  by  silvering  the  rear 

-rihVt6-  a °0nCaVe  meniSCUS  g'aSS  lens  80  as  t0  make  a 
thick  concave  mirror.  The  radii  and  axial  thickness  of 

the  lens  are: 

AiCi=n=— 6.317  cm;  A2C2=r2  = -8.4d0em.; 

AxA2 =d=  TO. 67 6 cm. 

The  index  of  refraction  of  the  glass  is  i.5.  Find  the  positions 

. ™re*H  ancl  the  center  K of  the  equivalent  “thin” 
mirror  (§132). 

Ans.  A,V,  +0.435  cm. ; A iK  - - 8.768  cm. 
13.  An  eye  is  accomim  dated  to  see  distinctly  an  object 
placed  at  a point  IV  on  the  optical  axis.  A thin  spectacle 
glass  is  placed  in  front  of  the  eye  at  a point  L;  and  now  the 
eye  without  changing  its  accommodation  can  see  an  object 
at  a point  hi  Show  that  FM  : LM=LM  : MM',  where 
esignatcs  tne  position  of  the  first  focal  point  of  the  inter- 
posed lorn-  What  is  the  condition  that  the  point  F 'shall 
coircioe  with  M ? and  what  is  the  condition  that  the  point 
M shall  coincide  with  the  second  focal  point  of  the  lens’ 

• a b!g“S  *°  be  Presby«Pic  (§  149)  when  his  near 
point  distance  (§  151)  is  equal,  say,  to  22  cm.  When  he  wears 

a certain  thm  spectacle  lens  at  a distance  of  12  mm.  from  the 
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M principal  point  ot  his  eye,  he  can  just  see  an  object 

mo  cm.  away.  What  is  the  refracting  powci  0 • 

Ans.  About  +2.1  apti. 

14.  Using  the  numerical  data  of  Gullstkand’s  schematic 
e v eye  (§  130),  and  supposing  the  crystalline  lens  as  een ex- 

;i  -itracted  (as  in  the  operation  for  cataract),  fin  e ^0S1  . , 

! on  t a^s  of  this  so-called  “aphakic”  eye  of  the Y-nt  which 
I is  focused  sharply  on  the  retina.  And  find  also  the  e a t mg 
1 power  of  a lens  which  placed  with  its  second  principal ^pomt 
J 19  mm  from  the  vertex  of  the  cornea  will  enable  an  aphakic 
I !e  to  s eTis  inctly  an  infinitely  distant  object  like  a star 
I " Ans.  8 cm.  beyond  the  vertex  of  the  cornea  towards 
* which  incident  rays  must  converge  m order  to  be  u 
J on  the  retina;,  refracting  power  of  lens  is  +10.9  dpt  . ^ 

The  following  construction  of  the  path  o y 

I „nc ITZ  a spherfcal  surface  is  given  in 

I resent  the  path  of  a ray  incident  on  a sphenatl  surface  at  B 
t and  draw  the  normal  NN'  passing  through  B »dth ^ 

) C.  Through  C draw  a straight  line  parallel  to  RB  meetm 
.{  the  surface  in  A,  and  on  this  line  take  two  pointe  X Y ; . n 

1 ative  index  of  refraction  of  the  two  media.  (I 

tion  here  indicated  is  made  correctly,  he  l»  ' Y 11  b 
found  to  lie  both  on  the  same  side  of  C,  and  a wil 

n C ind  Y.)  Describe  the  arc  of  a circle  around  X as 

center  which  goes  through  Y and  meets  in  a point  G. 

On  the  straight  line  CY  find  the  point  K such  tint  CK = -C • 
The  straight  line  BS  which  goes  wrough  K will  be  ttow 
fracted  ray  corresponding  to  the  incident  ray  • _ 

that  this  construction  is  correct;  and  draw  four  diagrams 
when  the  surface  is  »nve*  and  concave  and  for 

n DTpatcr  and  less  than  unity.  , 

It.  If  the  aplsoatie  points  of  the  first  surface 

lens  surmunded  by  air  are  donated  hy  J , a 
center  of  the  s econd  surface  is  at  J , the  lens  w 
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meniscus  (Fig.  275)  or  a very  thick  double  convex  lens  and 
e lee  from  spherical  aberration  with  respect  to  the 

LS  J , 

17.  In  trigonometrical  calculations  of  the  path  of  a rav 
re  racted  at  a spherical  surface  (§§  180,  204)  a certain  ex- 
pression connecting  the  sines  of  the  angles  a,  6 and  a'  $' 

wmMF  f£equently  that !t  !s  convenient  to  employ  a special 
as  follows  ^ ^ °f  abbreviatlon»  whlch  is  therefore  defined 

E = (sin^  sinct/)  — (sin#— sina). 

Show  that  E may  also  be  expressed  in  the  following  form 
which  is  more  convenient  for  logarithmic  computation: 

E -4  sin  -^.sin  ^.sin 

2 2 2 • 

18.  If  the  lengths  of  the  perpendiculars  let  fall  from  the 
center  of  a spherical  refracting  surface  o„  * ray  before  and 

after  refraction  are  denoted  by  p and  p>,  respectively,  show 

r*:  -L  mnedl  the  * “on 

ref™rtThe  P°rnte  ehf e a ™y  C1  osses  the  axis  of  a spherical 

bv  L l”8^;  fa°e  o aPd  “:ter  retraction  are  designated 
by  L L and  c = CL,  c'  - CL'  denote  the  abscissa:  of  these 

points  with  respect  to  the  center  C.  The  refracting  power  of 

the  surface  is  denoted  by  F.  Show  that 

C’  C F E 


n'2  n2  1 n.n' 


n.p 


k’  E and  P have  the  meanings  as 
m Noc.  i7  and  18  above,  and  C = n/c,  C'  = n'/c' 

r ,-!°i  L Pf raxial  ray  and  an  edge-ray  emanate  from  the  same 

surfaces  The*'8  * f n‘ered  SyStem  °f  Spherical  refracting 
surfaces.  The  paraxial  ray  crosses  the  axis  at  M and  M'  bl 

fore  and  after  refraction,  respectively,  at  one  of  the  surface^ 
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the  corresponding  points  for  the  edge-ray  are  designated  by 
L L'  The  center  of  this  surface  is  designated  by  C,  and  tne 
indices  of  refraction  of  the  two  media  separated  by  this  sur- 
face are  denoted  by  n,  n'.  Put  * = CM,  *'  = CM  ; c = CL, 
c'  = CL';  and  Z = n /z,  Z'  = n'/z',  C - n/c,  C n/c . y 
the  aid  of  the  formula  found  in  the  preceding  problem,  show 

that 


C'-Z'  C-Z 

n.p 


n 


/2 


n' 


I 


1 


) 


(C  - z and  C'  - Z'  in  this  formula  are  measures  of  the 
spherical  aberration  along  the  axis  before  and  after  refrac- 
tion at  the  surface  in  question,  so  that  if  one  of  these  magni- 
tudes is  known  the  other  can  be  found.) 

21.  The  points  where  a ray  crosses  the  axis  before  and 

after  reflection  at  a spherical  mirror  are  designated  by  L, 
L'  • the  tangent  to  the  surface  at  the  point  of  incidence  inter- 
sects the  axis  in  a point  designated  by  T;  and  the  center  of 
the  mirror  is  designated  by  C.  Show  that 

112 
TL  +TL'  TC’ 

and  therefore  that  the  spherical  aberration  along  the  axis  is 
proportional  to  the  distance  of  T from  the  vertex  of  the  mir- 
ror In  case  of  a paraxial  ray  how  will  the  lormula  apply? 

22  A ray  of  light  falls  on  a spherical  mirror  at  a point  B 
( Z BC A = 0) , where  A and  C designate  vertex  and  center 
of  the  mirror.  A straight  line  is  drawn  through  C perpendic- 
ular  to  the  axis  of  the  mirror,  aud  the  points  where  the  mci- 
dent  ray  and  the  corresponding  reflected  ray  intersect  t is 
line  are  designated  by  K and  K'.  If  the  angle  of  incidence 

is  denoted  by  a,  show  chat 

CK' cos  (a  — <p)  m 

CK  ~ cos  (a+<£>)  ‘ 


1 
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23.  The  radius  of  a spherical  mirror  is  r = AC.  A ray  ' 
crosses  the  axis  before  and  after  reflection  at  L and  L' 

(c  - CL,  c'  = CL').  Show  that  | 

cf  c.r  j 

2c.cos^>  + r > 

where  <p  = Z BCA,  as  in  preceding  problem.  How  will 

this  formula  be  modified  when  the  incident  ray  is  parallel  to 

e axis.  In  this  latter  case  show  that  the  point  L'  will  lie 

farther  from  C than  halfway  between  C and  A,  except  when  ■ 

the  ray  is  a paraxial  ray  when  L'  will  be  exactly  midway  be- 

ween  C and  A.  When  the  incident  ray  is  parallel  to  the  :! 

axis,  can  the  reflected  ray  cross  the  axis  at  the  vertex  of  the 

mirror  can  it  cross  the  axis  at  a point  on  the  other  side  of  the 

vertex  from  the  center?  Explain.  (The  answers  to  all  these  ‘ 

questions  had  been  found  by  Roger  Bacon  in  the  thirteenth 
century;  see  § 195). 

24  Employing  the  formula  obtained  in  the  preceding 
problem,  show  that  the  spherical  abei  ration  along  the  axis 
of  the  mirror  is  given  by  the  following  expression: 

4 cV.sin’  ~ I 

2 i 

(2c  + r)  (2c.  cos  <p  + r)  ’ 

Under  what  conditions  will  the  aberration  vanish? 

,2f-  A c<^ented  ^ Ws  surrounded  by  air  is  composed 
of  three  different  kinds  of  glass  of  indices  n2,  n3  and  n4 

(ni  n5  - 1)  such  tiiat  the  value  of  n3  is  the  geometrical 
mean  between  the  values  of  n2  and  n4.  The  two  outside  1 
surfaces  are  plane  (R,  = Ri  = 0) ; whereas  the  two  inner 
surfaces  ace  concentric  with  each  other  with  their  curvatures  ! 

m the  ratio  of  the  indices  n2  and  n3,  or  more  accurately:  j 

Ri  _ n2  j] 

Rz  n3 

Show  that  a bundle  of  incident  rays  parallel  to  the  axis  will 
issue  from  the  lens  in  the  same  direction,  and  that  under  the 
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/given  conditions  this  lens  is  entirely  free  from  spherical  ab- 
[’ration. 

26.  A ray  is  refracted  at  a curved  surface  separating  two 
media  whose  indices  of  refraction  are  denoted  by  n,  n . If 
a the  normal  to  the  surface  is  drawn  through  the  point  of  m- 
» cidence  P,  and  if  a straight  line  is  drawn  intersecting  the  nor- 
ii  inal  at  G and  the  incident  and  refracted  rays  at  L and  L , 
respectively,  show  that 

, GL'  GL 
n PL'  “ 11  PL' 

27  A ray  crosses  the  axis  at  an  angle  d and  is  incident  on 
a spherical  refracting  surface  at  an  angle  a.  If  the  curva- 
ture of  the  surface  is  denoted  by  R,  and  if  the  length  of  the 
perpendicular  from  the  vertex  on  the  ray  is  denoted  by  e, 
Show  that  sina  = sin0  + e.R.  Write  the  corresponding  for- 
mula for  the  refracted  ray ; and  show  also  that 


£ 

e 


cosa'  + cos  6' 
cos  a + cos# 


28.  The  radii  and  thickness  of  a meniscus  lens  made  of 
glass’  of  index  1.51  and  surrounded  by  air  are  : n - -iO, 
r,  = _8.4  d = +1.  The  lens  is  provided  with  a iron:  stop 
with  its  center  at  a distance  equal  to  1 from  the  \ ertex  of  the 
first  surface.  The  chief  ray  coming  from  an  infinitely  distant 
point  crosses  the  axis  at  an  angle  of  35°.  Find  the  astigmatic 
difference  (§  187)  along  this  ray. 

fins.  P3Q3  =—  1-oUb. 

29  In  the  preceding  problem,  suppose  the  thickness  of 

the  lens  is  changed  to  d-  +l-r>,  everything  else  remaining 

the  same  as  before.  Find  the  astigmatic  difference  now. 

Ans.  r3Ii3=  — 11.000. 

30.  In  No.  28,  suppose  the  stop  is  5 times  as  far  away 
everything  else  remaining  the  same  as  before  What  effect 

is  produced  on  the  astigmatism?  Ans.  P3Q3  - W.O  . 

31.  In  No.  28,  suppose  the  index  of  the  glass  is  changed  to 
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1.61;  everything  else  remaining  the  same  as  before.  What 
effect  is  produced  on  the  astigmatism?  Ans.  P3Q3  = + 1.506. 

32.  The  data  of  Petzval ’s  famous  photographic  por- 
trait objective,  as  given  by  Von  Rohr,  are: 

(Distances  expressed  in  mm.) 

Radii: 


% 

rx  = + 52.9;  r2  = —41.4;  r3  = + 436.2;  r4=  + 194.8; 

r5  = +36.8;  r6  = +45.5;  r7  = — 149.5. 

Thicknesses : 

dx  = + 5.8;  d2  = + 1.5;  d3  = + 46.6;  d4  = + 2.2; 
ds  — + 0.7 ; dg  = -f-  3.6. 

Indices  of  Refraction  (nD): 

ni  = n4  = n6  =n8  = 1 (air);  n2  = n7  = 1.517; 
n3  = n5  = 1.575. 

Find  the  focal  length  of  the  lens  and  the  positions  of  the  focal 
points.  Ans.  / = 100;  AXF  = -74.5;  A2F'  = + 58.6. 
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Abbe,  E.:  Porro  prism  system,  50;  refractometer,  128;  definition  of 
focal  length,  344;  pupils,  401;  magnifying  power,  454;  v-value  of 
optical  medium,  480;  optical  glass,  482,  489;  sine-condition,  523, 

542,  547;  differential  notation,  531. 

Aberration,  Chromatic:  see  Chromatic  Aberration , Achromatis7ny  etc. 

S Aberration,  Least  circle  of,  515. 

Aberration,  Spherical:  see  Spherical  Aberration. 

Aberrations,  Chromatic  and  monochromatic,  509;  Seidel’s  five  sums, 

545-550, 557.  ' 

Abney’s  formula  for  diameter  of  aperture  of  pinhole  camera,  5,  2b. 
Abscissa  formula  for  plane  refracting  surface,  97,  191,  269;  spherical 
mirror,  154,  155,  191,  276,  285;  spherical  refracting  surface,  191, 
193,  200,  274,  285;  infinitely  thin  lens,  228,  229,  279,  285;  centered 
system,  332,  519.  See  also  Image  Equations. 

L Absorption  of  light,  2. 

0 Accommodation  of  eye,  433-439;  amplitude,  437-439;  range,  , 
diminishes  with  age,  435,  436;  effected  by  changes  in  cry?i:uime 
lens,  434;  refracting  power  of  eye  in  accommodation,  43C,  43  < 
Achromatic  combinations:  Prisms,  480,  481,  491-493;  leases,  480,  481, 

| 499-505. 

Achromatic  single  reflection  prism,  582. 

Achromatic  system,  488. 

Achromatic  telescope,  480,  481,  505.  # . 

Achromatism,  480,  481,  487  and  foil.;  optical  and  actinic  or  photo- 
graphic, 489-491. 

Airy,  Sir  G.  B.:  Cylindrical  lens,  315;  regent-condition  of  orthoscopy, 
545;  curvature  of  image,  540. 

Alhazen,  564,  565,  570,  572.  . AA0 

Ametropia,  439  and  foil.;  axiab  curvature  and  indicial  ametropia,  44 J. 
Ametropic  eye,  440  and  fob.;  distance  of  correction-glass,  445,  446. 
Amici,  G.  B.:  Direct  iisioi.  prism  system,  495,  497,  506;  roof-angle 

prism,  568. 

Amplitude  of  accommodation,  437-439. 
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Anastigmatic  (or  stigmatic)  lenses,  314. 

Angle,  Central,  152,  516. 

Angle,  Critical:  see  Critical  Angle,  Total  Reflection. 

Angle,  Slope,  151,  334,  516. 

Angle,  Visual:  see  Visual  Angle,  Apparent  Size. 

in  Case  0f  inclined  mirrors-  «'  565.'  i"  <»»  Of  re- 
fraction,  78;  in  prism,  50,  51,  125;  in  lens,  293.  See  also  Prism 

Thin  prism,  Pnsm-dioptry,  Prismatic  power  of  lens,  Double  Re- 
flection  Prism , Single  Reflection  Prism. 

Angles  of  incidence,  reflection  and  refraction,  30,  31  65. 

ng  es,  Measurement  of,  by  mirror  and  scale,  56 
Angstrom  unit  of  wave-length,  10;  see  also  Tenth-meter. 

ngulai  magnification  (or  convergence-ratio),  351. 

Anterior  and  posterior  poles  of  eye,  431,  432. 

Anterior  chamber  of  eye,  425.  ’ 

Antonios  de  Dominis,  594. 

Aperture-angle,  404. 

Aphakia,  213,  442,  629. 

Apjanatic  Lens,  618, 621, 622, 629.  S ee  A spherical  Lenses. 

(J  J‘ ’ll'j?  f, 524;  °f  Spherical  ‘•'-'■'“‘tag  surface 
(J,  J ),  512,  513,  554,  596,  617,  618,  624,  628. 

Aplanatism,  524.  See  Sine-condition. 

Apochromatism,  489. 

Apparent  place  and  direction  of  point-sourc 15-18 
pparent  place  of  object  viewed  throu^  h p'ate  0f  glass,  102,  103,  105, 

Apparent  size,  20-22,  446  and  foil.;  in  epical  instrument,  449  and  foil 
Aqueous  humor,  213,  371,  425.  IOI1‘ 

Archimides,  559,  563. 

Aristotle,  559,  560. 

Aspherical  lenses,  593.  See  Aplamtie  lenses. 

1taest'ClTOnd3ll-°fer.“:,M5’  31°'314’  526'538>  552  and  f°“-;  image- 

W/f;  ’ sect,on3'  31>.  528-  See  also  Meridian  rays' 

nyS’  Image-lines,  Storm's  conoid,  Astf. 


Astigmatic  aiherence,  533. 

Astigmatic  image-surfaces,  536-538,  547. 

• , • . 1 1 y and  foil.;  314. 

Astigmatism  by  incidence,  527. 

a st  graatism  of  oblique  bundles  of  rays,  527  547  597 

Astigmatism,  Measure  of,  533.  ’ ’ 

Astigmatism,  Sturm’s  theory,  313,  534. 
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Astronomical  telescope,  411,  456,  572,  606;  field  of  view,  411,  412;  mag- 
nifying  power,  454—460. 

Atmospheric  refraction,  4,  570. 

Axial  ametropia,  442;  static  refraction  and  length  of  eye-ball,  442, 443. 
Axial  (or  depth)  magnification,  351. 

Axis  of  collineation,  243.  . ; 

Axis  of  lens,  217;  spherical  refracting  surface,  149.  See  also  Optical 

axis. 

Axis,  Visual,  433. 

B 

Back  focus  of  combination  of  two  lenses,  600. 

Back  focus  of  lens,  365. 

Bacon,  Roger,  564,  592,  632. 

Badal’s  optometer,  422,  423. 

Baker,  T.  Y.,  592. 

Barlow’s  achromatic  object-glass,  504,  505. 

Barrel-shaped  distortion,  544. 

Barrow,  I.,  595,  597,  629. 

Bartholinus,  E.,  596. 

Bending  of  lens,  284. 

Blind  spot  of  eye,  430,  431. 

Blur-circles,  414-417,  419. 

Rrewster,  Sir  D.:  Kaleidoscope,  47.  - 

bundle  of  rays,  Character  of,  24,  25,  508,  509,  525;  “direct'  5H 
homocentric  (or  monocentric),  25;  limitation  by  means  ol  suops, 
397-399.  See  also  Astigmatic  bundle  of  rays. 

Bunsen  burner,  66,  473. 

Burnett,  S.  M.:  Prism-dioptry,  135. 


Calculation  of  path  of  ray:  Refracted  at  spherical  surface  516  519, 
611-617;  reflected  at  spherical  mirror,  518;  refracted  through 
prism,  124,  125;  refracted  througl  centered  system,  332,  519-522, 
numerical  example  in  case  of  partial  and  edge  rays,  520-522,  615- 

Calculation  of  refracting  pcwar  and  of  positions  of  focal  points  of 

centered  system,  606-61 1. 

Camera:  see  Pinhole  camera,  Camera  obscura. 

Camera  obscura,  561. 

SaS,S5Sm617^625;  hyperbohe  reacting  surface, 
593,  59*,  61 9,  620;  elliptic  refracting  surface,  593,  o2U. 
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Cataract:  see  Aphakia. 

Catoptrics,  563. 

Caustic  curve,  514. 

Caustic  surface,  in  general,  526,  592;  by  refraction  at  plane  surface, 
98,  99,  by  refraction  at  spherical  surface,  515 
Cavaleri,  594. 

Center:  Of  collineation,  243;  of  curvature,  260,  526;  of  perspective  (K) 
532,  554,  of  rotation  of  eye,  432,  434,  448,  452  ’ 

Centered  system  of  spherical  refracting  surfaces:  Optical  axis  329- 
construction  of  paraxial  ray,  330,  331;  calculation  of  path  of  parax- 
ia  ray  332,  520  522,  615-617;  conjugate  axial  points  (M,  M'),  346 

catk>nX' t33'aX‘aI  "0njugate  P°ints  (Q,  QO,  339-342;  lateral  magnifi- 
f’  ?49’.  Smith-Helmholtz  formula,  334;  focal  planes 
5,  focal  points,  332-335;  ray  of  finite  slope,  519-522,  61 1-6I7’ 

SnS,  lM,mtlVe  °bieCt'SpaCe  and  *ma6e-space,  416,  417. 

Central  angle  (<p),  152,  516. 

Central  collineation,  242-247. 

Central  ray,  243. 

Chief  rays,  24,  413,  420,  526. 

Choroid,  425. 

Chromatic  aberration,  487-489,  509. 

Ciliary  body,  427,  mechanism  of  accommodation  434. 

Circle  of  aberration,  Least,  515. 

Circle  of  curvature,  260. 

Circle  of  least  confusion,  314,  537. 

Circles  of  diffusion:  see  Blur-circles 

“:ioR.  sit? <according  40  T-  sm,th)-  “ 

Coddington,  H.:  Curvature  of  image,  540 

Collmear  comspondepct,  242, 508.  See  also  Punctual  imagery. 

Collineation : Central,  243-247;  center  of,  243;  axis  of,  2«;  invariant 

Color  ifAZT  0,‘  Vibrati°D>  47^76;  “d  -"**■«*. 

Colors  of  spe<  ;tr  nn,  466,  598. 

Colors  of  thin  plates  and  films,  597. 

Coma.  542,  547. 

Combination  of  three  optical  systems,  374-376 

Cognation  of  two  lenses,  366-370,  599-602;  achromatic,  499  and 

Combination  of  two  optical  systems,  356-362;  focal  lengths,  359;  focal 
principal  points,  358,  361;  refracting  power,  361. 
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Complete  quadrilateral,  162. 

Compound  optical  systems:  Chap.  XI,  3o6,  foil. 

Concave:  Lens,  221;  surface,  150. 

Concentric  lens,  221,  232,  387,  388. 

Cones  and  rods  of  retina,  428,  429. 

Conjugate  planes,  172,  194,  236.  , . . 

Conjugate  points  on  axis  (M,  M'):  Centered  system  of  spherical  re- 
fracting surfaces,  346,  347;  infinitely  thin  lens,  227-229,  232,  595; 
plane  refracting  surface,  97;  plate  with  parallel  faces,  105;  spherical 
mirror  154, 164;  spherical  refracting  surface,  181,  183,  595. 

Conjugate  points  off  axis  (Q,  Q'):  Centered  system  of  spherical  refract- 
ing surfaces,  339-342;  infinitely  thin  lens,  234-236;  spherical 
mirror,  171-175;  spherical  refracting  surface,  193-196. 

Conoid,  Sturm’s,  313,  314,  535. 

Convergence-ratio:  see  Angular  Magnification. 

Convergent  and  divergent  optical  systems,  186,  339,  340. 

Convergent  lens,  221. 

Convex:  Lens,  221;  surface,  150. 

Cornea  of  human  eye,  425;  optical  constants,  371,  372,  401;  vertex, 
43 1 

Correction-glass:  Refracting  power  and  vertex-refraction,  443-446; 
distance  from  eye  measured  by  keratometer,  421,  422;  second  foca 
point  of  glass  at  far  point  of  eye,  445;  for  aphakic  eye,  629. 

Crew,  H.:  “dioptric,”  287. 

Critical  angle  of  refraction,  80,  572. 

Cross-cylindrical  lens,  315,  317,  319,  320,  325. 

Crystalline  lens  of  human  eye,  213,  371,  372,  373,  378,  ->o.,  ->95,  428, 
592  593,  627;  optical  constants,  371-373,  395,  134;  changes  in 
accommodation,  395,  434;  “ total  index,”  436.  See  tUco  Aphakia. 
Culmann,  P.:  Smith-Helmholtz  formula,  202. 

Curvature  ametropia,  442.  . 

Curvature  of  arc:  total,  258;  mean,  259;  center  cf,  260;  circle  of,  260; 

radius  of,  260;  sign  of,  260;  measure,  260-264. 

Curvature  of  image,  538-540,  547,  548  ... 

Curvature  of  normal  sections  of  surface,  300-303;  principal  sections, 

302,  303,  525. 

Curvature-method  in  geometric,^  optics,  282. 

Curvature,  Unit  of,  dioptrv,  206-288. 

Cushion-shaped  distortion,  544. 

Cylindrical  lenses,  217,  aO,  314-317;  types,  315-317;  combinations, 
318-326;  transposition,  318-320. 

Cylindrical  surface,  265,  305-308,  310-313;  refracting  power,  307, 
308. 
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Dennett:  Centrad,  134. 

Depth-magnification,  351. 

Descartes,  R.:  Law  of  refraction,  67,  573,  593,  594;  ovals,  593,  624; 

aspherical  optical  surfaces  and  lenses,  593,  621;  aplanatic  points’ 
617.  ’ 

Deviation  by  prism : see  Prism. 

Deviation  of  ray:  see  Angle  of  deviation,  Minimum  deviation. 

Deviation  without  dispersion,  481,  491-493. 

Diamond,  70,  479. 

Diaphragms  or  stops  for  cutting  out  rays,  397-399. 

Diffraction-effects,  14,  597. 

. Dioptrics,  569,  foil. 

Dioptry,  286-288;  ‘'dioptrie,”  “dioptre,”  “diopter,”  etc.,  286,  287- 
millidoptry,  Hectodioptry,  and  Kilodioptry,  287.- 
“Direct”  bundle  of  rays,  514. 

“Direct  vision,”  448. 

Direct  vision  prism-systems,  493-499. 

Direction  of  ray  or  straight  line:  see  Positive  direction. 

Direction  of  source  from  observer’s  eye,  15-18. 

Dispersion,  Chromatic:  Chap.  XIV,  465  and  foil.,  598;  anomalous,  477- 
irrationality  of,  477-479;  partial,  479,  483-  .dative,  479,  483.’ 
Dispersion  without  deviation,  481,  493-499. 

Dispersive  power  (or  strength),  479-481;  iispeisive  strength  of  lens,  503 
Distinct  vision,  Distance  of,  452,  453. 

Distort  on,  543-545. 

Di  TorrI:,  396. 

Divergent  lens,  221;  divergent  an!  convergent  optical  systems,  339, 
340# 

Dollond,  J.:  Achromatic  oL <eot-glass,  481,  482,  504,  505. 

Donder’s  “reduced  eye,”  2x4;  astigmatism  of  eye  corrected  by  cylin- 

dical  glasses,  ?16;  .oss  of  accommodation  with  increasing  age, 
435,  436.  ’ 

Double  concave  1cm,  219. 

Double  convex  lens,  217. 

Double  rat'o  (or  cross  ratio),  156-164. 

Double  reflection  prism,  574,  586-592;  deviation,  587. 

Double  -efraction,  596,  598. 

Dove’s  “Reversion  Prism,”  583. 

Duich  telescope,  456,  571,  606;  field  of  view,  412,  413;  “eye-ring,”  413, 
458;  magnifying  power,  455-460. 

Dynamic  refraction  of  eye,  438. 
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Effective  rays,  23. 

Ellipsoidal  mirror,  618,  619. 

Ellipsoidal  refracting  surface,  620,  oit. 

Emergent  rays,  24. 

Emmetropia  and  ametropia,  439-444. 

Emmetropic  eye,  440. 

Entrance-pupil , 43,  179,  400  and  foil , 543,  596;  two  or  more  entrance 

■ 

Euclid,  559,  563,  564  . 535-  achromatism, 

Euler,  L.:  Theory  of  curved  surfaces,  303,  3UO,  o-o, 

481. 

Exit-port,  409,  410,  413.  543,596. 

Exit-pupil,  400-405,  411  ’ 39  5;*terior  chamber,  425;  aqueous  hu- 

Eve*  Accommodation,  433-43.  >,  a “black  of  the 

mor  371,  425;  bacillary  layer  of  rods  and 

eve  '”  401;  blind  spot,  430;  center  of  rotation,  432 434  448  4 ;2, 
ftag.  cl  refracting  peer  in 
425,  ciliary  body, 

431 ; crystalline  lens,  371-373,428,^  ^ ^ 425_431-  e,- 

tion  with  age’  435’g36’  ressions  for  refraction  of  eye,  439:  far 
trance-pupil,  401,  448,  expr  *35,  focal 

"™C«2 i.Suentfh,  in  case  or  _*«. 
lengths,  343,  37  , , » 423  /^i\fc»ea  centralis,  429, 

’line  of  fiction!  <32;  ™«r  murine,  431, 

432;  ncaial  points,' 422,  432;  optica^*^  431^op^^nerri  4Mnroint 

of  fixation,  432;  positions  o car  ina  principal  points,  374, 

commodation,  «;  J--J  J-i.  «.  « 

432;  pupil,  23,  401,  4U y i , ,o  _ 4oq  ancf  foil.;  suspen- 

4*  /L9Q*  «4tntic  and  dynamic  ref  acti  , . . . 

letina,  428,  static  ana  434;  variatjon  o{  principal 

sory  ligament  (zonule  of  Z.  . , visuai  j 430; 

“ r:r«“ w *28. 

Eye^  at 

mctropic  eye,  Myojn "■  eye,  “ R^uced  eye’ 

Eye-axis,  Length  oi,  438.  440^43’448’ 

Ophthalmic  prisms , etc. 
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Faraday,  M.:  Optical  glass,  482. 

F“  Snt’j!nV38’  tt0,  442;  far  p0int  sphere>  43,;  recession, 
436,  coincides  with  second  focal  point  of  correction-glass,  445! 

in  case  of  schematic  eye,  461.  ' 

Far  point  distance,  437,  444. 

Far-sighted  eye,  435.  See  Hypermetropia. 

Fermat,  P. : Principle  of  least  time,  86,  594,  623. 

Field  of  fixation  of  eye,  432,  435 

Field  of  view,  18,  19,  406-409, 448,  596;  of  plane  mirror,  4<M3;  of  spher- 
ical mirror,  176-179;  of  infinitely  thin  lens,  247-249  409-411-  of 

Dutch  telescope,  412,  413;  of  astronomical  telescope  412 
“ragged  edge,”  412.  p ’ ’ 

Field-stop,  19,  178,  249,  406,  410. 

“Fish-eye  camera,”  81. 

Fixation : field  of,  432,  435;  line  of,  432;  point  of,  432 
Flat  image,  539,  540,  548. 

Fluorite,  479,  485. 

Focal  lengths:  Of  centered  system,  354,  355,  521,  606- fill 
T ocal  lengths  of  schematic  eye,  343  374  SSQ  4‘19 . „ f 
accommodation,  437.  ’ 9’  432’  ca5e  of 

Focal  lengths:  Of  spherical  mirror  167*  of  cnh  -i  i ^ r r 

191,  192  193,  199,  281;  of  tafin^ly  ^ 

lenTS  of'maj!’|lr'0’,°f  00mb‘natl  'n  rt  1"°  l'-"ses,  367;  of  thick 
ens,  dbd,  ot  optical  system  in  genial,  342-344. 

Focal  planes : Of  spherical  refracting  mi  face,  197-199;  of  infinitely  thin 

ens,  232,  of  optical  system,  334,  335,  341;  of  centered  system  of 
spherical  refracting  surfaces,  333. 

Foea^pomt  angle,  447;  V measure  of  size  of  retinal  image, 

Foca^  points  of  sphericai  rni-ror,  166,  189;  of  spherical  refracting  sur- 
ace,  186-189;  of  infinitely  thin  lens,  229-232;  of  centered  system 

T‘ng  '"'T’  ^ 333,  521’  609 -•  of  optical  sys- 
ol^mbtrtii  2 ZC  %?•*’  **  ^ 363; 

Focal  points  01  schematic  eye,  374,  389  423  432 
Focus  plane,  400,  402-404,  406-408,  414-417  543 
F ovea  centralis,  429,  432,  433,  446.  ’ 

^ "Bertram  W'  598;  dark  lines  of  solar 

f**\.  \ l70,  472>  475,  476>  477»'  measurement  of  index  of  re- 

gto  482  f i,  n0ta!-0n  ,°f  dar,k  lineS’  472;  Production  of  optical 
glass,  482,  achromatic  object-glass,  504,  505. 
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Frequency  of  vibration  and  color,  472-476;  connection  with  wave- 

FresneSV  J5':  Principle  of  interference,  14,  598;  use  of  cylindrical 
lens,  315. 

G 

Galileo:  Telescope  and  astronomical  discoveries,  4o6,  462,  463,  464, 

Gauss,1  K^F.:  Reduced  distance,  279,  280;  theory  of  optical  imagery, 
334,  536,  545,  546,  603;  principal  points,  335;  achromatic  object 

glass,  504,  505. 

Glass,  Optical:  see  Optical  Glass. 

Gleichen,  A.:  Lehrbuch  der  geometrischen  Optik,  352. 

Goerz  P.:  “Double  anastigmat”  photographic  lens,  35  . 

£"p“'.al  mMhod.:  taoM  »,  aiw-*  P*“ ‘ 

ray  through  centered  system,  331;  Young’s  construction,  509-511. 
Gregory,  J.,  achromatism,  480. 

Grimaldi,  F.  M.,  596. 

Grimsehl,  E.,  Lehrbuch  der  Physik,  363. 

Gullstrand,  A.:  Reduced  distance,  280;  schematic  eye,  343,  370,  37 
374  381,  382,  389,  395,  432,  436,  442,  443,  461,  611,  627,  628,  629, 
formula;  for  compound  systems,  360,  361;  schematic  eye  m state 
of  maximum  accommodation,  395, 436,  461;  writings,  536,  625. 


H 

Hadley’s  sextant,  58-60. 

Hall,  C.  M.:  Achromatic  telescope,  481. 

Halley,  E.,  595. 

Harcourt,  W.  V.:  Optical  glass,  482. 

Harmonic  range  of  points,  161-164. 

H^holt?  H5  Von:  Ophthalmometer,  103.  3mith-Helmholtz  equa- 
H Ton  201202!  214,  215,  334,  338,  342,  459,  524;  Handbuch  der 

physiologischen  Optik,  371. 

Hero  of  Alexandria,  87,  563,  594. 

Herschel,  Sir  J.  F.  W.:  Achromatic  object-glass  of  telescope, 
Homocentric  bundle  of  rays,  26. 

STxi  rTnTivn  and  colors  of  spectrum,  466,  469;  law  of 

Huy^ensT"’  Crn-stmction  of  wave-front  in  general,  10-13,  123;  in 
T of  icd.ct.on  at  plane  mirror,  33-37,  61;  in  case  of  refraction 
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at  plane  surface,  70-72;  Huygens’s  ocular,  396,  501  502-  law  of 
refraction  573;  polarization  of  light,  596^  theory  of  douUe  rl 

lSht  596 617^9^  °n  I?10ptncs’  594>  595-  596-  617i  treatise  on 

595  no^n  o/  T °J ty’  ^ kw  °f  COnj^ate 
nnni, ” r ? fO^valent  lenses,  595;  theory  of  telescope,  596; 

pupi  s of  optical  system,  596;  theorem  about  apparent  size  596- 

construction  of  ray  refracted  at  spherical  surface,  596,  617;  apian- 

a en^o?  7‘  “f  — »•>  «7;  spherical 

aberration,  o96,  Aplanatic  surfaces,  623;  “Aplanatic  lenses,” 

Hyperbolic  refracting  surface,  593,  594,  619,  620,  621 
Hyperboloidal  lens,  621,  622. 

Hypermetropia,  441,  443,  445. 

Hypermetropic  eye,  441;  correction  glass,  445. 


Image,  5,  17, 18,  25,  ideal,  25,  506,  548;  real  and  virtual,  17,  13. 
mage,  Rectification  of,  by  successive  reflections,  50  5’ 

Image,  Size  of  retinal,  448,  449.  ’ 

Images  in  inclined  mirrors,  43-51. 

Image-equations  of  optical  system:  Referred  to  focal  points  345- 
referred  to  principal  points,  345-347;  refen  ad  to  pair  of  conjugate 
I ^ s in  general,  347,  348,  627;  referred  to  nodal  points,  348  627- 

in  terms  of  refracting  power  and  reduced  ‘ vergences  ” 348  ’ ’ 

, . ^ ^ . . £ surface,  200,  201 

536m547  ”arr0"’  aStigmatio  bur<;'e  °f  100.  312,  313,  534- 

Ima Surface,  marr0W  aStiSmal'J  bUnd'e  °,  rayS  refra'ted  at  plane 
Image-point,  25. 

Image-points  of  narrow  .-somatic  bundle  of  rays,  312,  526,  527,  529- 
Image-rays,  24. 

Image-space  and  object  space,  242,  243. 

Image-surface*,  Astigmatic,  536-538  547 

hei8ht'  151"'  *1  O'a-  »r.  30. 

Inclined  mirrors,  43-51,  565-567. 

Index  of  refraction:  Absolute,  74;  limiting  value  of,  70;  relative  66- 

mjasurement  of  106  107  19S  ion.  r a-  , ’ native,  00, 

477.  or,  iuo,  W7,  128,  129;  function  of  wave-length,  476, 

‘ Indicial  ametropia,  442. 
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‘‘Indirect  vision,”  446.  . 

Infinitely  distant  plane  of  space  197,  454. 

Infinitely  distant  point  of  straig  t in®’  ' 276-279,  285;  abscissa- 

Infinitely  thin  lens,  Paraxial  Rays.  217  2o/,  ’ con jugate 

formula  226-229,  285;  character  of  imagery,  237-240,  conjugal 
formula,  „ 234  595;  construction  of  image,  236, 

axial  points,  227-229,  232  234-^  ’ fieM  of  view,  247-249,  409, 

extra-axial  conjugate  pom  , ^ ^ focal  planeSj  232;  focal 

411;  focal  lengths,  > ’ . 037-  principal  planes, 

points,  229-232;  lateral  magnification,  236,  237 , prmc, 

239;  prismatic  power,  291-295,  rei  railing  h 
Infinitely  Sin  lens,  S^toSl“Sm*ation,  226. 

Infinitely  thin  lens,  »<»«*•£  -S’  £2.’  for  ^ 

CtTof  of  central  ~ of 

refraction  of  paraxial  rays  at  spherical  surface,  19  . 

Iris  of  eye,  401,  425. 

Isotropic  medium,  3,  4. 

J 


Iackson,  Professor:  New  optical  glass,  484- 
jANsen,  Z.:  Reputed  inventor  of  telescope,  456. 

Jena  glass,  482-485,  540. 


kaleidoscope,  47.  vrmtiu,  202;  formula 

;E,nnn,  J,  HI 

for  law  of  refraction  57!  572,  ^6,  cci,|)mat|(lns  (terrestrial 

*•  byS»ife 

crystalline  lens,  593. 

Keratometer,  421,  422. 

Kessler,  F.:  Direct  vision  prism,  437,  498,  49 J,  o 

Kircher,  573.  Achrom  it.’t  combination  of  prisms,  481. 

<■'  128- 


L 


Lagrange,  J 
Landolt,  F, 
Lange-  ML.: 


I Smith-Helmholtz  formula,  202. 
Physiological  Optics , 287. 
Calculation-system,  520. 
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Lateral  magnihcation:  Centered  system  un  • c , 

236,  237;  spherical  mirror  176  soheril  l ’ . 'nfin,tely  thin 

Law:  Of  independence  of  ^ ‘J', £*£  S ^ T ,9* 

3, 4;  of  reflection,  31;  of  refraction,  66;of  Malus  89-91  *%?***• 
Least  circle  of  aberration,  515.  S’  89  91,  525. 

Least  confusion,  Circle  of,  314. 

Least  deviation;  see  Prism. 

Least  time,  Principle  of,  86-89,  594  623 

*"*  «• 

M^nt‘5,  M2d  ™n°™tr“nl,r^  221’  2321  3871  388;  con“™ 

223;  definition,  EgT ^ dolf  ” "■*’* 

double  concave,  217,  219;  meniscus,  219,  22i 
aero  curvature,  221,  386;  optical  center  223-22*’ , 1 °f 

and  plano-concave,  219;  refracting  power  S3  3«,P  "7“ 

217,  385,  388;  thickness,  219  g P ' J83,  363 7 symmetnc, 
Lens,  Crystalline:  see  Crystalline  lens 
Lens-gauge,  263-265,  288,  289. 

Lenses,  Forms  of,  217-223. 

Lens-system:  see  Combination  of  two  lenses 

Lens-system,  Thin,  289-291;  achromatic  combinaf  n 502  5ns 
Leonardo  da  Vinci,  559,  592.  mai  n,  502~505- 

■Light:  Rectilinear  propagation,  see  Chap  I 4 r.Kneao  , 

LineXS™1’  >0,'^“^ 

Lippershey,  F.:  Reputed  inventor  of  f eu  scone  450 
Luminous  point,  Direction  and  location,  15-18. 


M 

Macula  lutea  or  yellow  sHot  428 

Magnifying  power,  199,  344,  452  and  foil  *00  a 

absolute,  454;  individual,  454.  ’’  6’  A®iE  S defimtion>  454; 

MagmVng  power  of  magnifying  glass  45^-  of 

telescope,  455-460.  * S 8 ’ 453 ’ f microscoPe,  454;  of 

Malus,  E.  L.:  Law,  89-91,  525 

Vaurolycus,  560,  570,  592,  593,  594,  598. 
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Maximilian,  Duke,  593. 

Medium*,  see  Optical  medium. 

E22  S & « *3S£  S;  * 

Meridian  action  ol  narrow  bundle  of  raja,  311,  528,  530  odd,  5d0, 

553,  554,  556;  lack  of  symmetry  in,  541. 

Meridian  section  of  surface  of  revolution,  305. 

Michelson,  A.  A.:  Velocity  of  light,  474 

Milton,  J.,  quotation  from,  referring  to  Galileo,  571. 

Minimum  deviation  of  prism:  see  Prlsm;  „ , { ..  « Thin  mir. 

Mirror-  see  Plane  mirror,  Spherical  mirror,  1 hick  nwror, 

ror,”  Inclined  mirrors,  Ellipsoidal  mirror  Parabola  mirror,  . 
Mirror  ’and  scale  for  angular  measurement,  56  58. 

Moebics,  A.  F.:  Principal  points,  335. 

Molyneux,  W.,595. 

Mnnocentric  bundle  of  rays,  25.  . 

lvionoceiit  . f-nQ  Svherical  aberration. 

Monochromatic  aberrations,  509.  bee  spnenuu 

Monochromatic  light,  66,^467,  473-477. 

Monoyer,  F.t  “dioptrie,  286. 

Moser,  C.:  Nodal  points,  337. 

Muscles,  Motor,  of  eye,  431,  432. 

Myopia,  441,  443,  445. 

Myopic  eye,  441;  correction-glass,  445. 


N 

• + ah  4*35  438*  near  point  sphere,  434,  435;  rieax  point  re- 
Near  point,  434,  435,  45  , I o,  schematic 

cedes  from  eye  with  increase  of  age,  435,  436,  in  case 

eye,  436,  461. 

Near  point  distance,  437. 

Near-sighted  eye,  435.  See  Myopic  eye. 

Negative  lens,  223. 

Negative  principal  points,  338. 

Neutralization  of lenses  29j.g  gq7  598  prism  experiments  and  dis- 

Newton,  Sir  I,  1 , 594,  595,^7,^59  , P ^ ^ 598;  niton’s 
S°n597;  dtSLU,  59’  ; -Opticks,”  597;  double  refraction  and 
polarization,  598;  asti^ism  of  oblique  bundle^  . 

Newtonian  formula  (x.x'  =/•/'),  168, 201, 237,  345,  554. 

Nodal  Planes,  337.  construction,  340;  relation  between  nodal 

' poinrlndtmcipal  points,  341,  343;  image-equations  referred  to, 
I 348;  of  lens,  226,  363. 
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Nodal  points  of  eye,  422,  432,  628. 
Normal  sections  of  curved  surface, 
surface,  306. 

O 


300-305,  525,  526;  cylindrical 


Object-point,  25. 

Object-rays,  24. 

Object-space  and  image-space,  242,  243. 

Obliquely  crossed  cylinders,  320-326. 

Oculars  of  Huygens  and  Ramsden,  502. 

Opaque  bodies,  2. 

Ophthalmic  lenses:  See  Astigmatic  lenses,  Cylindrical  lenses,  Correction- 
glass,  r oric  lenses,  etc. 

Ophthalmic  prism:  Base-apex  line,  135;  combination  of  two  ophthal- 

r>  uxT*?  pnSmS’  138~142i  deviation,  133;  power,  134;  rotary  prism,  141. 
Ophthalmometer,  103. 

Optic  nerve,  430. 

Optical  achromatism,  489,  490. 

Optical  axis,  axis  of  symmetry,  23;  of  centered  system,  3?£-  ot  lens  217 
Optical  axis  of  eye,  431. 

Optical  center  of  lens,  223-226. 

Optical  disk  for  verifying  law  of  reflection,  32;  redaction,  67,  68;  total 
reflection,  83,  84.  ’ ’ 

Optical  glass,  481  and  foil.;  process  of  manufacture  485-487 
Optical  image,  5,  17,  18,  25.  See  also  Image. 

Optical  instrument,  23. 

Optical  instruments,  Types  of,  602-0uo. 

Optical  invariant  of  refraction,  7B 
Optical  length,  89-91,  278,  279,  C>j. 

Optical  medium,  3;  media  of  afferent  refractivities  70. 

Optical  system,  23. 

Optometer  of  Badal,  422,  423. 

Origin  of  coordinate  s,  1 ty.  See  also  Image-equations. 

Orthoscopy,  Conditions  of,  543-545. 


Paraboifc  mirror,  565,  619. 

Paraxial  ray,  Definition,  152. 

PcraNal  rays,  Diagrams  showing  imagery  by  means  of,  168-171. 
Paraxial  rays:  Centered  system,  329-334,  519-521;  infinitely  thin  lens 
217  257,  276-279,  285;  plane  refracting  surface,  96-98,  191,  265- 
69,  plate  with  parallel  faces,  105-107;  spherical  mirror,  153-179, 


Index 


649 


189,  274-276,  285;  spherical  refracting  surface,  179-202,  269-274, 
285,  519,  534;  thin  lens-system,  289-291. 

Paraxial  ray,  Calculation  of,  519-521,  606-617. 

Pellin-Broca  constant  deviation  prism,  584,  585. 

Pencil  of  rays,  24. 

Pendlebury,  C.:  Lenses  and  systems  of  lenses,  280. 

Pentaprism,  148,  588. 

Penumbra,  7,  562,  563. 

Period  of  vibration,  473.  v 

Perspective  in  art,  22,  559. 

Perspective,  Center  of,  159;  so-called  center  (K),  532;  pupil-centers  as 
centers  of  perspective,  416,  417. 

Perspective  elongation  of  image,  419,  420. 

Perspective  ranges  of  points,  159-161. 

Perspective  reproduction  in  screen-plane,  417. 

Petzval,  J.:  Curvature  of  image,  539;  portrait  lens,  634. 
ill- Photograph,  Correct  distance  of  viewing,  417-419. 
if  Physical  optics,  598. 

!i';  Pinhole  camera,  5,  561.  See  also  “Fish-eye”  camera. 

Plane  image,  Conditions  of,  538-540,  548. 
i;  Plane  mirror:  Conjugate  points,  38;  reflection  of  plane  and  spherical 

I waves  at,  33-37;  image  of  extended  object  in,  37-40;  uses  of,  52; 
rotation  of,  32,  56;  field  of  view,  40-43;  punctual  imagery,  508,  618; 
reflecting  power,  380,  381.  See  also  Inclined  Mirrors , Minor  a~i4 
scale,  “'Thick  mirror,”  Sextant,  Heliostat,  etc. 

Plane  Mirrors,  Inclined,  43-51,  565-569;  rectangular  combination  for 
rectifying  image,  50,  51,  566-568. 

Plane  refracting  surface:  Caustic  surface,  98,  99;  narrow  astigmatic 
bundle  of  rays,  98-100,  553;  paraxial  rays,  96-98,  i91,  265-269; 
plane  wave,  70—72;  principle  of  least  time,  87—89. 

[<j  Plane  wave,  13;  reflection  at  plane  mirror,  33-35;  infraction  at  plane 

II  * surface,  70-72;  refraction  through  prism,  '23,  124;  mechanical 
i illustration,  72,  73. 

lhano-convex  and  plano-concave  lenses,  219.  225. 

Plano-cylindrical  lenses,  315-317. 

Plate  (or  slab)  with  plane  parallel  faces:  Path  of  ray  through,  101-103, 
570,  571;  refraction  of  paraxial  -ays,  105-107;  apparent  position  of 
object  viewed  through  plate  at  right  angles  to  line  of  sight,  102, 
V 103,  and  inclined  to  line  of  sight,  105-107;  multiple  images  by 
f’  reflection  and  refraction,  107-110;  parallel  plate  micrometer,  103. 

Point  of  fixation,  432 

Point-source  of  lighr,  i;  apparent  place  and  direction,  15-18. 
Polarization  of  light,  596,  598. 
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Porro,  I.:  Prism  system  for  rectification  of  image,  50,  51,  573,  588. 

Porta  s pinhole  camera,  5,  561;  Camera  obscura,  561;  inclined  mirrors, 
etc.,  565;  properties  of  lenses,  570. 

Porte  lumiere,  53. 

Ports:  See  Entrance-port,  Exit-port. 

Positive  and  negative  directions  along  a straight  line,  104;  positive 
direction  along  the  axis,  149,  219. 

Positive  lens,  223. 

Posterior  pole  of  eye,  432,  438. 

Power  of  accommodation:  see  Accommodation. 

Power  of  lens  or  prism:  see  Prism,  Prismatic  power  of  lens,  Reflecting 
power , Refracting  power . 

Prentice,  C.  F.:  Crossed  cylinders,  321;  diagrams,  308,  309,  310;  power 
of  ophthalmic  prism,  135. 

Presbyopia,  435,  628. 

Principal  planes,  335;  of  a thin  lens,  239;  of  a spherical  refracting  sur- 
face, 196,  335. 

Principal  point  angle,  447 ; as  measure  of  size  of  retinal  image  448. 

Principal  points,  334,  335;  relation  to  nodal  points,  341,  343;  image 
equations  referred  to,  345-347;  of  combination  of  two  lenses,  367, 
369,  370;  of  compound  system,  361;  of  compound  system  of  three 
members,  375;  of  infinitely  thin  lens,  239:  of  “thick  mirror  ” 377- 
379,  383;  of  thick  lens,  363. 

Principal  points  of  eye,  374,  432;  of  eyr  i t ttate  of  maximum  accom- 
modation, 437;  as  points  of  reference,  437. 

Principal  section  of  prism,  113. 

Principal  sections:  Of  curved  surfaces  302,  525;  of  surface  of  revolution, 
305;  of  cylindrical  surface,  306;  of  toric  surface,  309;  of  toric  lenses, 
310;  of  a bundle  of  rays,  301,  311-314,  528,  535. 

Prism,  85,  86,  113  and  foil  ; base-apex  line,  134;  edge,  113;  refracting 

angle,  113,  and  it.-  measurement,  55;  principal  section,  113.  See 

also  Thin  pnsm  Ophthalmic  prism,  Roof -angle  Prism,  Reflection 
Prisms. 

Prism,  Constant,  deviation,  584,  585,  588. 

Prism,  Dispersion  by,  465  and  foil. 

Prism,  Dov  e’s  reversion  prism,  583.  ' 

Prism.  Path  of  ray  through  a:  Calculation,  124,  125,  and  construction 
of,  1x3-116;  deviation,  116,  148;  deviation  away  from  edge,  122; 
‘•grazing”  incidence  and  emergence,  117,  118;  limiting  incident 
ray,  118;  minimum  deviation,  119-122,  128-133;  normal  emergence 
129;  symmetrical  ray,  119-122,  129-133.  ’ 

Prism,  Refraction  of  plane  wave  through,  123,  124. 

Prism  binoculars,  51,  606. 


Index 


651 


iism-dioptry,  135,  294. 

•ism-system:  Achromatic  combination  of  two  thin  prisms,  491-493; 
direct  vision  prism  combinations,  493  and  foil.;  direct  vision  prism 
of  Amici,  495-497,  and  of  Kessler,  497-499. 

'ismatic  power  of  infinitely  thin  lens,  291-295. 

'oblems,  25-27,  60-63,  92-94,  110—112,  142-148,  203-216,  249-257, 
295-299,  326-328,  351-355,  384-396,  423-424,  461-464,  505-507, 
551-557. 

rojected  image  and  object,  415,  416. 
tolemy,  C.,  569,  570,  572. 
qlfeich,  C. : Refractometer,  128. 

unctual  imagery,  313,  314,  397,  508,  509;  in  plane  mirror,  508. 

unctum  cxcum  (blind  spot),  430. 

unctum  proximum  (near  point),  434,  435. 

unctum  remotum  (far  point),  434. 

upil  of  eye,  23,  401,  409-413,  421,  425. 

[Rupils  of  optical  system:  See  Entrance-pupil,  Exit-pupil. 


of  spectrum,  469-471. 
miRKiNjE  images  by  reflect^ 
alent  optical  system,  391 


rrrfRKiNjE  images  by  reflection  in  the  eye,  378;  calculation  of  equiv- 
alent optical  system,  391,  382. 


Q 


i! Quartz,  485. 
1 ^ ’ 


URadius:  Of  curvature,  260;  of  spherical  reflecting  or  refracting  surface, 


150. 

ainbow,  594,  598. 
amsden  circle,  458. 


Ra 

/Ra 


^iRavs,  Chief : see  Chief  rays. 

’(JlRays  of  finite  slope,  Chap.  XV,  508,  foil. 

rys  of  light,  9;  mutual  independence,  1^;  meet  wave-surface  nor- 
mally, 13,  14,  89-91.  See  also  Bandit  of  rays,  Effective  rays,  Emer- 
gent rays,  linage  rays,  Incident  rc  ys,  Object-rays,  Pencil  of  rays,  etc. 
dlRay-coordinates  (or  ray-para me^s),  95,  517. 

: a!  “Real  ” and  “virtual,”  17;  images,  17,  18. 


I 


^Rectilinear  propagation  of  light,  3-5,  559-563. 
iReduced  abscissa,  and  “mergence,”  284-286,  348. 

Reduced  distance,  279  -281;  reduced  distance  (c)  between  two  optical 
systems,  36^. 
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“Reduced  eye,”  214,  437. 

Reduced  focal  lengths,  281;  focal  point  “vergences,”  284-286. 
Reflecting  power  of  mirror,  283;  plane  mirror,  380,  381;  “thick  mirror” 
379. 

Reflecting  surface,  Quality  of,  29,  30. 

Reflecting  telescope,  480,  598. 

Reflection,  Angle  of,  31;  and  laws  of,  31,  563,  564. 

Reflection,  Regular  and  irregular  (diffuse),  28-30. 

Reflection  as  special  case  of  refraction,  182,  183,  189. 

Reflection  and  refraction,  Generalization  of  laws  of,  86-89. 

Reflection  prisms,  573,  foil.;  single  reflection  prism,  574,  575-585; 

double  reflection  prism,  586-592;  triple  reflection  prism,  574. 
Refracted  ray,  Construction  of,  76-78;  deviation,  78.  See  also  Plane 
refracting  surface,  Spherical  refracting  surface,  etc. 

Refracting  angle  of  prism,  113;  measurement  of,  55. 

Refracting  power,  281-284;  in  normal  section  of  refracting  surface,  303; 

of  spherical  refracting  surface,  282,  300;  of  compound  system  of 

* 

two  members,  361,  and  of  three  members,  375;  of  t’aG  lens,  363;  of 
thin  lens,  283,  284;  of  thin  lens-system,  290;  of  combination  of  two 
lenses,  367;  of  centered  system  of  spherical  -^racting  surfaces, 
606-611. 


Refracting  power  of  correction-glass,  444. 

Refracting  power  of  schematic  eye,  374,  422;  in  state  of  maximum 
accommodation,  437,  438,  439. 

Refraction  of  eye,  438,  439;  dynam’c,  428,  and  static  refraction,  438. 

Refraction  of  light,  64,  65,  569  +*cM.;  angle  of,  65;  laws  of,  66,  569, 
foil.,  592,  and  experimental  basis,  67-69;  mechanical  illustration 
of,  72,  73;  early  experiments  on,  569,  foil.  See  also  Index  of  Refrac - 
twn,  Total  Reflection.  efc. 

Resolving  power  of  e\  \ 21,  22,  597. 

Resultant  prism  equb’t.lent  to  two  thin  prisms,  138-142. 

Retina,  428. 

Retinal  image,  523. 

Retinal  image,  Size  of,  448,  449. 

Reversib’iav  of  light-path,  69.  . I 

Roo(-rngle  prism,  568. 

F.otu’y  prism,  141. 


S 

Sagitta  of  arc,  262.  1 

Sagittal  rays,  311.  See  Sagittal  section  of  narrow  bundle  of  rays. 

Sagittal  section  of  narrow  bundle  of  rays,  311-314,  528-530;  symmetry 
in,  541. 
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Scheiner,  C.:  Astronomical  and  terrestrial  telescopes,  456,  572,  592, 
593;  treatise  on  the  eye  and  vision,  572;  experiments  on  refraction, 
573;  retinal  image,  593. 

Schematic  eye:  Far  point,  461;  focal  lengths,  343,  374,  389  432;  focal 
points,  374,  389,  423,  432;  length  of  eye-axis,  432,  442,  443;  near 
point,  436,  461;  nodal  points,  628;  optical  constants,  370-374,  389, 
432  436,  437,  443,  461,  627,  628;  in  state  of  maximum  accommoda- 
tion, 395,  436,  437,  461. 

Schott,  O.:  Optical  glass,  482,  489. 

Sclerotic  coat  or  sclera , 425. 

Screen-plane,  400,  402,  414-417,  419,  543. 

Searle,  G.  F.  C.:  “Thick  mirror,”  376,  377. 

Secondary  spectrum,  488. 

Segments  of  straight  line,  104,  105. 

Seidel,  L.  Von:  Theory  of  the  five  spherical  aberrations,  545,  54b,  54/, 
548,  550,  557;  curvature  of  image,  540;  sine-condition,  523. 

Self-con  jugate  point,  243. 

Self-conj  ugate  ray,  243. 

Sextant,  58-60. 

Shadows,  6-9,  561-563. 

Sine-condition,  522-525,  547.  . 

Single  reflection  prism,  574,  575-585;  deviation,  579,  foil.;  achromatic, 

582,  583. 

Slab  with  plane  parallel  faces:  See  Plate. 

Slope  of  ray,  151,  334,  516. 

Smith,  R.:  Smith-Helmholtz  formula,  201,  202,  214,  215,  3J4,  3S3, 
342,  459,  524;  theorem  of  apparent  size,  596;  resobun^  powci  of 

eve  507 

Smith,  T.:  Classification  of  optical  instruments,  602  603,  604,  605; 

formula;  for  calculating  refracting  power  of  centered  system,  608. 
Snell  (or  Snellius),  VV.:  Law  of  refraction,  67,  72.  573. 

Spectacle  glasses,  564,  592.  See  Correctim-oU mm. 

Spectrum,  466  and  foil.;  purity  of,  469-471 

Spectrum,  Solar,  466  and  foil.;  Newion  j experiments,  465  and  loll., 
598;  Wollaston’s  experiments.  409,  470;  Fraunhofers  experi- 
ments, 472;  dark  lines,  472. 

Spherical  aberration,  Chap.  XV,  509,  513  and  foil,  596;  along  the  axis, 
513-516,  518,  522,  547,  631,  632. 

“Spherical  lens,”  217. 

Spherical  Mirror,  Rev  ’•ejected  at,  518,  519,  631,  632. 

Spherical  mirror,  Fva.ual  Rays:  153-179,  189,  274-276,  285;  abscissa- 
formula,  154,  285;  construction  of  conjugate  axial  points,  164-166, 
focal  points.  166,  189;  focal  length,  167;  Newtonian  formula,  168; 
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extra-axial  conjugate  points,  171-173;  construction  of  image,  173; 
imagery,  1/4,  1/5;  lateral  magnification,  176;  field  of  view,  17^ 
179,  reflecting  power,  283;  spherical  wave  reflected  at  spherical 

mirror,  274-276;  spherical  aberration,  631,  632.  See  also  “ Thick 

Mirror." 

Spherical  over-  and  under-correction,  514,  515. 

Spheiical  icfi acting  (or  reflecting)  surface:  Axis,  149;  convex  and  con- 
cave, 150;  convergent  and  divergent,  186;  magnifying  power,  199; 
radius,  150;  vertex,  149.  ’ ’ 

Spherical  refracting  surface:  Aplanatic  points,  512,  513,  524,  554,  596, 
617,  618,  624,  628;  calculation  of  refracted  ray,  516-519,  611-617; 
construction  of  refracted  ray,  509-512,  596,  617,  629;  formulae 
for  refracted  ray,  517-519,  614,  615,  630. 

Spherical  refracting  surface,  Astigmatism  of  oblique  bundle  of  rays 
526-634,  553,  554,  556. 

Spherical  refracting  surface,  Paraxial  rays:  179-202,  269-274,  2S5,  519, 
o34,  abscissa  formula,  191,  193,  285;  conjugate  axial  points, 
1/9—186,  191,  192,  595;  conjugate  planes,  193,  194;  const-uction  of 
image,  194-196;  construction  of  refracted  ray,  199,  200;  extra- 
axial  conjugate  points,  193-196;  focal  lengths  .'91-193,  199; 
focal  planes,  197-199;  focal  points,  186-189;  ire  rge-equations,  200,’ 
201;  lateral  magnification,  196;  refracting  power,  179-202;  re- 
fraction of  spherical  wave,  269-276. 

Spherical  wave  reflected  at  plane  mirror,  35-87;  at  spherical  mirror, 
274-276. 

Spheiical  wave  refracted  at  plane  su  1 ace,  265—269;  at  spherical  sur- 
face, 269-274;  through  infinitely  thin  lens,  276-279. 

Spherical  zones,  51 5,  516. 

Sphero-cylindrical  lens,  217,  3.T5,  317. 

Spherometer,  263. 

Static  refraction  of  eye,  438,  i40,  441,  442,  443;  connection  with  length 
of  eye-ball  in  ca«e  of  axial  ametropia,  442,  443;  relation  with  re- 
fracting power  to  v<  rtex  refraction  of  correction-glass,  444-447. 

Steinheil,  A.:  Data  of  “periscope”  photographic  lens,  554,  555,  556; 
achromatic  onject-glass,  505. 

Steinheil,  R : Calculation  of  object-glass  of  telescope,  520. 

Stigmatie  (or  anastigmatic)  lenses,  314. 

Stokes,  Sir  G.  G.:  Optical  glass,  482. 

Stop,- Effect  of,  398,  399;  front,  rear  or  interior  stop,  398.  See  also 
A pertur e-stop,  Field-stop,  etc. 

SrERM,  J.  C.  F.:  Conoid,  310,  313,  534,  535. 

Surface  of  revolution,  305;  meridian  section,  305;  principal  sections 
305. 
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Surfaces,  Theory  of  curved,  300-303,  525,  526;  normal  sections,  300- 
303,  525,  526;  principal  sections,  30Z,  ozo. 

Suspensory  ligament,  428,  434. 

Symmetric  lens,  217,  385,  388. 

Symmetric  points,  339. 


Tangent-condition  of  orthoscopy,  545. 

Telecentric  optical  system,  420-423. 

Telescope  i^^ee  ^Tstwnomical  telescope,  Dutch  (or  Galilean)  telescope, 

Terrestial  telescope 413,  458,  459;  magnifying 
Telescope:  Eye-ring  or  Ramsden  wrote,  » > 593  59g 

power,  445-460,  596;  invention,  4o6,  4o/,  571,  572,  » , 

object-glass  and  ocular,  455;  simple  schematic  telescope,  455. 

Telescopic  imagery,  359. 

Telescopic  system,  359. 

Tenth-meter,  10,  475. 

p<.i*  - 

—TP,  333; 

reflecting;  power,  379. 

Thin  lens:  see  Infinitely  thin  lens,  Infinitely  thin  lens-system. 

Thin^nsml1  combination  of  two  thin  prisms  138-142;  deviai-o..,  133, 
134  and  power,  134-138.  See  also  Ophthalmic  pnsi  i. 

Thin  pr’ism"  Achromatic  combination  of,  491-493;  and  U.rect-v.s.on 

combination  of  493^95^  magnification,  351; 

"Xi  SiS  9-,  321:  symmetric  point,  o, 

Toepler,  A.f  Negative  principal  points  optical  system,  338. 

Toric  lens,  310,  314,  316,  317. 

Toric  surface,  265,  305,  o06,  308-3  ' , • . oocq  See  also 

Total  reflection,  79-86,  572;  experimental  illustrations,  83  89.  See 

Prism. 

Total  reflection  prism,  85,  £6,  12o,  127. 

Translucent  body,  3. 

Transparent  body,  2. 

Transposing  of  cylindrical  lenses,  318-32U. 

Tscherning,  M.:  Physiological  Optics , 287. 
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u 

Umbra,  7,  562,  563. 

Undulatory  theory  of  light:  see  Wave  Theory. 

Unit  planes  and  unit  points  of  optical  system,  335. 


Velocity  of  light  in  different  media,  72^75,  475;  varies  with  color  474 
in  vacuo,  10,  75,  474,  476.  ‘ 1 

Verant,  418. 


Vertex  of  spherical  surface,  149;  of  cornea,  431. 

Vertex  refraction  of  lens,  365,  366;  of  correction-glass,  445.  446. 

Vertex-depth”  of  concave  surface  of  meniscus  lens,  298. 
Vertices  of  lens,  219. 


Vibration  frequency  and  color,  472  and  foil, 
and  foil. 


; and  wave-length,  473 


“Virtual”  and  “real,”  17;  images,  17,  18. 

^ irtual  image,  17,  18;  in  case  of  plane  mirror,  38. 

Virtual  object  in  case  of  plane  mirror,  38. 

Vision,  “Direct,”  448;  and  “indirect,”  446. 

Vision,  Distance  of  distinct,  452,  453. 

\isual  angle,  20,  446  and  foil.;  principal  point  angle,  447,  448-  focal 
point  angle,  447,  449.  ’ 

Visual  axis,  433. 

Visual  purple,  430. 

Vitello,  565,  570,  571. 

Vitreous  humor,  213,  371,  428. 

Von  Rohr,  M.:  Abbreviation  “drlr.,”  287;  verant,  418;  vertex  re- 
fraction, 366;  data  of  Pet^v  \n's  portrait  lens,  634;  Theorie  und 
Geschichte  d.  'photograph,  (yhjcltivs,  555. 


W 

Wave-front,  Plane,  13,  and  spherical,  11.  See  also  Plane  wave,  Spherical 
wave,  Huygens,  Malus. 

Wave-length  v vacuo,  5,  475;  wave-length  and  frequency,  475;  wave- 
length aM  index  of  refraction,  476,  477;  wave-length  and  color 
474  -47  7.  ’ 

Wave- surtace,  Rays  normal  to,  13,  14,  89-91,  525. 

Wave- theory  of  light,  9,  10,  472  and  foil.,  508,  596,  597. 

Wollaston,  W.  H.:  Dark  lines  of  solar  spectrum,  472;  dispersion  ex- 
periments, 469;  double  reflection  prism,  588,  589;  eyepiece.  628. 
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Wood,  R.  W.:  “Fish-eye”  camera,  81;  velocity  of  light  of  different 
colors,  474. 

Woodworth,  C.  W.,  608. 

Wright,  F.  E.,  592. 

Y 

Yellow  spot  (or  macula  lutea ),  428. 

Young,  T.:  center  of  perspective  (K),  532;  construction  of  ray  re- 
fracted at  spherical  surface,  509,  510,  511,  527,  552,  596;  principle 
of  interference,  14,  597;  wave  theory,  598. 


Z 

Zinn’s  zonule  (or  suspensory  ligament),  428. 
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